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REFLECTIONS
ON A SINGULAR KIND OF LOTTERY

NAMED THE GENOISE LOTTERY

Leonhard Euler

Read to the Academy of Berlin 10 March 1763

E812
Opera posthuma I, 1862, p. 319–335

An Italian once suggested a project of a kind of lottery which appeared much
to the liking of most men, because of the very considerable gains that one could
get from it without risking nearly anything. The plan was entirely different from
ordinary lotteries, because each could determine not only his wager, but also the
size of the gain to which he wished to aspire. There was rather some
resemblance to the game of Pharaon, in consideration of the arbitrary wagers
that one is able to put on any card that one wants; but it is however different
with regard to the prizes that each is able to choose at will . The arrangement of
this lottery depends uniquely on the probabilit y calculus, and the entrepreneur,
instead of drawing a fixed profit from it, risks very considerable loss, although
according to the plan of which I come to speak, it would be probable that he earn
a good portion of all the money that had been wagered. It is nearly as if I
undertook to pay another 100 ecus for one <ecu> that he would have given me,
in case that he throw with three dice, the first time, three sixes; it would be
possible that I lose in this game 99 ecus. Now, the probabilit y of winning an ecu
being 215 times greater than that of losing 99 ecus, the advantage is on my side
and has estimated value  ecus, or a littl e more than a half ecu. That is to say, if

� �� �
I undertook in this manner towards 1000 persons of whom each would give to
me one ecu, I would be able to estimate my advantage at  ecus, although it

� � � �� �
is possible that I lose 99000 ecus. It is on this basis that one will be able to
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evaluate the advantage of the one who would undertake the lottery mentioned, in
comparing the wager of each with the probabilit y that he will win.

DESCRIPTION OF THIS LOTTERY

This lottery consists of 90 tickets marked with the numbers  etc. up
	 
 � 
 � 
 


to 90, from which one proposes to draw at random 5 at a fixed time; and then,
these five numbers will earn those who will have chosen one or two or three of
them beforehand, in order to bind their wagers to them. For one is able to
participate in this lottery in many different ways.

I. Either one chooses at will a number that does not exceed 90 and one pays
also a sum of money that one will j udge opportune. Then, when this number is
found among the five which will be drawn, one will withdraw a prize which will
be a certain multiple of the wager.

II . Or one chooses two numbers at a time, to which one attaches a certain
wager, and in case that both are found afterwards among the five drawn, one will
receive a prize quite considerable in proportion to the wager. Now, if only one of
them is found among the five, one receives also a lesser prize.

III . Or one chooses three numbers at a time, in which one attaches at will a
certain wager, and one is able to expect a prize some thousand times greater than
the wager, in case that all three numbers are found among the five drawn; but the
prize will be less, when two of the chosen numbers, or only one of them will be
found.

I no longer remember the magnitude of the prize in detail that one pays for in
each case, that which contributes nothing to the researches that I propose to
make; but one understands easily that they are able to be very considerable for
the case where three numbers that one will have chosen are encountered among
the five drawn. And if one wanted to admit quadruples, the fixed prize for the
case where all four numbers would be found among the five tickets extracted
would be able to surpass beyond 100000 times the quantity of the wager.

It is evident that neither the number 90 of tickets, nor that of the 5 that one
draws, is essential to the nature of this lottery and that one is absolutely free to
establish any number of tickets and from them to draw finally more or less than
five, this which leads me to some more general researches which could serve
either to form some other plans of similar lotteries, or to examine those which
will be suggested by some others.
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Thus we put  for the number of all ti ckets marked by the  and� � � � � � � � � �
let one draw at random ; and everything reverts to determine the probabilit y

�
that, of a certain number of <selected> numbers that one will have chosen, there
is found either one or two or three or finally all i n the  tickets which one is

�
going to draw. Now, according to the number of <selected> numbers, the
determination of the probabilit y that one seeks is reduced to the following
problems.

PROBLEM 1

1. The number of all tickets being , from which one must draw at� �
random  tickets, to find the probability that one number chosen at will be found.

�
SOLUTION

It is evident, by the first rules of probabilit y, that, in order that the chosen
number is found among the  tickets which one is going to draw, the number of

�
all ti ckets being , the probabilit y is� �

� �
�

and in order that it is not found, the probabilit y is

� �� � �
�

Thus, the solution provided:

that the chosen number the probabilit y is
is found among the drawn tickets
that it is not found there

��� � ��

COROLLARY 1
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2. Thus, if the number of all ti ckets is 90 and if one draws 5, as in the case
proposed at the beginning,

that a chosen number the probabilit y is
is found among the 5 tickets

and that it is not found there

� �� � � �� � �  � � � �
!
!

COROLLARY 2

3. If one established 100 tickets and if one wants to draw 10, having chosen
a number at will , then

that this number is found the probabilit y is
among the 10 tickets drawn

that it is not found there

� � �� � � � �� � �� � � � �
!
!

