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SUMMARY

One knows that the atronomers, after having made a cetain number of observations
which give different results, take the sum of these results and dvides it by the number of
observations. The author of this memoir has proposed to determine the probability that
this am become ajual either to zero o to any other number, positive or negative. He
supposes, for this result, that in order to know the devation of a star, or its dedination,
or finaly whatever this be, one has made a observations which give wrredly that which
one seeks, b observations which give it by one minute too ged, and ¢ observations
which give it too small by one minute, so that the number of al the observations made
on this sibjed is N = a + b + ¢; and the question is to seewhat will be the probability
that the sum of the results beaomes either 0 or =1 or £+ 2 or + 3 etc.

This question is reduced to the following: Of N tickets, of which a are marked by 0,
bby + 1 andc by —1, one draws at random successvely n tickets, repladng into it eath
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time the drawn ticket; and one demands the probability that the sum of al the numbers
drawn be d@ther 0 or £+ 1 or + 2 etc., a problem in which the auithor considers first some
particular ceses, where n =1, n=2,n =3 and n =4, of which the resolution is
followed by the general problem solved by the known principles of the theory of
combinations and of the cdculus of probabiliti es, by the development of the power
N™ = (a + b+ ¢)*, where the general form of ead term is Ma®b%¢c?, the sum of the
exponents being « + 8 + v = n and the mefficient

1-2-3--m

M = .
1-2-3--ax1-2:3--x1-2-3--

These operations are long and dsagreedle, if one makes them in the ordinary
manner; M. EULER shows how one can find the dfeded terms of the same power
o+ B+ v = n, without recurse to the adual development, and he ends his memoir by
solving the general problem, where, after having made N =a+ b+ c+ d+ dc.
observations of which

a have the same aror ¢,

b have the same atror 3,

¢ have the same eror ~,
etc.,

one wishes to know the probability that the mean becmes any number 7*—1 For this result,
it is necessry to consider the power (az® + bz® + cz” + etc.)™ and to take the sum of
al the terms affeded with the same power z*, which, divided by N, will give the
probability that the mean be 2.

Let one imagine a quarter circle such that, when ore avails oneself to
observe, for example, the dtitude of the pale, after having made agrea number
of such olservations, there ae found a observations which give this atitude
exadly, b observations which give it by one minute too grea and finaly ¢
observations which give it too small by one minute; so that the number of all
these observations are

N =a+b+c,

among which there ae a [where the aror is 0, b] where the egroris = + 1 and
¢ Wherethe aroris = —1.

Such a quarter circle being suppaosed, when ore will have n observations in
order to determine the devation d the pde, the dedination o a star, or whatever
it be, among which ore will have taken a mean, acording to the ordinary



manner, by adding all the results together and by dividing the sum by the number
of observations, n, one demands: what will be the probability that this mean
gives exadly the true sought height, or that the sum of al the results give exadly
zero? and rext: what will be the probability that the sum of all the results
becmmeseither +10or—10or +2o0r —20or 4+ 3 or —3 etc.?

In order to pu more light on this question, ore has only to imagine several
tickets, of which the number is N = a + b + ¢ and which a are marked by 0, b
by +1 and ¢ by —1. If from these tickets contained in a box, ore draws, at
randam, successvely n tickets, repladng ead time the ticket drawn from the
box, and ore auld demand: what will be the probability that the sum of all the
numbers drawn successvely be ather O or +1 or —1 or + 2 or —2 etc., where
it isfirst clea that this 21m would never be known to surpasseither 4+ n or —n.
In this manner, the question popcsed could easily be resolved by the theory of
combinations, by suppaingfirstn = 1, nextn = 2, n = 3 etc.

Let therefore n = 1 or let one draw from the box only a single ticket; and it
is evident that there will be a cases where the number drawn can be 0, b cases
whereit can be + 1 and ¢ caseswhere it can be —1; therefore, since the number
of al the caesis

a+b+c=N,

the probability that the number drawn be 0 will be &, the probability that it is
+ 1 will be % and thisfinally that it is —1 will be £; and since here one draws
only asingle ticket, thereis no mean to take.

