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1. The registers of the births and of the deahs at ead age, which are published in severa places every
yea, provide so many of the different questions on the mortality and the muilti pli cation of the human race
that it would be too lengthy to report all of them. Now, one depends for the most part in away on the others,
that having developed one or two of them, al the others themselves are equally determined. Since the
solutions must be drawn from the mentioned registers, it is remarked that these registers differ grealy,
acording to the diversity of the towns, vill ages and provinces where they were prepared; and for the same
reason, the solutions of all these questions are very different acording to the registers on which they are
found. Thisiswhy | propose me to trea herein in general most these questions, without limiting myself to
the results that the registers of a ceatain placeprovide; and afterwards, it will be eay to make gplication to
ead part as one wishes.

2. Now, | observe first that al these questions taken in general depend on two hypotheses; which being
well fixed, it is easy from them to draw the solution of all. | will name the first the hypathesis of the
mortality, by which one determines how many, of a cetain number of men who are born at the same time,
will be still alive dter ead number of elapsed yeas. Here, the consideration of multiplicaion does not
enter at all inthe computation, and it therefore it is necessary to congtitute the seaond hypathesis, that | will
name the one of the multiplication, and by which | indicate by how much the number of all men isincreased
or diminished during the course of one yea. This hypaothesis depends therefore on the quantity of marriages
and on the fertility, while thefirst isfound on the vitality or the power of living, which isinherent in man.

. HYPOTHESIS OF THE MORTALITY

3. For thefirst hypothesis, we cnceive some number N of infants who were born at the same time; and
| denote the number of them who will still be dive & the end of one yea by (1) N, of those who will remain
at the end of two yeasby (2) N, of threeyeas by (3) N, of four yeas by (4)N and thus in sequence. These
are the general signs that | employ in order to denote how the number of men born at the same time
deaeases successvely; which will have for eah climate axd ead kind o life particular values.
Nevertheless oneis able to remark that the numbersindicated by

1, @, 3), (@, (6) ec

constitutes a deareasing progresson of fradions, of which the greaest, (1), is snaller than urity; and when
one @ntinues the terms to out there of 100, they deaease so strongy that they vanish rea entirely.
Because, if not one of 100milli ons of men attains the age of 125yeas, it is necessary that the term (125) be
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4. Having establi shed for a cetain placeby a sufficiently grea number of observations the values of the
fradions (1), (2), (3), (4) etc., oneis able to solve anumber of the questions that one propaoses ordinarily
on the probability of human life. First of all it is evident, if the number of infants born at the same time
= N, then, acording to probability, there die of them in all the yeas as many as this table denotes of
them:

from 0 yeasto 1 theredieofthem N—-(1)N
o1 " 2 " (1)N —(2)N
2 " 3 " (2)N - (3)N
"3 " 4 " (3)N — (4)N
"4 " 5 " (4)N — (5)N

And as of this number N there ae ajain probably dive (n)N at the end of n yeas, it is necessary that the
number of deéth after thisterm of n yeasbe = N — (n)N. After thisremark, | will give the solution of the
foll owing questions.



1. QUESTION

5. A certain number of men, of whom all are of the same age, being gven, to find hav many of them
are probally yd alive after a certain number of years.

We suppose that there ae M men who have the same age of m yeas and that one demands, how many
of them probably live yet after . yeas. Let one put

M = (m)N,

asto have N = % where N denotes the number of al the infants born at the same time, of which there
remain still aive M after m yeas. Now, of these same number there will be probably still aive (m + n)N
after m + n yeas snce their birth and therefore dter n yeas dnce the time proposed. Therefore, the
number sought in the question is

_ (m+n)
(m)

or after n yeas, there will probably be still as many alive of M men who are dl now m yeasold.
Therefore, it is probable that the number of men, M, al m yeas of age, there die of them

(-

2. QUESTION

before there dapse n yeas.

