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An Italian orce suggested a projed of akind d lottery which appeaed much
to the liking of most men, becaise of the very considerable gains that one could
get from it withou risking nealy anything. The plan was entirely different from
ordinary lotteries, becaise eab could determine not only his wager, bu also the
size of the gain to which he wished to aspire. There was rather some
resemblance to the game of Pharaon, in consideration d the abitrary wagers
that one is able to pu on any card that one wants; but it is however different
with regard to the prizes that ead is able to choose & will . The arangement of
this lottery depends uniquely on the probability cdculus, and the entrepreneur,
instead of drawing a fixed profit from it, risks very considerable loss athough
acording to the plan of which | come to spe&k, it would be probable that he ean
a good pation d al the money that had been wagered. It is nealy as if |
undertook to pay ancther 100 eaus for one <ew> that he would have given me,
in case that he throw with three dice the first time, three sixes; it would be
possble that | lose in this game 99 eaus. Now, the probability of winning an eau
being 215times greder than that of losing 99 eas, the advantage is on my side
and hes estimated value % eaus, or alittle more than ahalf eau. That isto say, if
| undertook in this manner towards 1000 persons of whom ead would give to
me one ea, | would be @le to estimate my advantage & 537% eaus, athough it
is posgble that | lose 99000 eaus. It is on this basis that one will be &le to



evaluate the alvantage of the one who would undertake the lottery mentioned, in
comparing the wager of ead with the probability that he will win.

DESCRIPTION OF THISLOTTERY

This lottery consists of 90 tickets marked with the numbers 1, 2, 3,4 etc. up
to 90, from which ore propaoses to draw at randam 5 at a fixed time; and then,
these five numbers will ean thase who will have diosen ore or two o three of
them beforehand, in arder to bind their wagers to them. For one is able to
participate in this lottery in many diff erent ways.

I. Either one choases at will a number that does not exceald 90and ore pays
also a sum of money that one will j udge oppatune. Then, when this number is
foundamong the five which will be drawn, ore will withdraw a prize which will
be a cetain multi ple of the wager.

II. Or one dhooses two numbers at a time, to which ore dtadies a cetain
wager, and in case that both are foundafterwards among the five drawn, ore will
recave aprize quite onsiderable in propartion to the wager. Now, if only one of
them is foundamong the five, one receves also alesser prize.

[ll. Or one dhoaoses threenumbers at a time, in which ore ataches at will a
cetain wager, and ore is able to exped a prize some thousand times greaer than
the wager, in case that al threenumbers are foundamong the five drawn; but the
prize will be less when two o the dhosen numbers, or only one of them will be
found.

I nolonger remember the magnitude of the prizein detail that one paysfor in
eat case, that which contributes nothing to the reseaches that | propose to
make; but one understands easily that they are ale to be very considerable for
the cae where three numbers that one will have chasen are encountered among
the five drawn. And if one wanted to admit quadruples, the fixed prize for the
case where dl four numbers would be found among the five tickets extraded
would be ale to surpassbeyond 10000Qimes the quantity of the wager.

It is evident that neither the number 90 d tickets, nar that of the 5 that one
draws, is esentia to the nature of this lottery and that one is absolutely freeto
establish any number of tickets and from them to draw finally more or lessthan
five, this which leads me to some more general reseaches which could serve
either to form some other plans of similar lotteries, or to examine thase which
will be suggested by some others.



Thus we put . for the number of al tickets marked by the 1,2,3,...,n and
let one draw at randam ¢; and everything reverts to determine the probability
that, of a cetain number of <seleded> numbers that one will have dosen, there
is found either one or two o threeor finaly al in the ¢ tickets which ore is
going to draw. Now, acording to the number of <seleded> numbers, the
determination d the probability that one seeks is reduced to the following
problems.

PROBLEM 1

1. The number of all tickets being = n, from which one must draw at
random ¢ tickets, to find the probability that one number chosen at will be found.