PROBLEM 2

4. The number of all tickets being , from which one is going to draw ! " #
tickets, if one has chosen two numbers, to find the probability either that both at
this time, or that only one, or that none are found among the tickets drawn.

SOLUTION

We distinguish the two chosen numbers, the one by , the other by ; and
$ %

let  be found among the  tickets drawn, the probabilit y [§ 1] is
$ #

! #
"

and that it is not found there,

! " & #
"

We suppose that  is found there already, and in order to see if  is found
$ %

there also, or not, it is necessary to consider that of the  tickets one draws" & '
only ; and that  is found there, the probabilit y is# & ' %
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( ) * +
, * +

and that it is not found there

( -, * )
, * +

Thus, that both numbers  and  are found at this time, the probabilit y is
. /

( 0) 1 ) * + 2
, 1 , * + 2

and that the number  only is found, the probabilit y is
.

( -) 1 , * ) 2
, 1 , * + 2

The same probabilit y is that the number  only is found; therefore, that the one
/

or the other is found, without distinction, the probabilit y is

( -3 ) 1 , * ) 2
, 1 , * + 2

Now, that none are found or that both stay among the  numbers not drawn,, * )
the probabilit y will be

( 01 , * ) 2 1 , * ) * + 2
, 1 , * + 2

whence we draw the following conclusions

that of two chosen numbers the probabilit y is

both are found there

that one only is found there

that none a

4 5 4 6 7 89 5 9 6 7 8: 4 5 9 6 4 89 5 9 6 7 8
re found there

5 9 6 4 8 5 9 6 4 6 7 89 5 9 6 7 8

PROBLEM 3
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5. The number of all tickets being , from which one is going to draw at; <
random  tickets, if one has chosen three numbers, to determine the probability

=
either that all three, or only two, or only one, or none are found among the
tickets drawn.

SOLUTION

We distinguish the three chosen numbers by the letters ; and that
> ? @ ? A

two,  and , are found in the drawn tickets, the probabilit y [§ 4] is
> @

; ?= B = C D E
< B < C D E

and that none are found there

; FB < C = E B < C = C D E
< B < C D E

We suppose that the two numbers  and  are found there; and we will have
> @

yet to consider  tickets and to seek the probabilit y that the number  is< C G A
found in the  tickets which will remain there; now, this probabilit y [§ 1] is

= C G
evidently

; ?= C G
< C G

and that  is not there, the probabilit y is
A

; F< C =
< C G

Thus, in order that all three numbers  are found in the tickets drawn, the
> ? @ ? A

probabilit y is

; H= B = C D E B = C G E
< B < C D E B < C G E

now, that only  and  are found there, without , the probabilit y is
> @ A

; F= B = C D E B < C = E
< B < C D E B < C G E

But it will be equally probable that one finds there only the two  and , or the
> A
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two  and ; thus, in order that only two, without distinction, are found in the 
I J K

tickets drawn, the probabilit y is

L MN K O K P Q R O S P K R
S O S P Q R O S P T R

Next, that the number  is found there, the probabilit y [§ 1] is  but that
U L VWX

the other two,  and , are found among the  remaining tickets, the
I J S P K

number of all ahead now to be regarded as , the probabilit y [§ 4] is
S P Q

L VO S P K R O S P K P Q R
O S P Q R O S P T R

thus, in order that the number  only is found there, the probabilit y is
U

L VK O S P K R O S P K P Q R
S O S P Q R O S P T R

and since each of the other two,  and , are able to be found there also
I J

probably, the probabilit y that one alone, which let this be, is found there, is

L MN K O S P K R O S P K P Q R
S O S P Q R O S P T R

Whence we conclude:

that of three chosen numbers the probabilit y is

all three are found there

that two alone are found there

W Y W Z [ \ Y W Z ] \X Y X Z [ \ Y X Z ] \^ W Y W Z [ \ Y X Z W \X Y X Z [ \ Y X Z ] \^ W Y X Z W \ Y X Z W Z [ \X Y X Z [ \ Y X Z ] \Y X Z W \ Y X Z W Z [ \ Y X Z W Z ] \X Y X Z [ \ Y X Z ] \
that one alone is found there

that none are found there

PROBLEM 4

6. The number of all tickets being , from which one is going to draw L S K
tickets, if one has chosen four numbers, to determine the probability either that
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all four, or that three, or only two, or one alone, or none are found in the tickets
drawn.