6. To find the probalility that a man o a certain age be still alive after a certain number of years.
Let the man in question be m yeas old, and |et one seek the probability that the man be dive & the end
of n yeas. We monceive of M men of this sme aye, and since, after n yeas, there will be probably still

aive %M, the probability that the propased man finds himself in this number will be

(m +n)
(m)

Therefore, the probability that the man should cometo die before the end of these n yeasis

(m +n)
(m)

And therefore, the agpiration that this man is able to have of not dying in the interval of the following
n+m yeas, is to the dread of dying in this same interval as (m +n) to (m) — (m + n). Thus, the
aspiration will surpass the dread if (m +n) > 1(m), and the dread will be more founded if

2

(m +n) < 1(m). Now, the dread will equal the aspiration if (m+n) = L(m).
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3. QUESTION

7. One demands the probalility that a man o a certain age will diein the curse of a given year.

Let the man in question be the ae of m yeas, and let one require the probability that he dtain the aye
of n yeas, but that he dies before he reaties to the age of n + 1 yeas. In order to find this probability, we
conceve agrea number M of men of the same age, and having M = (m)N and N = (ﬂ there will be

m)’

%M men who attain the e of n yeas and ﬁ’(’—;;;lM who attain the aje of n + 1 yeas; there will die
therefore probably in the murse of thisyea



()= (1) .
(m)
and therefore, the probability that the proposed man finds himself in this number will be
_ () - (n+1)
(m)

Henceit is evident, in order that this same man die between the yea n and the yea n + v of his age,
the probability will be

(n) = (n+v)
(m)

Now, in order that this man die one marked day of the proposed yea, the probability will be

_ (W —(n+1)
365(m)

If the question is of an infant newly born, one only hasto write 1 instead of the fradion (m).
4. QUESTION

8. To find the term in which a man d a gven age is able to hope to survive, of the knd that it is
equdly probale that he die before this term as after.
Let the age of the man in question be m yea's and the one he is able to aspire to attain z yeas, which it

is the question to find. Now, the probability that he arives to thisage = % the probability that he dies

before the term will be =1 — (37% Therefore, since the one and the other probability ought to be the same,
we will have this equation

() _,_ ()
(m) ' (m)’

and therefore (z) = L(m), from which is easy to find the number z, as ®on as one has determined by

observations the values of all the fradions
(1), @), 3), (4, (5), (6) etc;

because one will seefirst of all which, (z), will be the half of the proposed (m).
Having found this number z, one namesthe interval z — m the power of the life of aman of m yeas.

5. QUESTION

9. To determine the life annuity that it is just to pay to aman d any age all the yars, urtil his death,
for a sumwhich will have been advanced first.

We @nceive M men who have dl the same aje of m yeas, and let ead pay first the sum g; that which
will provide afund = Ma. Let the sum z be that one ought to pay to eadt all these yeas, so long as heis
alive; and after one yea the fund ought to pay

(m+1)
(m)

Mz,

after two yeas

(m+ 2)
(m)

after threeyeas



m+3) o,
(m)
and thus in successon.

Now, cdculating that the fund is placed at 5%, a sum S payable dter n yeas is worth at present only
(%)"S; but, in order to render our determination more general, we suppose that a sum S increases by
interest in ayea to AS; and 1 will be that which we have marked by 22, and a sum S payable & the ed of
n yeasisworth at present only S : A". Hence, one will prepare the following caculations:

oneough to pay that whichisworth at present

after 1 yea (T;;)Mm, % - Mz

after 2 yeas (’Z:)?)M , (’Z:)Z) Mz

after 3 years (’Z:)?’) Mz, (T;)?’) Mg
etc.; etc

Now, the euity requires that all these sums reduced to the present time be equal to the entire fund Ma,
whence one derives this equation

oz ((m+1) (m+2) (m+3) (m+4)
“_@( o T Tt +etc')’

and therefore, that which the fund ought to pay per yea to ead one of the interested partiesis

(m)a

(m+1) (m+2) (m+3) (m+4) :
4 R R 4 R 4 ete

Knowing therefore the values of al these fradions (1), (2), (3) etc., it is easy to find the sum & that agrees
to ead age of m yeas, referring to the given interest.

6. QUESTION

10. When the interested parties are some infants newly born andwhen the payment of the life anndities
must begin orly when theywill haveattained acertain age, to determine the amourt of these life annuities.

We suppase that one pays the sum q for ead infant newly born and that he must recave the anuity
only when he will have atained the aye of n yeas; that after this time, one pays for all yeas the sum z
which it is necessary to determine. Computing therefore the interest as before, one will arrive a this
equation

a=

(@_'_(n""l)+(n+2)+(n+3)+etc.),

which gves

xr =

—+—+ —+ — +etc

Whence it is evident that one such anntity is able to become apowerful benefit and that a man, when he
will have dtained a cetain age, is able to enjoy the mnsiderable income ¢ little @st, during all hislife.