SOLUTION
It is evident, by the first rules of probability, that, in order that the dhosen
number is foundamong the ¢ tickets which ore is going to draw, the number of
all ticketsbeing = n, the probability is

andin order that it is not found,the probability is

- n—1
N n
Thus, the solution provided:
that the chosen number the probability is
is foundamong the drawn tickets %
that it isnot foundthere n—t

COROLLARY 1



2. Thus, if the number of all tickets is 90 and if one draws 5, as in the cae
proposed at the beginning,

that a dhosen number the probability is
isfoundamong the 5 tickets ==
andthat it isnot foundthere &I

COROLLARY 2

3. If one established 100tickets and if one wants to draw 10, having chosen
anumber at will , then

that this number isfourd the probability is

among the 10 tickets drawn % = %

it 90 _ 9

that it is not foundthere 106 = 16
PROBLEM 2

4. The number of all tickets being = n, from which one is going to draw ¢
tickets, if one has chosen two numbers, to find the probability either that both at
thistime, or that only one, or that none are found among the tickets drawn.

SOLUTION

We distinguish the two chosen numbers, the one by A, the other by B; and
let A befoundamong the tickets drawn, the probability [8 1] is

12
n
andthat it is not foundthere,

- n—1
B n
We suppcee that A is foundthere drealy, and in order to seeif B isfound
there dso, o nat, it is necessary to consider that of the n — 1 tickets one draws
only ¢t — 1; andthat B isfoundthere, the probability is



andthat it is not foundthere

n—t

n—1
Thus, that both numbers A and B are foundat thistime, the probability is
_ t(t—1)
~n(n—1)
and that the number A only isfound,the probability is
_ tn—1)
~n(n—1)
The same probability is that the number B only is found therefore, that the one
or the other isfound,withou distinction, the probability is
_ 2t(n —1)
n(n—1)
Now, that nore ae found o that both stay among the n — ¢ numbers not drawn,
the probability will be
_(n—tn—t-1)
B n(n —1)

?

whencewe draw the foll owing conclusions

that of two chasen numbers | the probability is

both are foundthere ;gfl__ll))

that one only is foundthere ff(([:__f))

that nore ae foundthere %
PROBLEM 3



5. The number of all tickets being = n, from which one is going to draw at
random ¢ tickets, if one has chosen three numbers, to determine the probability
either that all three, or only two, or only one, or none are found among the
tickets drawn.

SOLUTION

We distinguish the three ¢tiosen numbers by the letters A, B, C; and that
two, A and B, are foundin the drawn tickets, the probability [§ 4] is

t(t—1)
n(n—1)’

andthat nore ae foundthere

_ (n—=1t)(n—t—1)
n(n —1)

We suppase that the two numbers A and B are foundthere; and we will have
yet to consider n — 2 tickets and to seek the probability that the number C is
foundin the ¢ — 2 tickets which will remain there; now, this probability [§ 1] is
evidently

t-2
n—2
andthat C' isnat there, the probability is
n—1i
n—2

Thus, in order that al threenumbers A, B, C' are foundin the tickets drawn, the
probability is

o tt-1)(t—-2)
Cnn—1)(n-2)

now, that only A and B are foundthere, withou C', the probability is
_tt—=1)(n—1)

n(n—1)(n—2)

But it will be equally probable that one finds there only the two A and ', or the



two B and C'; thus, in order that only two, withou distinction, are foundin the ¢
tickets drawn, the probability is

3t —-1)(n—1)

S nan-1)n-2)

Next, that the number A isfoundthere, the probability [§ 1] is = %; bu that

the other two, B and C', are found among the n — ¢ remaining tickets, the
number of al ahead now to beregarded asn — 1, the probability [§ 4] is

_ (n—t)(n—t—-1)
(n-D(n-2)

thus, in order that the number A only isfoundthere, the probability is

_tn—-t)(n—-t-1)
 oan—-1D(n—-2)

and since eab o the other two, B and (', are &le to be found there dso
probably, the probability that one done, which let thisbe, isfoundthere, is

3t —t)(n—t—1)

 nn—-1)(n-2)

Whencewe onclude:

that of three dasen numbers | the probability is

t(t—1)(t—2)
all three ae foundthere n(n—1)(n=2)

that two alone ae foundthere %
3t(n—t)(n—t—1)
n{n—1){(n—2)
(n—t){(n—t—1)(n—t—2)
n{n—1){(n—2)

that one doneisfoundthere

that nore aefoundthere

PROBLEM 4

6. The number of all tickets being = n, from which one is going to draw ¢
tickets, if one has chosen four numbers, to determine the probability either that



all four, or that three, or only two, or one alone, or none are found in the tickets
drawn.