Let n =2 or let one draw from the box two tickets successvely; and
whatever be the number of the first, the second could be one of ead ticket in the
box, so that ead ticket drawn first admits NV variations, whence one sees that
the number of al passble caeswill be

N?=(a+b+c)
Now, this formula being developed gives

aa + bb + cc + 2(ab + ac + be),

of which the first term aa, expresses the number of cases where the two tickets
drawn are 0 + 0, and the probability of this case will be {%. Next, the second
term bb, marks the number of cases where the two tickets drawn are
+ 14+ 1= +2, of which the probability will be % The third term cc, marks
the number of cases where the numbers of the tickets drawn are —1 — 1 = —2,



of which the probability = 5. In the same manner, the fourth term, 2ab,
expresses the number of cases where one of the numbers drawn is 0 and the
other + 1 and hence their sum = 4+ 1, of which the probability = 2]\%’ The
term 2ac is the number of cases where it happens that the numbers of the two
tickets are 0 and —1 and hencethe sum = —1, of which the probability = 2%.
Finally, the last term marks the number of cases where these numbers drawn are
+ 1 and —1 ,their sum hence = 0, and the probability of them is 3%

Since here we have two tickets, the sum of the two numbers drawn in eah
case being divided by 2, gives the mean of which we have spoken abowve, and
hence the probability that this mean be = 0 will be ““j{,—?”c If thismeanis + 1,
the probability will be %; if itis—1, it will be £5. Now, it also can happen that
this mean be + % and the probability of this case will be %’; and finally, for
the mean —3 the probability is 2% .

We suppase now . = 3; and since eab o the precealing cases, of which the
number was N2, can be followed by eah of NV tickets, the number of al the
paosshble caeswill be

N*=(a+b+c),

of which we must consider all the terms which result from the development of
this formula, and ead will expressthe number of cases which produce the three
drawn numbers, of which ore will have consequently so much the sum as the
mean by dividing it by threg to which it will be eay to add the probahility,
which is found ty dividing ead term by the number of all the possble cases,



that isto say by N3. We will represent all the caes in the foll owing table:

Terms | Numbers | Sum | Mean | Probability
a? 04+040 0 o
b 1+1+1 1 L
¢ ~1-1-1] -3| -1 L

3aab 0+0+1] +1| +1% 3]%_?

3aac 0+0—-1 -1 _% ?’]‘{,—“f
3abb | O+1+1| +2| +32 Sabb
3acc 0—-1—-1| -2 _g %
6abc 0+1-1 0 0 GXT_IQF

3bbe | +1+1—-1| +1| +1 e
3bcc | +1-1—-1] -1 —% 3]%_030

One sees from this table that the mean = 0 is met twice, the probability of it
will be mnsequently = % Next, it shows that the mean % is met twice,
and hence the probability of it will be 3226£3%¢ Now, if this mean becomes — 1
the probability will be 322¢£3bec The probability for the mean + 2 will be 3252
for —2 it will be 3% In order that the mean becomes + 1, the probability is ]’{,—1

andin order that it be —1, there will be the probability ﬁ,—i

In the same manner, we e&amine the case where n =4 and where
consequently one draws four tickets; and it is clea that the number of all the
posshble caeswill be

Nt=(a+b+c)

Developing therefore this formula, ore will see eaily so much these four drawn
numbers, correspondng to ead number, as their sum and their mean, which,



with the probabilit y, will be represented in the foll owing table:

Terms Numbers Sum | Mean | Probability
at +0+0+0+0 0 0 a
463 | +0+0+0+1| +1| +1 Lo
4a¢ | 404+0+0—-1| -1 | -% o'
6aabb | +0+0+1+1| +2| +1 6aath
baacc | +04+0—-1-1| =2 —% %
12aabc | +04+0+1—-1 0 0 121%70
4ab® | +0+1+1+1] +3| +2 4]%_33
12abbc | +0+14+1—-1| +1| 41 12]%11170
12abcc | +04+1—-1-1| -1 —i 12]%,—’100
4ac® | 40-1-1-1| -3 | -2 dac?
bt | A1+ 14+14+1| +4| 1 L
AbPc | F1+14+1-1] +2| +1 s
6bbcc | +1+1—-1-1 0 0 6?\%
4be® | +1-1-1-1| —2| —3 o
ct —1-1-1-1] —4| -1 ]cv_‘;

In this table, ore finds 9 different means of which some ae met two and
even threetimes. We will mark therefore in the foll owing table for eat of these



means the probabilit y which corresponds to it:

