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1. The game of rencontre is a game of chance where two persons, eah
having an entire ded of cards, draw from it at the same time one cad after the
other, urtil it happens that they encourter the same cad; and then ore of the two
persons wins. Now, when such an encourter does not happen at all, then it isthe
other of the two persons who wins. This posed, ore aks the probability that
eat of thesetwo personswill win.

2. In oder to fix better our idess, ore is able to suppcse that these two
persons, of whom the one is named A andthe other B, having ead a cetain and
same number of tickets marked with the numbers 1, 2, 3, 4, 5 etc., andthat eat
draws from them one ticket after another, urtil they encourter the same number
at the same time; and that it is the person A who wins then. Now, if it happens
that these two persons draw all their tickets withou ever encourtering the same
number, then the person B wins.

3. Asit isindifferent by which number ead ticket is marked, it is permitted
to suppasethat A draws histickets acording to the order 1, 2, 3, 4, 5 etc. Now,
in order to make gplication to the cads, ore will imagine the cads of both
dedks © numbered, acording to the order as they are drawn successvely by A,
so that number 1 will be the cad that A draws first, number 2 that which he
draws soond, nunber 3 third and so on.

4. Thus person A ,whoisfor the encourter, will win, when B draws from his
padck of cads: at the first move number 1, a a the second number 2, a at the
third number 3, o at the fourth number 4 etc. Now, if it happens that the number
of the cad drawn by B never corresponds to the number of the cad drawn by A

1 See dso the memoirs 313 811and 813



at the same move, then it will be B who wins the kitty. By this means, it seems
that the reseach on this game is rendered most easy in arder to apply the
cdculustoit.

5. The questionisthus to determine the probability that there will be & much
A as B to win the kitty, whatever be the number of cards or numbered tickets.
Because first one sees that this determination varies acarding to the number of
tickets and that it becomes more complicaed, the greaer will be the number of
tickets. It will be cnvenient therefore to begin this reseach with the small est
numbers of tickets and to proceal from them in order to arrive successvely at
the greder.

6. Therefore we suppcse first that bath of the players have only asingle cad
marked with 1,and it is clea that the encourter is not known to fail, so that A
will win infalli bly. Therefore in this case, the probability of winning by A will
be expressed by 1 andthat of B by 0, since he has no expedation to win.

7. Let both o the players A and B have now two cards, numbered by 1 and
2,andlet A draw his cards acording to the numbers 1 and 2.In this suppdasition
there will be two cases, because B will draw his two cards either in the order 1,
2 or in the order 2, 1. The first, giving first at the first move an encourter, will
make A win; the other giving no encounter will make B win.

8. Sincetherefore eab of these two cases is equally probable, A as much as
B will have eab a cae to win. And leaving, the probability of ead will be
expressed by % or else eab will have theright to take half of the kitty.

9. We pasit that the two players have eab three cads, marked with the
numbers 1, 2, 3, and that A draws in first placenumber 1, in seacond nunber 2,
in third number 3. Now, B will be aleto draw hiscardsin 6 dfferent ways, of
the sort:

A B
112(3]4]5]|6
111112233
21213113 |2]1
31312131 (1]2

andit is equiprobable that eat of these 6 cases adtually happen.

10. Of these 6 cases, there will be two therefore, the first and the second
which will make A win and where the game ends consequently on the first
move; of the four other cases, there is only one of them, namely the fifth, which



will make A win onthe second move and which ends the game. Among the
threeother cases, thereis yet the third, which makes A win onthe third move.

11.Thusin dl, among all 6 pcsshle caes, there ae four which are favorable
to A, and the other two, namely the fourth and the sixth, pu B in pcsssesson d
gain. Therefore, A having four cases to win and B two, the expedation d A is
=3 =2 and that of B =2 = £; or the alvantage of 4 is two times greaer
than that of B.

12. We give now to ead of our players 4 cads 1, 2, 3, 4; and while A
draws his cardsin the order 1, 2, 3, 4, the order of the cads of B isableto vary

in 24 dfferent ways, of the sort:

A B
112(3|4|5(6|7[8|9(10(11|12|13 |14 15|16 |17 18|19 |20 (21|22 |23 |24
111111 |1j2(2(2(2 |22 (33|33 |3|3|4|4|4|4]4]|414
2(2|2|3|3|4(4|3|3|4|4 |1 |1 |44 |1 |1 ]|2|2|1|1|2]|]2]|3]|3
3(3|4|4|2|2 3|41 |13 |4 |3 |1 |2|2|4|1T |4 |23 |3 |1]|1]|2
4 |43 |2|4|3|2|1|4|3|1 |3 |4 |2 |1 |42 |1 |1 |3 |2|1|3]|2]|1

and ead o these 24 casesis equiprobable.