SOLUTION

We designate the four chasen numbers by the letters A, B, C, D; and having
aready determined the probability that of the three numbers A, B, C either all
threg or two, a one done, or nore ae foundin the tickets drawn, we have only
to combine with ead of these caes the probability that the fourth number, D, is
found also, o nat; this which will clea the path for us to drive eaily our
reseaches to as many of the dhasen numbers as one will want. Thus we take the
formulas foundfor three numbers A, B, C' and we join to them the probability
that the fourth, D, isfoundthere, or nat:

that of the numbers A, B, C, there that the fourth, D,

are found in the chosen numbers the probability is isfound there | isnot found there
all three o = "3
only two % t=2 n-t-L
Nore (n—tzl((r:l—_tl—)(lr)l(_n2—)t—2) t n;Sg

Thence, we mnclude the probabilit y:
. that the threenumbers A, B, C with the fourth, D, are foundthere,

-t -2)-3)
nn—1(n—2)(n—3)

II. that the threenumbers A, B, C' withou the fourth, D, are foundthere, and
that two of the numbers A, B, C' with the number D are foundthere,

=1t —2)(n—t) tt—1)(t —2)(n—1t)
S nn—-1Dn-2)(n-3)  nm-1)(n-2)(n-3)’

thus, that any threeof the four numbers A, B, C, D arefound,the probability is

M- -2)(n—t)
" n(n—1)(n—2)(n—3)




1. that only two of the three numbers A, B, C' withou the fourth, D, are
foundthere, the probability is
_3tt—-1(n—-t)(n—-t—-1)
 am—1)(n—2)(n—3)

and that one done of the threenumbers A, B, C' with the fourth, D ,isfound,the
probability is

C3tt-1(n—-t)(n—t—-1),
 oan—-1Dn-2)(n-3) "’
thus, that any two aone of the four numbers A, B, C, D are foundin the tickets
drawn, the probability will be
_6tt—-1(n—-t)(n—-t—-1)
 oam—-1Dn—-2)(n-3)

IV. that one done of the three numbers A, B, C' withou the fourth, D, is
foundthere, the probability is
_3tln—t)(n—t—-1)(n—1t—2)
B nn—1)(n-2)(n-3) '

and that nore of the three numbers A, B, C, bu the fourth D, aone is found

there, the probability is

ttn—t)(n—t—1)(n—-1-2)
nn—1)(n-2)(n-3) '

thus, that any one done of al four numbers A, B, C, D is foundin the drawn
tickets, the probability will be

At —t)(n—t—-1)(n—t—-2)

B nn—1mn-2)(n-3)

V. finally, that nore of the three numbers A, B, C' nao the fourth, D, are
foundin the tickets drawn, the probability will be
n—t)n—t—1)(n—-t-2)(n—t—3)

n(n —1)(n —2)(n — 3) ’




PROBLEM 5

7. The number of all the tickets being = n, fromwhich one is going to draw
t tickets, if one has chosen as many of the numbers as one would wish, to
determine the probability of all the possible cases which are able to take place.

SOLUTION

The method that |1 have just explained in the solution d the preceding
problem serves to urcover successvely the probabilities of many chosen
numbers, and the law of their progresson keing evident, we have only to pu
here before the g/es the formulas for eadh number of the <seleded> numbers
that one had chasen. But in order to shorten these formulas, since n marks the
number of al tickets and ¢ the number of those that one will be drawing from
them, we designate by r the number of those which remain, such that

r=n—torn=t+4+r.
I. Having chasen ore number alone:

that in the drawn tickets | the probability is
is foundthis number 1-t =141
that it isnot foundthere |  1-Z = 1A4°

I3 3|+

II. Having chosen two numbers:

that in the drawn tickets | the probability is

both are foundthere 1- ;gfl__ll)) = 182

one done 2. n(;r_l) = 2Bl

(r=1) _
nore 1- ;(;_1) =189

10



lIl. Having chosen threenumbers:

that in the drawn tickets | the probability is
al three aefoundthere | 1 - % =103
L (o O ')
only two 3 n(n_(l) (n)_2) = 3C
trir—1 - 1
rir—1)(r—2) __ 0
nore 1- =1 (n=2) — 1C

IV. Having chasen four numbers:

that in the drawn tickets | the probability is

tE-D(E-2)(t-3) _ 14
al four arefoundthere | 1 - A D23 — 1D

L te=nE=2r 3
n(n—-1)(n—-2)(n-3) — AD

only three 4

only two 6. ol g2
4
1

n(n—(l)(n)—(Z)(n)—3) -
tr(r—1)(r—2 _ 1
) n((n—lggn—Z))((n—?;) =4D
r(r—1)(r—2)(r—3) 0
" a(n—1)(n—2)(n=3) — LD

one done

nore

V. Having chosen five numbers:

that in the drawn tickets | the probability is

: t—1)(E=2)(=3)t—4) _ 1 5
al five aefoundthere 1- =D (n=2)=3)-A) — 1E

only four 5. n(nt_(tlg(lrz(_ga(fg)?’()g_ = 5t
n<nt_“1§<ﬁ3(f;ﬁ?ff§§é’_4> =10£°
only two 10- A e — 1057
Ao = P
nore L ety = L1E°

only three 10-

one done 5.