11. All these questions will resolve themselves therefore eaily, as 50n as one will know the values of
the fradions etc., which depend as much on the dimate a on the way of life; also one has
noticed that these values are different for the two sexesl, in a manner that one would know nothing to
determine in general. Now, in order to conclude these ohservations, one wmprehends easily that it is

1 Euler indirectly refersto the work of Nicholass Struyck.



necessry to use alarge number of them, which spreals evenly over all sorts of persons; and in this resped,
one didn't know how the registers of the pensionslife antity can be useful, which begin with some children
on the underside of one yea. For first, one culd not regard these dhildren as newly born, and the majority
have probably escgped aready the dangers of the first month; and next, one will enlist scarcdy any children
of afragile constitution, in a manner that one must regard as a chosen the dildren for whom one takes life
annuties. So, the values of our fradions that one will conclude from the registers of the life antities will
be infallibly too gred, espedally in consideration of the first yeas. However, since it is necessry to
regulate the anuties on such registers rather than on the red mortality, | will append the values of our
fradions sich as one extrads them from some observations of M. Kerssboam.?

2 Of the table laid out by Kersssboom, one deduces some rates which in four places differ slightly from those used by Euler; these
are , which one ought to abbreviate to ; next ; ; ;



Now, since this table is prepared on some seleded children who have even survived already some
months sncetheir birth, if one wishes to apply it to all the dildren newly born in atown or province it is
necessary to deaease dl these numbers a cetain part, in order to take into acount the high mortality to
which the infants are subjed immediately after their birth. But we will take this corredion more surely of
the observations which contain the multi pli caion already, that | am going to consider myself.

II. HYPOTHESIS OF THE MULTIPLICATION

12. It is the principle of the propagation on which this hypathesis is found; whenceit is first apparent
that, if there ae born every yea as many children as there die of men, the number of al the men will aways
stay the same and that there won't be then multiplicaion. But, if the number of the cildren who are born
every yea surpasses the number of deahs, every yea will produce an increase in the number of the living,
that will be equal to the excessof the newborns over the deahs. Now, thisincrease will change to deaease,
when the number of the deahs surpasses the one of newborns. Thence, we will have three caesto consider:
the first, where the number of the men remains constantly the same; the second, where it increases every
yea; and the third, where it deaeases every yea. Therefore, if  indicaes the number of al the men who
live to the present and the number of those who live the following yea, the first case will take placeif

, the second if , and the third if ; in away that all the cases could be included in the
general coefficient

13. Now, having fixed the principle of the propagation which depends on the marriages and the
feaundity, it is apparent that the number of the children who are born during the murse of one yea, must
hold a cetain relationship to the number of all the living men. Whence it foll ows that, if the number of the
living always remains the same, there will be born every yea the same number of children; and if the
number of the living increases or deaeases, the number of births must increase or deaease by the same
reason. Therefore, by comparing together the number of all the newborns during several successve yeas,
acording to whether this number stays the same, or that it increases or deaeases, one will conclude from it
if the number of all the men stays the same, or if it isincreasing or deaeasing. There joining the principle of



mortality, it is also clea that the number of deahs during one yea must hold a cetain relationship as much
to the one of all the living as to the one of the newborns.

14. Sincethese two principles of mortality and of propagation are independent of one aother and since
| have mnsidered the first independently of the other, one is able to represent this also, without the first
mixed in it. Because, suppasing the number of all the living at the same time , the number of infants
who are produced in the space of a yea will be put , in a way that is the measure of the
propagation or the feaundity. But it is difficult to draw from this placethe mnsequences which concern the
multi pli cation and the other phenomena which depend upon it. The reasoning will become more dea, if we
introduce first in the cdculation the number of infants who are born every yea, to which if we join the
hypothesis of the mortality, we will be &le to conclude the value of . Therefore redprocdly, the number
of the births depends at the same time on the two hypotheses of the mortality and the fecundity; and thence,
on will draw next without difficulty the solution to all the other questions which one proposes ordinarily in
treaing this material.

15. Since | suppose that the rule of mortality always remains the same, | will suppose asimilar
constancy in the feaundity; of a sort that the number of the infants who are born every yea is aways
propartional to the number of all the living. Therefore, if the number of all the living remains the same, one
will have dso every yea the same number of births, and if the number of all the living is increasing or
deaeasing, the number of annual births will i ncrease or deaease by the same reason.