13. It is evident that the first six cases make A win first on the first move;
and since the game is finished, | have deleted the numbers following of these 6
columns. Of the 18 cases which remain, there ae 4, namely the caes 17, 18, 21
and 22, which make A win on the secmnd move, where these @lumns
consequently will be terminated. Fourteen cases will continue the game therefore
until the third move; and there ae threeof them, 10, 12 and 20, which terminate
the game in favor of A. Finally of the deven cases which remain, there ae only
two of them which give an encourter for the fourth and last move.

14. Therefore having 6 cases where A wins on the first move, 4 cases where
he wins on the seand move, three caes where he wins on the third move and
two cases where he wins on the fourth move, there will be in all 15 cases
favorable to A, and the 9 ather cases will make B win. Consequently, the
probability of winning by A will be = 22 = 2 andthatof B = 3, = 3; or else
the expedation d A will betothat of B as5to 3.

15. If we put the number of cards = 5, ore would have in al 120 dfferent
cases for the variations which may happen in the order of the cads drawn by B,
while A will draw his cads acording to the numbers 1, 2, 3, 4, 5. Now, it
would lead too far, if we wished to represent al these caes, in order to seehow
many of them would be favorable to A and to B; and a till greaer number of
cards would render this representation completely impradicd.



16. Moreover, such an adual denumeration would na serve much to
determine in general the expedations of the two players A and B, however grea
be the number of cards. For this effed, it is necessary to make some general
remarks which may lead us to the knowledge of the [probabiliti es for the]
gredest numbers of cards, knowing alrealy the probabiliti es for the smaller
numbers.

17. Therefore | remark first in general that, the number of cards being = m,
there will be a many different cases as the product of al the numbers 1, 2, 3, 4
up to m constrained by units; or else this number of casesis

—=1-2-3-4--m.

Now, | suppcse dwaysthat A draws his cards ac@rding to the order of numbers
1, 2, 3, 4, ...m, by which they are marked, andthe product 1 -2 - 3 - 4---m will
give the number of cases which are @le to happen in the order of the cads
drawn by B.

18. It is clea by the first principles of combinations, whence one knows that
the order of 2 cards is able to vary 2 times, of 3 cards 6 times, of 4 cards 24
times, of 5 cards 120times, of 6 cards 720times, of 7 cards 5040times, of 8
cards 40320times, and in general of m cards as many times as the product

1-2.-3-4--.m

constrained by units.

19. This number of cases 1-2-3-4---m being put for brevity = M, |
remark, in seand pace that there will be % cases where the first card drawn by
B is 1, that there will be % cases where thefirst card drawn by B is 2, and there
will be @& many cases where thefirst card of B iseither 3 ar 4 ar 5 etc., o finaly
m.

20. More, if we set aside that the game ends as sonas B will encourter the
cad o A, and that we suppase that they continue to draw their cards until the
end, athough there had happened ore or many encounters, it is also clea that
there will be % cases where the second card of B will be 2, and as many cases
where the third card will be 3 o the fourth 4 a thefifth 5 a the sixth 6,and thus
in order.

21. Therefore, in this suppasition that one @ntinues to draw the cads until
the end, there will be & casesthat A wins on the first move, the same % cases
that he wins on the seand move, and always as many cases that he win onthe
third move or onthe fourth ar onthe fifth etc., or the same onthe last move.



22.But in effed, athough there ae % cases which make A win onthe first
move, there will not be @& many cases which makes him win on the second
move, since from the % cases which would make him win onthe seacnd move,
in the precaling suppasition, it is necessary to subtrad those which have drealy
made him win onthe first move; becaise, as 0n as he had won onthe first
move, the game does not continue further.

23. There is the same of the number of cases % where B would draw the
cad number 3; becaise it is necessary to subtrad the caes which were drealy
encourtered, either on the first move or on the seaond. And in order that A win
on the fourth move, it is necessary to take off from the number of al the caes
where this happens, which is 2, those which will have dready been an
encourter, either in thefirst or in the seand a in the third move.

24. In general therefore, the number of cases which would make A win on
some move being = % by the precading hypaothesis, it is necessary to exclude
from it al those where there is aready found an encourter in any one of the
precaling moves; such that the number of cases becomes more and more fewer,
the more the move is advanced from the beginning.

25.In arder to dedde therefore by how much it is necessary to dminish the
number of favorable cases % at ead move, or in order to know the number of
those which already obtained an encounter in some precaling move, hereis how
I myself doit. | imagine that the cad which is encourtered in a proposed move
be removed from both deds, and the order of the cads and the number of the
cadswill bethe same & if the number of the cads were diminished by a unit.