11



V1. Having chosen six numbers:

that in the drawn tickets | the probability is

all six are foundthere 1. nfff__f))((rfiig&__33,))({;1‘31()2;‘3)5) _ 1%
only five 6 S D D arE — 0
only four 15 - n(nt_(i)—(z)fg?r)l(_tg)g()nrﬁz—)(lr)l_s) — 155
orly three 20 STy 0n- g — 207
only two 15 - n(nt_(tl;(lrzi(;)—(rll)_(g)—(i)ﬁg(?g_s) — 152
one done 6 S e S — O
nore L St gy — L

etc.

In order to shorten, | have given to eat o these formulas a cetain mark by
which | will serve myself in the following. Thusit is from these that it will be
necessary alwaysto draw the signification o these marks.

COROLLARY 1
8. It isevident how the values of the marks of ead order are eaily able to be

found from the values of the marks of the order preceding. The following
method seans the most simple:

12



B2:t_1A1 1 Tyt 0 7°_1A0,
n—1""7 n—1""7 n—1""
03_t_232 2 " _p? 1_ T 131 0 7"‘230,
n—2" " n—2 " n—2" " n—2 "
t—3 T r—1 r—2 r—3
03 3 03 2 02 1 Cl 0
n—3 n—3 n—3 n—3 n—3
E5:t_4D4 o " pa E3:T_1D3 ! 2D2
n—4 n—4 n—4 n—4
El_r_ipl, EO_T_iDO;
n— n—

[y T B AL S St S - Bty
n—>9 n—>9 n—>9 n—>9
F2:T_3E2, 1_ T 4E1, o_ T 5E0
n—>9 n—>9 n—>9
etc.

COROLLARY 2

9. The cdculation d the values of all these marks can therefore, in ead case,
easily be dore by the cdculus of logarithms. It isto thisendthat | have separated
from eat mark its numeric ooefficient of which ore will take into acount
easly, after having foundthe value of the mark.

COROLLARY 3

10. Thusit isvery necessary to take guard that one does not take these marks
for some powers, sincethe numbers which are held in the placeof exporents are
not true exporents of powers, bu they mark only the number of <seleded>
numbers of which it is probable that they are found,in ead case, in the tickets
drawn.

COROLLARY 4

11. Since the probabiliti es, taken together, of al the possble caes of eah
order must give a omplete cetitude, their sum will always be equal to unity.

13



Thus onewill have:

1A' +14%° =1
1B2+2B'+1B =1
1C3+3C*+3Ct+1C° =1
1D*+ 4D + 6D?> + 4D +1D% =1
etc.

PROBLEM 6

12. Having established a similar of lottery of n tickets, of which oneis going
to draw ¢ tickets, to determine the prize, consistent with the law of equality, that
oneis obliged to pay to the participants in each case, in ratio to their wager.

SOLUTION

Since the prize is aways propationa to the wager, we suppase the wager
always of one ea, so that, for eat eau that the participant will have paid, there
will be returned to him the prize that we ae going to determine nsistent with
the laws of equality. For thiseffed, it isnecessary to consider separately the cae
where the participant will have dhasen ore or two o threeor four etc. numbers,
these which lead us to the foll owing reseaches.

. If the participant has chosen orly one number and if he has paid ore eal,

in case that in the tickets drawn | the probability being | let the prize
this number is found 1AL a
that it is not foundthere 1A4° 0

The probability is thus A® that he receve a, and A° that he will receve nothing,
whence his advantage is = Ala, which, acording to the rules of equdlity, to
him ought to be worth as much as his wager 1. By which it is necessary that
therebe Ala = 1, and hencethe prize ought to be

1

GJZE.