Therefore let  be the number of infants born during the murse of a yea and that of the infants

born the following yea; and since the ratio which has changed the number  to subsists dill, it is
necessry that from any yea to the following the number of births increases in the ratio of 1 to
Consequently, the third yea there will be born , the fourth , the fifth and thus in sequence or
else, the number of annual births will constitute ageometric progresson, either increasing or deaeasing or
of equality, acording as or or .
16. Therefore we put that, in a vill age or province the number of infants bornin thisyea be ,and
of those who will be born the next yea , and also the foll owing acrding to this progresson:
the number of births
at present
after one yea
after two yeas
after 3yeas
after 4 yeas

etc.

and if we suppose that after 100yeas eat of the men who exist at present are no longer alive, there will be
none, after 100 yeas, of the other living but those who remain yet living of these births. Therefore, joining
the hypathesis of mortality, one will be ale to determine the number of al the men who will be living after
100yeas. Now, sincethere will be born thisyea , one will havetheratio of the births to the number

of al theliving.
17. In order to render this more dea, ohserve how many men will be till li ving, after one hurdred
yeas, from the births of all the yeas preceding.

Number of After 100yeas
births there aeliving till
at present
after 1 yea
after 2 yeas
after 3 yeas

after 98 yeas
after 99 yeas
after 100yeas



Therefore, the number of all the living after 100yeaswill be

— — — — — e .

18. The terms of this srieswill vanish in the end, by virtue of the hypothesis of mortality; and sincethe
number of all the living hes a cetain ratio to the number of births during the murse of a yea, the
multi plicaion from one yea to another, which comes to be supposed as 1 to , we discover this ratio.
Because, if the number of al the living is and the number of infants who are procreaed by them
during the course of one yea is put , wewill have

— — — — — — ec

Therefore, if we know the ratio — and if we join it to the hypothesis of mortality where the values of the
fradions etc., this equation determines redprocdly the ratio of the multipli caion, ,
from one yea to another. However, one sees well that this determination would not known to be developed
in genera; but, for eat hypothesis of mortality, if one caculates the ratio — for several valuesof and if
one lays out a table of them, it will be eay to assgn redprocdly for eah gven ratio , which
expresses the feaundity, the annual increase of al the living, which is the same & that of the births.

19. We suppose therefore that the hypothesis of mortality or the fradions

€etc.

are known, similarly that the hypothesis of feaundity or the ratio of al the living, , to the number of
infants, , who are procreded by them during a yea; one will know if the humber of men remains
invariable, or if there is an increase or a deaease. Because, if we put the number of all the living the next
yea , those of the living at present being , it is necessary to extrad the value of  from the
equation found

— — — — — — ec,

and suppasing krown the solution of this equation, it is indifferent if one knows the feaundity — or the
multi plicaion , the one being determined by the other, with the help of the hypaothesis of mortality.

1. QUESTION

20. The hypotheses of mortality and feaundty being gven, if one knows the number of all theliving, to
find hav many there will be at each age.

Let  bethe number of al thelivingand the number of infants who are procreaed during a yea;
and by the hypothesis of mortality, one will know theratio of the annual multiplication . Now, knowing
thevalue of | itiseasy to conclude from § 17that there will be, amongthe number

infants newly born,
— aged oneyea,
— aged two yeas,
— aged 3yeas,
— aged 4yeas

and in general
— aged yeas
Now, the sum of all the numbers taken together is

2. QUESTION



21. The same things being gven, to find the number of men who will diein ayear.

Let bethe number of men who are living at present, it contains the infants who are born this year, of
whom the number is ; and the quotient — will determine the annual increase, which is
Therefore, the next yea, the number of living will be , among which find the number of newly born

; the others, of which the number is , are those who till li ving in the preceading yea, of
which the number was ; whenceit foll ows that there died of them

Therefore, if the number of livingis , there die during the murse of one yea , while
inthis smetime there aeborn  infants.

3. QUESTION
22. Knowing hav many the number of births and buials which hapgn duing the murse of one yar,
to find the number of all the living andtheir annud increase, for a gven hypothesis of mortality.
Let  be the number of birthsand the number of burials which happen in a yea; then, we put the

number of all theliving and the axnual increase , and the preceding solution provided us this
equation

Now, the hypothesis of mortality gives

Therefore, having by the first

this value, being substituted into the other equation, gives

whenceit is necessary to find the value of the number

23. If the number of burials, ,isequal to those of the births, , of akind that

it is necessary absolutely that there be or that the number of living remains always the same; and in
this case, this number will be

etc.