26. In order to render this more intelli gible, we consider the cae of 4 cards
and d the 24 cases which have placethere, those where B draws on the third
move the cad number 3, which are the caes marked 1, 6, 10, 12, 2021. We
remove from these caesthe cad marked number 3, and we will have

A | B

L[1]1]2]2]4]4
2 (2|44 |1|1|2
4042|1421

which are predsely the caes where one would have for three cads marked with
the numbers 1, 2, 4.

27.Sincethisisthe number of cases where B draws on athird move the cad
number 3, and sinceit is necessary to subtrad thase which already obtained an
encounter, either on the first move or on the semnd, it is clea that this number



to subtrad is found in the caes of three cads, in adding together the caes
where A would win then onthe first move or on the second.

28. In general therefore, if the number of cardsis = m andif one wishesto
know by how much it is necessary to dminish the number of cases % which
have an encourter in some move, it is necessary to have recmurse to the number
of cads = m — 1 andto se&k in it the caes which would make A win at some
one of the precaling moves; and the number of all these caes together will be
the one which it is necessary to dminish the number % in order to have the
number of cases which will make A win adualy in aproposed move.

29. We put therefore the number of cads = m and the number of all the
cases which correspondto them

1-2-3-4-m =M,

and let
a bethe number of cases which make A win  onthefirst move,
b onthe seandmove,
c onthe third move,
d onthe fourth move,
e onthe fifth move

etc.,

and we have seen that ¢ = %; for the other numbers b, ¢, d, e etc., we look at
their progresson shortly.

30. Now let the number of cards be greaer by one unit, o = m + 1, andthe
number of al the caseswill be

=1-2-3-4---(m+1) = M(m+1),
whichis = M’. Let next as before

a’ bethe number of cases which make A win onthe first move,

b’ onthe ssoondmove,

c onthethird move,

d’ on the fourth move,

e onthefifth move
etc.,



31.This posed, we will have
r_ M _
m+41

and in corntinuing the game, nawithstanding the encourters already occurred,
there will be M cases likewise where there will happen an encourter on the
second move; but of these, it is necessary to exclude thase which oltained an
encourter alrealy on the first move; and, this number being a, as we have seen
(829, we will have

bV =M-—a

for the number of cases which adually make A win onthe ssaondmove.

32. The number of cases where the encourter happens on the third move
being likewise = M, and since it is necessry to exclude from them those
which oltained an encourter on the first or seamnd move, that is to say those
which would make A win onthe first or ssaond move when the number of cards
would be less by one, we will have the number of cases which acually will
make A win onthe third move

d=M-—a-b.

33. It is the same with the caes which would make A win on some one of
the moves foll owing; and therefore, by knowing the numbers a, b, ¢, d etc. for
the number of cads = m, we will extrad easily the numbers o/, v/, ¢/, d’ etc.,
when the number of cardsis = m + 1. Because one will have

a =M,
=M —a,
d=M-—a-b,

d=M-a-b—c,
€=M-a—-b—c—d
etc.

34. Therefore knowing that, when the number of cardsism =1and M =1,
itisa = 1, orewill havefor two cards

ad=1landdt =1-1=0.



Now let m =2; and having M =2, a =1, b = 0, one will have for three
cards

d=2,0=2-1=1,=2-1-0=1.

We put more m = 3; and having M =6,a=2,b=1,c=1, we will
have for four cards

ad=6b=6-2=4,c=6-2-1=3,d=6-2-1—-1=2.

35. In this fashion, we will be ale to continue these numbers to the number
of cards as grea as one will please, andin order to seebetter the progresson, we
represent them in the foll owing manner:

NUMBER OF CARDS
Ly pIvy v v vl Vi IX X
all| 1] 2| 624|120 720 | 5040 | 40320 362880
b O 1] 4]118| 96| 600 | 4320 | 35280 322560
c 1 3|14 781|504 | 3720 | 30960 287280
d 2111 64426 | 3216 | 27240 256320
e 91 53| 362 | 2790 | 24024 229080
f 44 1 309 | 2428 | 21234 205056
g 265 | 2119 | 18806 183822
h 1854 | 16687 165016
? 14833 148329
k 133496

36. If we divide these numbers by the numbers of al the possble caes
which correspondto ead nunber of cards, we will extrad from them firstly the
expedations of A to win onthefirst move:

Numberof cads 1, 2, 3, 4, 5 6, 7, 8 9, etc
Expedationd 4 1, i, i 1 Ll 1l 1ol 1l e

Whence we conclude that, if the number of cadsis = n, the expedation d A
to win onthefirst movewill be = 1.