14



II. If the participant has chasen two numbers andif he has paid ore ea,

in case that in the tickets drawn | the probability being | let the prize

both are found 132 a
one done 2B! b
nore 18° 0

The alvantage to the participant will be thus 15%a + 2B, which owht to be
equal to thewager 1, so that we have

1B%a +2B'% = 1,

whenceoneis able to determine the two prizes a and b by an infinity of different
ways, becaise, any value that one takes for the one, ore will find that of the
other. But sinceit is necessary to avoid the cae where one would vanish o even
beaome negative, ore will fill this condtion most conveniently by sharing unity
between the two pations o and 3,0 that thereis

a+ =1,
andthen, ore will havethe prize in general

o B
= — andb= —.
“T 1B 2BL

1. If the participant had chosen threenumbers and if he has paid ore ea,

in casethat in thetickets drawn | the probability being | let the prize
al three ae found 1C3 a
only two 30?2 b
one done 301 c
nore 1C° 0

The avantage of the participant being thus
1C3a + 3C?b + 3Ce,

it is necessary that it be equivalent to the wager 1. For this effed, we gpation
the wager 1 at will i nto threeparts «v, 3, v, o that thereis

atf+y=1

and thence, we will havein general the foll owing determinations of the prizes

15



I A o
1C37 302’ 3C17

whence one sees that these threeprizes are életo be varied to infinity.
IV. If the participant had chosen four numbers andif he has paid ore ew,

a

in casethat in thetickets drawn | the probability being | let the prize
al four arefound 1D* a
only three 4D3 b
only two 6.2 c
one done 4D? d
nore 1D° 0

We divide now unity into four parts equal or unequal, as one will judge
oppatune, or we put

l=a+p8+v+6;
and the values of the prizes are
« I} v o

aq = —— = — _ L

d=-2
1D’ iD3 7 §p2’ AD?

V. If the participant had chasen five numbers and if he has paid ore e,

in case that in the tickets drawn | the probability being | let the prize
al five aefound 157 a
only four 54 b
only three 1053 c
only two 10E2 d
one done 5E! e
nore 1E° 0

Let onedivide & will unity into five parts, so that thereis
l=a+8+v+6+c¢
and ore will havein general the just determination d these prizes
« I} v o €

a = —— = —

— d:— = —_—
ok sptr €7 10m3 10£2° 7 5t

16



This determination is 9 easy that it would be superfluous to go further, andit is
not probable that one ever makes use of more than 5 numbers, becaise of the too
exorbitant prizes that one would have to grant.

COROLLARY 1

13. Thus it is only in the first case that the prize is determined, a = %; in
the other cases, oreis able to vary acardingly the prizes as much as the number
of chosen tickets is grea. This depends on the division d unity into as many
parts asthere ae prizesin ead case.

COROLLARY 2

14. Thefirst way to dvide unity is that which takes the parts equal, and then
one will have

forthesemndcase o =3 = %,

for the third a=0p=v= %,

for the fourth a=0=v=06= i,

for the fifth a:ﬁ:’yzéze:%,

whenceone will draw the determined prizes for ead case.
COROLLARY 3

15.If one judges that, in this fashion, the highest prize of the superior cases
bewmmes too gred, the numeric coefficients provide us a similar way to dvide
which, rendering the formulas more simple, sean to produce akind d equality.

17



One ould take

1 2
for the lInd case = = ==
Of 37 /6 37
1 3 3
for thelll rd = _ - = i
a= <] - V=1
1 4 6 4
for the IVth = — = - - =
a=15 P=1p YT T
1 1 1
31 31 31 31 31

COROLLARY 4
16. If one wanted to deaease the alvantage of the highest prize in order to
render the others more mnsiderable, ore culd be served by the following
divisions:

1 4
forthelindcase o = = g = 5

1 6 9
for thelllrd S - _
a 167 /6 167 F)/ 167
1 8 18 16
for the IVth = — = — - _
*=13 Pz 7T T
1 1 4 2
for the Vth S
106 106 106 106 106
SCHOLIUM

17. We represent at this time the prizes that will be provided by these three
different methods to dvide unity in eat case.

