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1. The question, which explanation | take up here, isatedleghus: Given a sequence
of letters however many, b, ¢, d, e etc., let the number ofciviben , to find in how
many ways the order of them can be changed, so thet efathem are found in the same
position, which it occupied in the beginning.

This is manifest immediately, if the last conditisromitted and exactly the number of
all permutations clearly is sought, it will be the prodeicall numbers from unity up to.
Moreover, this ought to exclude all the same order, avlagry letter was occupying its
initial position, whence the number of permutationsicvih seek, is less than- 2 - 3---n

2. While we should seek the solution of this questioncemsider first the simplest
case, from which method next we collect the solufitwra large number of letters as many
as you wish to be drawn. And first indeed, if only tdra be put forward, it is evident
to have no variant position. To put forward two leti@rst has one variation in position,
certainly ba . Moreover for three letteighc¢  they ardeatn give so many as two
variations, which are

bca, cab.

While if four lettersabcd be given, there occur threeesasn which eitheb o¢ of
obtain the first position; the cases therefore, mctvb is located in the first position,
admit three variations of the remaining three, whidv.dc, dac, cda ; therefore the same
number besides they will be having variations, iffal same the letters ds are assigned
to the first position, and thus they have in all ningations of position, which are:

bade cadb dabe
dbac cdab dcab
beda cdba dcba

3. We explain in the same manner the case of fiver&etbcde , where the first
position is able to hold eithér or @r or . Therefo would occupy the first position,
but we dedicate the second position to the letter amldetoemaining three; d, amrd |,
they admit two variations, which abedec bgecd . Also sitoethisa the third seat is
assigned, they admit three variations of the remaitirge, which therefore we represent
bcaed, bdaec, beacd. In like manner if to the letter is assigned the fowweat, now too
they have three variations of position, which &¢€ac, bcead, bdeac. inally if to the
letter a is assigned the fifth position, there aredlsequential variationgcdea, bdeca,
bedca. Therefore while to the lettér is given the firsspion, in all it will furnish eleven
variations; for indeed just as many occur, if eitherr door e are placed in the first
position. Whence we conclude to have in all forty-foud4 variations of position for the
five lettersabcede .



4. But if however in similar manner we wish to advataeenore letters, enumeration
of all cases would become too difficult and laboriousreawer hazardous; whence in a
certain method to us it will be investigated, becauswtath the number of variations
would be able to be assigned always accurately, latuh@er of letters be as many as is
wished.

To this end it will help greatly to name a proper chiaato assist, which multitude
indicates all variations for whatever number of propossiters. Therefore let this
character

Il :n

be the number of all variations, whigh letters adanitd since the cases, in which is
eitherl or2 o3 od 05 , we already obtain, now sine know to be

IIH:1=0, II:2=1, II1:3=2, [I:4=9 and II:5=44;

whence it opens farther in progression the number pétiens soon to extend to an
immense degree.

5. Now we seek to this appointed character immediatekind the number of all
variations for letters in numbe& n , which thereforné e 7 : n; where the entire work
reverts back, as it is investigated, in what way secjuired number is constructed from
the preceding, which are

II:(n—-1), II:(n—2), II:(n—3) etc.

Indeed we let be instituted reasoning in a similar wayyhich previously | made use. At
first certainly we will consider the cases, where ktterb is located in the first position;
for it is easy to understand, how many variationgha case will be produced, and just as
many will be produced, if another different letter isdted in the first position; whence we
understand, whatever number of variations will be foasdpng as the lettér obtains the
first position, multiply byn — 1 the present being the numbgrll possible variations
therefore the value of the charactér. n

6. However here meet two cases to be disclosed, tisdzbthe lettesn either it holds
the second position or some other. Therefore weu l&le established in the second
position and it will be investigated, how many variaidhe remaining lettersd, e, f  etc.
would admit; of which since there ane— 2 , the numberasiations by hypothesis will
be Il : (n—2). | let hereafter be in the third position or sodifferent position and
now there arises the question, how many variatiossldttersb, c,d,e, f etc. admit;
where it is noted in the variations of them theelett is not able to occur further, which
now obtains the first position, but in the positionitah the variations to be entered the
lettera ; and thus it will in the same way, and iféecting the first position the variations
of the lettersa,c,d,e, f etc. was sought; since the number tw€hwis n — 1, the
multitude of all variations by hypothesis will B¢ : (n — 1) . Geguently, as long as the
letterd is constituted in the first position, the numtieall variations will be

II:(n—=2)4+1:(n—1).