37. If we consider the numbers of the table (835, we seefirst that ead
number is the difference of that which is above and d the one which precedesiit.
Thus, if for the number of cards m the number of cases which make A winin a
cetain move, is p, and the number of cases which make him win in the same



move, if the number of cards is =m + 1, is = ¢, and the number of cases
which make him win in the following move, = r, the number of cards
remaining = m + 1, orewill aways have

r=q—p.
38. Therefore, for the number of cads = m, the number of all the caes
being
=1-2-3-4-m=M,
the expedation d A to win ona cetain move will be
s
M’
which | will name = P. Now, for the number of cads = m + 1, the number
of al casesbeing

=M(m+1),

the expedation d A to win at the same move will be

7
M(m+1)’

whichisput = @, andthe expedationto win at the following move

_r
M(m+1)’

whichis = R. Thisposed, ore will have
__4=pr
M(m+1)’
or else
P

R=Q-"—7

39. Therefore, puting the number of cads = n — 1, sincethe expedation
of A to win on the first move is = -1, for the number of cards =n the



expedation d A to win onthe secondmove will be
1 1 n—2

n (n—1n (n—1n

40. Now, the expedation d A to win onthe second move, when the number
of cads is =n — 1, being #‘(g_l) we onclude from it that, when the

number of cardsisn, his expedationto win onthe third move will be

n—2 n—3 nn —5n+7 (n—2)%—(n—3)

n—Ln (-2(n-Dn ®-2)(n-n nn-1)n-2)"

41. Thence we aonclude from the same manner that, for the number of cards
= n, the expedation d A to win onthe fourth move will be

_ (n—2)?—(n-23) n=382—m—-4)  (n—-22mn-3)—2(n—-3)°+(n—14)

 onn—1)(n-2) nin—1)(n—2)(n—-3) n(n—1)(n—2)(n —3)

and his expedationto win onthe fifth move
(n—22%mn-3)—2n—-32+mMm-4) (n—-3°2Mn—-4)—2(n—4)>+(n-75)

n(n—1)(n—2)(n —3) T an-1)mn-2)(n—-3)(n—4)
(n—=22(n—-3)(n—4)—3(n—-3)*n—-4)+3(n—4)*-(n—2>5)

n(n—1)(n—2)(n—3)(n—141)

42. For the littl e whil e that one refleds on the formation d these formulas, orne
will find that, the number of cards being = n, the expedation d A to win will
be onthe first move

onthe seaondmove

onthe third move

onthe fourth move

10



onthefifth move

on the sixth move

etc.

43. Therefore, the expedation d  to win in general, at any move that this
be, will be expressed by the sum of al these formulas taken together. Now, the
number of these formulas being equal to the number of cads , the sum of all
thefirst termswill be

Next, the sum of the numerators of the secondterms being

the sum of al the seaondterms will be

More, because

the sum of thethird termsis

and the sum of the fourth

11



of thefifth
45
and so forth.
44. Thence it follows therefore that
the number of the expedation d towin
cads being will be

alwaystaking in this squence & many terms as there ae cads.

45.The expedation d istherefore the greaest in the cae of one cad, and
the least in the case of two cards. Next one sees that, when the number of cards
is odd, the expedation d is adways greder than that for all even number of
cads. Now, if the number of cadsis even, then the expedation d  islessthan
that for all odd number of cards.

46.Having foundthe expedation d , ore hasonly to subtrad from unity in
order to have the expedation d ; becaise the expedation d ead indicaes the
portion d the kitty to which ead is ableto claim by virtue of the probability that
he has to win the complete whale. Thus, the expedation d  being , that of

will be

47.The formulas that | have just foundfor the expedation d  will reduce

eally to some dedma fradions, whence one will judge better of their true

12



value. Thus, having made this cdculation, | find:

number of cards | expedation o expedation o

61
58
59
58
58
etc. etc. etc.

48. Therefore, if we negleda the dedma fradions which follow after the
ninth, oreis able to say that, as on as the number of cards is greaer than 12,
the expedationsof and d do nd vary, howvever grea be the number of
cads. Thus, when the number of cards is not below 12, ore is able to say that
the expedation d is 58 and that of

49. Therefore provided that the number of cards is not less than 12, the
expedation d  will be dwaystothat of nealyas to ,or more exadly as

to ,or again more exadly as to . Or else, among 19 games that
one plays, there will be probably 12 which make  win and 7 which make
win.

50. If the number of cards be infinite, the expedation d  will be expressed
by thisinfinite series

andthe expedation d by this

13



- — — €tc.

Now, puting in order to mark the number of which the logarithm is , one
knows that - expresses this last series. Therefore, for the cae the
expedation d  will be - andthat of [ will be] - bu onehas

51. Substituting this value for , onewill find that the expedation d isto
that of as

to

and this propationwill be corred as onas the number of cards will be greaer
than 20. Consequently, it will be very exad for the cae of this game as it is
ordinarily played, employing for it an entire deck of 52 cards.
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