18



Having chosen

In casethat in the

The prizes acording to the

inadvance | drawn ticketsarefourd | Ist method | IInd method | 11l rd method

onenumber | the number 4 H 4r
or nore 0 0 0
1 1 1

two numbers | both 75 35 353
1 1 1

one done 1B 3BT 55T
nore 0 0 0
1 1 1

threenumbers | al three 3—?3 ? 16103

oy N e

one done 9T ToT e
nore 0 0 0

Having chosen In case that in the The prizes acaording to the
in advance drawn tickets arefourd | 1st method | 2ndmethod | 3rd method
1 1 1
four numbers | al four 4—?4 151D4 @
only three 605 1DB D5 ng YRV ?{33
only two 94D° 507 434D2
1 1
one done 1601 15070 BT
nore 0 0 0
: : 1 1 1
five numbers al five 5—?5 @ @
only four 55 1E4 T 1E4 _10‘3, 1
only three 5057 3157 10(3‘1E3
1 1
only two 502 3LE7 10652
1 1 5
one done TBET 3LET 10657
nore 0 0 0
PROBLEM 7

18. Having fixed the prizes of a similar lottery according to the law of
equality, to find the diminution of these prizes, so that the entrepreneur returns
to himself a prescribed profit.

19



SOLUTION

By reason d the expenses that the establi shment of a similar lottery requires,
it is necessary to hdd badck something of the prizes that the law of equality
provided, as that pradiced in the ordinary lotteries. Beyondthis, a simil ar lottery
would be aithorized orly for important needs, and in this regard, the diminution
of the prizes ought to be more mnsiderable. But, since the profit is not certain,
as in the other lotteries, and since it could happen that the entrepreneur, despite
al probability, loses quite wnsiderably, it is very just that the had bad of the
prizes be greder than the ordinary where one is contented with 10%. Certainly,
as only the greaest prizes are those which would ruin the entrepreneur, it is
reasonable that one increase the hald badk only in the large prizes, and that one
leaves thase of the small er prizesto ten percent. A greder hold bad in the small
prizes would also be only too apparent and dsgust the participants, wherees, in
the gred prizes, ore does nat percave nealy the diminution, seeng that few
persons arein a wndtionto cadculate the just value.

Now, in order to procure to the cah-box a profit of 10% on the lesser prizes,
one has only to multiply by 19—0; thus these will be the prizesin ead case which
correspondto a single number. For the prizes that correspondto two numbers,
one could very well multiply them by 18—0 these which will produce aprofit of
20%, withou one redizing it easily. And when threenumbers are encourtered in
the tickets drawn, ore culd, with as much reason, multi ply the prize by % and
those who agree to four numbers by 1% and finaly those who invite five
numbers by % that which is equivaent to a profit of 50%. But, in ead case,
one will adjust the diminution d the prizes as one will judge most oppatune,
and ore will have principaly in view to round the numbers as much as it is
possble. Thus having made the plan on the prizes conform to the law of
equality, it will be eay to apply the diminutions most properly which best fulfill
the condtions that one will have in view.

PROBLEM 8
19. The number of all tickets being 90, of which one must draw in itstime 5,

to prepare the plan of the prizes which agree in all cases, according to the law
of equality.

20



SOLUTION

Here is comprised the once intended lottery and d which | spoke in the
beginning. We will see soon which prizes it is able to promise, in assgning
those that the law of equality requires. Now, in order to apply in this case our
general formulas, we have

n=290, (=5 andremaining r = 85,
whencewe draw first

1 1
Al = —andA® = —7,
18 18
and these two values lead us to those of al the remaining marks. But since we
have nead o these values reversed, | am going to expressthem in away, just as
their logarithms, in order to fadlit ate the cdculation rext.
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—InA° = 0.0248236 1: A0 = 1.0588
—In Al =1.2552725 1: Al = 18.000
—InB% =0.0499343 1:B°= 1.1218
—InB! =1.2752436 1: B! = 18.8470
—InB% =2.6026025 1:B?%= 400.5000
—InC® =0.0753389 1:C° = 1.1894
—InC! =1.2954470 1:C' = 19.7445
—InC? =2.6176663 1:C?% = 414.63531
—InC3 =4.06996392 1:(C°% = 11748.000!
—InD% =0.1010443 1:D° = 1.262
—InD! =1.3158882 1: D! = 20.696!
—InD? = 2.6329063 1:D?= 429.44
—InD3 = 4.08006432 1:D3 = 12024.41
—InD*=5.7084532 1:D*= 511038
—InE® =0.1270578 1:FEY= 1.340
—InKk' =1.3365728 1:FK!'= 21.706%
—InE? = 2.6483267 1: E?% = 444.96
—InE3 = 4.0902835% 1: FE3 = 12310.71
—InE*=5.7135328%2 1:F*= 517050
—INFE% =7.6429517 1:F%= 43949270!