Probability
a*+12aabc+6bbee
Nt
4a3b+12abbc
Nt
4a’c+12abce
Nt

<
@
3

+

6aabb+4b>c
Nt
6aacc+4bc®
NE
4ab?
NE
4ac?
Nt
b4
Nt
ot
Nt
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The onsideration d these four cases opens to us the route to the genera
question, where the number of the drawn tickets is = n; because first it is
evident that the number of al the possble caesis here

of which the development has naot any difficulty. But for us to dspense of the
consideration d ead o the terms which result from it, we will consider here the
general form of eat of these terms, whichis

Ma®bPc?,

where the sum of the exporents o + 3 + v must be = n; and in order to find
the mefficient M of this term, the theory of combinations furnishes us this
formula

1-2-3-4--n
1-20-ax1-2---3x 1.2...7'

M:

Now, the drawn numbers which correspondto this term will be
0O-a+1-8-1-v

and hence the mean of these drawn numbers will be %, to which corresponds



the probability
Ma®bPe
N
Since the sum of al the drawn numbers which correspondto this term is
0O-a+1-8—1-7, ore sees that if we wrote in the placeof the letters a, b, ¢
these formulas az?, bz, cx!, the term that we consider would take this form

Ma®bBcz8~7, so that the exporent of z will give us at first the sum of all the
drawn numbers. For this result, ore has only to develop this power

(az’ + bx' 4 cz™h)™,

and ead of these terms, which will have, as we show, the form Ma®bBc? 2P,
gives usfor the mean

B—

s
n

and the probability will be

Ma®bB e
N

Now, ore understands easily that this ssame mean % can result from severa
different terms, whence nsequently it will be necessary to oltain the
probabilit y which corresponds to ead, and the sum of al these probabiliti es will
give the probability for the same mean %. In order to find al the dfeded
terms of the same power of x, | will endeavor to give amethod which will
excuse us from colleding al these terms by the adual development; but before,
I will examine successvely the caes where the exporent of = beames either 0
or +1or +2o0r +3.

And at first for the first, where the mean = 0, it will be necessary to pu
(3 = ~, so that the following terms which producethis ssme mean will be

a®, a" 2be, a2, a3, VRt e

which it is necessary to continue urtil the exporents of a become negatives, and
from this which we have observed, it will be eay to assgn to ead o these
terms its coefficient; consequently, the sum of al these terms divided by N"
givesthe entire probability in order that this mean takes place



In the same manner, in arder that the mean in question kecomes % where the
exporent of x, namely 5 — ~, bemmes =1, al the terms which lea to it,
becaise 5 =~v+1 and a =n—2v—1, will be expressed by the following
formulas

an—l b, an_?’b2c, an_56302, an_7b403, an_9b504 etC.,

of which the sum, after having joined their coefficients, divided by N™ givesthe
probability for this mean L. Likewise, in order that the mean becomes —1 and
hence 3 — v = —1, ore will have y = 3+ 1 and @ = n — 28 — 1, whence the
terms which producethis mean will be

an—lc’ a"_3b02, a"_5b2c3, a"_7b3c4, a"_9b405 etc.

If one wishes that the mean be found = + % ,or that therebe 3 — v = 2 and
hence 5 =~v+ 2 and o = n — 2y — 2, al the terms which produce this mean
will be

an_2b2, an_4b?’c, an—6b402’ an—8b5c3’ an_10b604 etc.

Now, in order that the mean be —2, the terms which produce it, becaise
B —~=—-2and hencea =n — 23 — 2, will be

an—202’ a"_4bc3, an—6b2c4’ an—8b305’ an—10b406 etc.,

where one must continue these formulas as long as the exporent of a remains
paositive; and it is very easy to continue this operation for all the different means
which can take place

Now it will be very easy to resolve this question in general, when the quarter
circleis suppased such that among a very grea number NV of observations, there
are a of them which have the same aror = «, b observations which produce
the same aror = 3, ¢ observations which have the same aror =~ and d
observations of which the eror is = § etc., where o, 3, 7, 6 etc. mark in general
some numbers any pasiti ves or negatives, such that one has

N=a+b+c+d+ e+ et

This put, if one wishesto know the probability that having made » observations,
the sum of al the numbers drawn (suppaing that to ead observation
corresponds a ticket, as abowe) is either 0 or 1 or 2 or 3 or in general A, ore has
only to develop this power



(az® 4 ba? + ca? + da® + etc.)"

and to take the sum of all the terms affeded by the same power 2*, which, being
divided by N™, will give the probability which agrees with the sum = X\ of all
the drawn numbers, or else to their mean % All these operations are made,
withou any difficulty, in the same manner as we have taught above.
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