Now, if the number of births, , surpasses those of the burials, , in a way that is a positive
number, the equation

— — — — ec

will give for avalue , which indicaes that the number of living isincreasing. But, if the number of
births, ,is gnaller than those of the burials, , our equation ought to be represented in thisform



— — —  —  ec,

whenceone extradsfor avaue smaller than 1, which indicates that the number of livingis deaeasing.
4. QUESTION

24. The number of births and buialsin ayear being gven, to find hov many of each age there will be
amongthe dead.

Let bethe number of infants born duringayea and  the number of deahs; and by the precealing
guestion on will have the number of al the living, , with the multiplication from one yea to the
other. Thence we @nsider how many men there will be living in ead age, so many this yea as the next
yea.

Number thisyea thefollowingyea
of newly born
of age oneyea —
of age two yeas — —

of agethreeyeas — —
etc. etc.

Whenceit is evident that there died of them duringthe @urse of thisyea:

the number of deahs
to the end of oneyea
from 1 yea to two yeas -,
from 2 yeasto 2yeas -,
from 3 yeasto 4yeas —
from 4 yeasto 5yeas —

etc.
25. The number of all the deahs of thisyea being , one will have this equation
— - — - — - dc,
which agrees with this
because

— — — — — — ec

Therefore, knowing the hypaothesis of the mortality with the axnual muilti plication and the number
of births of one yea, one is able to determine how many men of ead age will die probably during the
course of oneyea.

5. QUESTION

26. Knowing the number of all the living, similarly the number of births with the number of deaths at
each age during the murse of one yer, to find the law of mortality.

Let bethe number of all theliving, that of the birthsand of the burials during the curse of one
yea; and thence one will know first the annual multiplication

10



there isthen for this yea the number of deahs by the preceding question

at the end of one yea
from1to 2yeas -
from 2 to 3yeas -,

from 3to 4yeas —
etc.

27. Here is a way more cetain than those of the life aanuties in order to determine the law of
mortality; and this determination will become the eaiest, if one chooses a vill age or province where the
number of burials equals those of the births (bétemes), in a way that ; because then, it suffices to
know the number of deahs at ead age. But if is necessary quite to indicate that such a law of mortality
ought to be extended only to the village or province from which one derives it. In another country there
could take place alaw entirely different; and one has observed, in particular, that in large towns the
mortality is greder than in the small er and in these greaer than in the vill ages. If one gave the goodtrouble
to establish the law of mortality and that of fertility for several places, one wuld extrad from it a quantity of
very important findings.

28. But it is necessary again to remark that, in this cdculation that | come to develop, | have suppased
that the number of al the living of a placeremains the same, or that it increases or deaeases uniformly, in a
way that it is necessary to exclude so many of extraordinary devastations, as the plague, war, famine, and
the extraordinary increases, as of new colonies. It will be good also to choose such a placewhere dl the
newborns remain in the ountry and where strangers do not come to live and de there, that which would
reverse the principles on which | have founded the preceding cdculations. For places sibjeded to such
irregularities, it would be necessary to extrad from the registers exadly how many of al the living as
deahs, and then, in following the principles that | have established, one would in the state gply the same
cdculations. Everything always returns to these two principles, that of the mortaity and that of the
feaundity, which being one time well established for a catain place it will not be difficult to resolve dl the
guestions that one is able to propcse on this matter, of which | have ntented myself to report the
principles.

29. | have treaed also these questions in general, without the marking out to some particular place
now, in order to extrad all the alvantages, everything depends on a grea number of observations made in
severa different places, as many of the number of al the living and of the newborns during one or several
yeas, as of the number of deahs with their ages. Asthisisan article quite difficult to exeaute well, we must
be very indebted to Mr. Sussmilch3, Counselor of the Superior Consistatory, which, after having
surmounted the nealy invincible obstades, have just to furnish us one such gread number of such
ohservations, which appea sufficient in order to dedde most of the questions which are present in this
reseach. And indeed, he extraded from it already himself so many important findings, that we would hope
that he will cary by his attentiveness this <ience to the highest degree of perfedion to which it is
susceptible.
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3 Euler refersto the major work of Jean-Pierre Susamilch (17071767). It bears the title Die g6ttliche Ordnungin den
Verénderungen des menschli chen Geschledhts, aus der Geburt, dem Tode und der Fortpflanzung desselben erwiesen. (The divine
order in the changes of the human generation, through the birth, the deaths and the procreation of the same established.) First
edition, Berlin, 1741:1742 second edition 17611762
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