Therefore here is the plan o this lottery acwording to the three diff erent
methods:

1 In the original edition, the marked numbers are414.6354; 11748.054; 20.695; 12024.5;
21.705; 12310.5; 517051; 43949268,

2 |n the original edition, the marked numbers are 4.0699659; 4.0800649; 4.0902841;
5.7135334.
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Ist method [Ind method Il rd method
Istcase |1 18 18 18

lIndcase | 2 200.25 133.5 80.1

1 4.712 6.282 7.539
lirdcase | 3 3916.003 1678.29 734.25

2 46.071 59.234 51.830

1 2.1938 2.8206 3.7021
IVthcase | 4 | 127759.5 34069.2 11884.64

3 751.53 801.63 559.28

2 17.893 28.629 29.961

1 1.2934 1.3797° 1.9251
Vthcase | 5 | 8789854.0° 1417718.5° 414615.7

4 20682.003 16679.03° 9755.664

3 246.2143 397.119° 348.414%

2 8.899 14.353 16.791

1 0.8682 0.7002° 1.0238

At present, it is easy to dminish these prizesin propartion to the profit that
one wants to procure for the entrepreneur

COROLLARY 1

20. Since these three methods are equally compliant to the law of equality,
nothing prevents that one put into use dl three a the same time and that one
grant to the participants the freedom to submit their wager to those which will
please them best. So, thase who will choose two o more numbers will be the
masters to determine themselves either for the first method a for the second
method a for the third.

COROLLARY 2

21. Certainly, it will bein the interest of the entrepreneur to exclude entirely
the first method, for the cae where one dhooses five numbers. Because, in case

3Inthe original edition, the marked numbers are 3916.02; 8789853.6; 20682.04; 246.210.

4Inthe original edition, the marked numbers are11844.6; 9755.68; 348.410.

5 In the original edition, the marked numbers are 1.3791; 1417718.3; 16679.06; 397.113;
0.7001.
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that one would cach predsely al five numbers which will be drawn in the five
tickets, the prize of aimost 9 millions, were it diminished upto half, it would

ruin the bank.

SCHOLIUM

22.Now, in dminishing the prizes acording to the rules explained above [§
18] and in roundng the numbers, ore is able to form the foll owing plan which
ought probably to bring to the entrepreneur a very considerable profit, withou
appeaing disadvantageous to the interested parties.

Plan of such a lottery of 90 tickets of which one must draw 5.

Having chaosen | in casethat onewill recave, for eat eau which ore
in the drawn will wager, ore of the foll owing prizes
tickets are found eas ews eas

1 number this number 18 18 18
2 numbers bath 160 106 64
one done 4 55 63
3 numbers al three 2741 1174 513
only 2 36 47 41
one done 2 23 33
4 numbers al four 76655 20441 7130
only 3 526 561 391
only 2 14 223 24
one done 1 1% 12
5 numbers al five 43949276 708859 2073076
only 4 12409 10007 5853
only 3 172 278 243
only 2 7 113 133
one done 2 5 1

Still one @uld round these numbers better and augment, by this means,
insensibly to advantage to the profit of the enterprise.

6 Original edition: 4394925; 207305.
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PROBLEM 9

23. The number of all tickets being 100, of which one must draw at one time
9, to prepare the plan of the prizes which agree in all cases, according to the
law of equality.

SOLUTION

The number of tickets that one must draw being here greaer than before, the
prizes for the cae of 5 chosen numbers will no longer become so exorbitant as
in the precading plan, that which will render the exeaution lessdangerous.

Thus having here

n =100, ¢=9, andtheremaining r =91,
we have first

9 91
Al=— and A'= ",
100 100

whencewe will draw the values of the marks as foll ows.
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—InA° = 0.0409586 1: AY = 1.0989
—In Al =1.0457575 1: Al = 11.1111
—InB° =0.0823513 1:B°= 1.20887
—InB! =1.0823513 1:B!= 12.0879
—InB? =2.1383027 1:B?= 137.50
—InC® =0.1241874 1:C° = 1.3310
—InC!' =1.1193349 1:C! = 13.1624
—InC?2 =2.1704874 1:C? = 148.077
—InC3 =3.2844308 1:C°3 = 1925.0
—InD% =0.1664764 1:D° = 1.4671
—InD! =1.1567166 1: D! = 14.3455
—InD? =2.2030166 1:D? = 159.594
—InD? =3.3121611 1:D3 = 2051.92
—InD*=4.4930512 1:D*=  31120.833
—InE® =0.2092283 1: E°= 1.6189
—InE! =1.1945051 1:FE! = 15.6497
—InE?2 =2.2358978 1: FE?= 172.146
—InE3 = 3.3401898 1: E3 = 2188.72
—InE*=4.5162810 1:FE*=  32830.8
—InE? =5.7763524 1: E®= 597520