7. Now by them it is manifest each produces just as maangtions, if any letter
whatever is written in the first position; whereliypce all of these letters, the firat



excluded, the numberis— 1 , the number of all variatioti$e clearly
(n—1I:(n—-2)+(n—-1)I:(n-1),
which therefore is the value of the sought formidlan ~ ustihile there is
II:n=n-DI:(n—1)4+(n—-1I:(n-2)
or
II:n=n-10)I:(n—1)+1: (n—2)).
And if the two characters immediately preceding the lsgheertainly
II:(n—=1)+1:(n—2),

multiplied byn — 1, always will give the following charactéf : n, of which help the
progression, how the numbers of variations are catstitindividually for the numbers of
letters, until it will be redeemed, it is able to lmmtinued easily.

8. Because therefore it appears easily, we begin watledisiest cases and we exhibit
the values of the charactBr: n  in the following table:

II:3=2(I1:2+1:1)=2-(140)=2
M:4=3(1:3+1:2)=3-(2+1)=9,
M:5=4(1:4+1:3)=4-(9+2) = 44,
I:6=5(:5+1T:4)=>5- (44 +9) = 265,
IT:7=6(I1:6+1T:5)=6-(265+44) = 1854,
IT:8=7(I1:7+1T:6)=7- (1854 + 265) = 14833,
IT1:9=8(I1 :8+11:7)=8-(14833 + 1854) = 133496,
IT:10=9(11 : 9+ 1I : 8) =9 - (133496 + 14833) = 1334961.

9. We set let these numbeis: n in order, related tandlisasn , in the following
sequence:

n 1, 2, 3, 4, 5 6, 7, 8, 9,
IT:n 0, 1, 2, 9, 44, 265, 1854, 14833, 133496.

And if now we would consider this sequence more carefullg, will discover an
exceptional relation, which refers whatever numbehepreceding, to the extent that the
following table makes clear:

2=3-1 ~1,
9=4.2 +1,
44=5-9 ~1,
265 = 6 - 44 +1,
1854 = 7 - 265 ~1,

14833 = 8- 1854  +1,
133496 = 9- 14833  —1,
etc.



Therefore of which observations to greatly benefir @rogression it is allowed to
continue more easily, while whatever end always terain multiple of the preceding,
either greater or lesser by unity; and so in genevéllibe

II:n+nll:(n—1)+1.
Where it is observed the-  sign to prevailpif is aarenumber, indeed the  sign,
whenn is an odd number.
10. The surprising will be seen, in what way of thesesphie laws of progressions

between them hold together; while from this lattev ke prior is derived easily. For
putting

IH:n=nll:(n—1)£1
still there will be in a similar way
IH:n=1)=n-1IT:(n—2)F1.

Let these two formulas be added, while the ambiguous signsr — mutually destroy,
and the sum will be

H:n+I:(n—1)=nll:(n—1)+(n—1)I:(n—2),
whence it follows
II:n=mn-1)I:(n—1)+(n—-1II:(n—2),
which is the prior law of progression itself.
In truth nonetheless it is not easy to derive theddaw from the former; however still

the thing will succeed, if certainly we begin in thenglest case, in observing, because
Il :1=0andIl : 2= 1. For hence there will be

II:3=2I1:2=3I:2-1,
whence is
311 :2=11:3+1.

Now since from the prior law therefi$ : 4 = 311 : 3+ 311 : 2, if herele fposition
311 : 2 is substituted the value in the manner invented, thdlrappear

II:4=4I1 :3+1,
whence is
A1 : 3 =11 : 4 — 1.

Now the reported sequence will Be: 5 =411 : 4 + 411 : 3 ; where if in thetpwsi
the valuedII : 3 is written in the invented manner, it pitbduce

I :5=5I] :4—-1



and therefore
511 :4=1I:5+1.

While the reported sequence will bé : 6 =511 : 5+ 511 : 4 ; in which if ire th
position of the latter value there is substituted theipuosly invented, there will be

II:6=6I1:5+1
and therefore
6I:5=1I1:6—1,
which value in the following relatiolV : 7 = 611 : 6 + 61 : 5 substituting iegents
II:7="7I1:6-1
and therefore further; whence it is clear enough, iatway the latter law is derived from
the prior.
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