From these values one will form, acwrding to the three methods, the
foll owing plan:

7 Original edition: 1.2087.
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Case | Winning | Ist method | Iind method | 11l rd method
I 1 11.111 11.111 11.111
Il 2 68.75 45.83 27.50

1 3.022 4.029 4.835
1] 3 641.66 275.00 120.3125
2 16.453 21.154 18.509
1 1.462 1.880 2.468
A% 4 7780.208 2074.722 723.740
3 128.2458 136.795 95.4388
2 6.649 10.639 11.134
1 0.8966 0.9564 1.3344
Vv 5 119504 19274.84 5636.981
4 1313.232 1059.06 619.450
3 43.774 70.604 61.945
2 3.443 5.553 6.496
1 0.626 0.505 0.738

COROLLARY 1

24. Provided that such a lottery is not drawn urtil the funds are accued
beyond some hundeds of thousand d eaus, the entrepreneur doesn't risk too
much ruin, seang that the highest prize, after being diminished, won't go upto
100000eaus, suppasing that the stake doesn't surpassone eal.

COROLLARY 2
25. But in case that one would wish to form such alottery in the small and
the entire funds would na rise to 100000eaus, ore well must remove the first
methodin the cae of five chosen tickets.
COROLLARY 3
26. It is necessary also to remark that such lotteries must be drawn with

many repetitions, so that, if one had favored the participants too much, the others
are dle to compensate the entrepreneur. Now ead time, ore ould draw the

8 Original edition: 128240, 95.439,
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lottery immediately as the funds surpassa cetain sum propational to the prizes
that one wants to admit.

SCHOLIUM 1

27.We diminish these prizes following the rules given abowe [§ 1§, and we
will obtain this

Plan of such lottery of 100 tickets of which one must draw 9

Having chosen in case that onewill recave, for ead eau which ore
in the drawn will wager, the one of the foll owing prizes
tickets are fourd ea ea ea in general
1 number this number 10 10 10 a
2 numbers bath 55 36 22 b
one done 22 33 43 c
3 nunbers al three 449 192 84 d
only 2 13 17 15 e
one done 149 12 2 f
4 numbers al four 4668 1245 434 g
only 3 90 96 662 h
only 2 5% 83 9 i
one done 2 3 1 k
5 numbers all five 59752 9637 28181 !
only 4 788 635 3712 m
only 3 303 49 434 n
only 2 23 4310 5 p
one done 3 3 2 q
SCHOLIUM 2

28. Besides these threemethods, oreis able to make for eat case an infinity
of other appartionments of the prizes that we marked in general in this plan, on

9 Original edition: 11.
10 Original edition: 41.
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the side, by the letters a,b, ¢, d etc. If one wants that these prizes be drealy
diminished for the same reason as we have diminished the others, it is necessary
to determine them by the foll owing equations:

10

l. —a-Al=1
9 ’
or
0.1a = 1;
10 10
. —b- B2+ —c-2B' =1,
8 9

or

0.009090956 + 0.1838383¢ = 1;

10 10 10
|||.7d-02+§e-302+3f-301:1,

or

0.000742115d + 0.02532467e 4 0.2532467 f = 1,

10 10 10 10
V. Eg-D4+7h-4D3+§z‘-6D2+3k-4D1 =1,

or

0.0000535547g + 0.002784845h + 0.046994257 4 0.3098139k = 1;

10 10 10 10 10
V. =1-E°+ —m-5E*+ —n-10E3+ —p-10E?> + —q-5E' =1,
5 6 7 8 9
or

0.000003347168! + 0.000253827m 4+ 0.00652698n 4 0.07261263p + 0.3549952¢ = 1.

From these formulas, ore is able to draw the following prizes which seem
convenient for the pragmatic:
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a = 10;
b=50, c=3;
d =200, e=20, f=1;
g = 1000, h =100, =10, kz%;
[ =5000, m =500, n=0>50, p=0>, q:%.

Through such a plan, the bank would na risk as much as following the first or
the second method.
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