SOLUTION

We designate the four chosen numbers by the letters ; and having
_ ` a ` b ` c

already determined the probabilit y that of the three numbers  either all
_ ` a ` b

three, or two, or one alone, or none are found in the tickets drawn, we have only
to combine with each of these cases the probabilit y that the fourth number, , is

c
found also, or not; this which will clear the path for us to drive easily our
researches to as many of the chosen numbers as one will want. Thus we take the
formulas found for three numbers  and we join to them the probabilit y

_ ` a ` b
that the fourth, , is found there, or not:

c
that of the numbers there that the fourth, ,

are found in the chosen numbers the probabilit y is is found there is not found th

d e f e g e h
ere

all three

only two

one alone

i j i k l m j i k n mo j o k l m j o k n m o k p o k pi k p o k i
p i j i k l m j o k i mo j o k l m j o k n m o k p o k pi k n o k i k l

p i j o k i m j o k i k l mo j o k l m j o k n m i k lo k p o k po k i k n
j o k i m j o k i k l m j o k i k n mo j o k l m j o k n m o k p o k pi o k i k p

none

Thence, we conclude the probabilit y:
I. that the three numbers  with the fourth, , are found there,

_ ` a ` b c
q rs t s u v w t s u x w t s u y w

z t z u v w t z u x w t z u y w
II . that the three numbers  without the fourth, , are found there, and

_ ` a ` b c
that two of the numbers  with the number  are found there,

_ ` a ` b c
q { `s t s u v w t s u x w t z u s w y s t s u v w t s u x w t z u s w

z t z u v w t z u x w t z u y w z t z u v w t z u x w t z u y w
thus, that any three of the four numbers  are found, the probabilit y is

_ ` a ` b ` c
q | s t s u v w t s u x w t z u s w

z t z u v w t z u x w t z u y w ;
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III . that only two of the three numbers  without the fourth, , are
} ~ � ~ � �

found there, the probabilit y is

� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � ,

and that one alone of the three numbers  with the fourth, , is found, the
} ~ � ~ � �

probabilit y is

� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � ;

thus, that any two alone of the four numbers  are found in the tickets
} ~ � ~ � ~ �

drawn, the probabilit y will be

� �� � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �

IV. that one alone of the three numbers  without the fourth, , is
} ~ � ~ � �

found there, the probabilit y is

� � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � ,

and that none of the three numbers , but the fourth , alone is found
} ~ � ~ � �

there, the probabilit y is

� �� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �

thus, that any one alone of all four numbers  is found in the drawn
} ~ � ~ � ~ �

tickets, the probabilit y will be

� �� � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �

V. finally, that none of the three numbers  nor the fourth, , are
} ~ � ~ � �

found in the tickets drawn, the probabilit y will be

� �� � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
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PROBLEM 5

7. The number of all the tickets being , from which one is going to draw� ��
 tickets, if one has chosen as many of the numbers as one would wish, to

determine the probability of all the possible cases which are able to take place.

SOLUTION

The method that I have just explained in the solution of the preceding
problem serves to uncover successively the probabiliti es of many chosen
numbers, and the law of their progression being evident, we have only to put
here before the eyes the formulas for each number of the <selected> numbers
that one had chosen. But in order to shorten these formulas, since  marks the�
number of all ti ckets and  the number of those that one will be drawing from

�
them, we designate by  the number of those which remain, such that�

� � � � � � � � � � � or 

I. Having chosen one number alone:

that in the drawn tickets the probabilit y is
is found this number
that it is not found there

� � � � �
� � � � �

�� ��� �
II . Having chosen two numbers:

that in the drawn tickets the probabilit y is

both are found there

one alone

none

� � � � �
� � � � �
� � � � �

� � �   � ¡� � �   � ¡
¢

� �� � �   � ¡ �� � �   � ¡� � �   � ¡ �
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III . Having chosen three numbers:

that in the drawn tickets the probabilit y is

all three are found there

only two

£ ¤ ¥ £ ¦
§ ¤ ¥ § ¦

¨ © ¨ ª « ¬ © ¨ ª ­ ¬® © ® ª « ¬ © ® ª ­ ¬ ¯¨ © ¨ ª « ¬ °® © ® ª « ¬ © ® ª ­ ¬ ­
one alone

none

§ ¤ ¥ § ¦
£ ¤ ¥ £ ¦

¨ ° © ° ª « ¬® © ® ª « ¬ © ® ª ­ ¬ «
° © ° ª « ¬ © ° ª ­ ¬® © ® ª « ¬ © ® ª ­ ¬ ±

IV. Having chosen four numbers:

that in the drawn tickets the probabilit y is

all four are found there

only three

£ ¤ ¥ £ ²
³ ¤

¨ © ¨ ª « ¬ © ¨ ª ­ ¬ © ¨ ª ¯ ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ ´¨ © ¨ ª « ¬ © ¨ ª ­ ¬ °® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ ¯¨ © ¨ ª « ¬ ° © ° ª « ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ ­
¨ ° © ° ª « ¬ © ° ª ­ ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ «

° © ° ª « ¬ © ° ª ­ ¬ © ° ª ¯ ¬

¥ ³ ²
µ ¤ ¥ µ ²

³ ¤ ¥ ³ ²
£ ¤

only two

one alone

none ® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ ±¥ £ ²
V. Having chosen five numbers:

that in the drawn tickets the probabilit y is

all five are found there

only four 5

£ ¤ ¥ £ ¶
¤

¨ © ¨ ª « ¬ © ¨ ª ­ ¬ © ¨ ª ¯ ¬ © ¨ ª ´ ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ ·¨ © ¨ ª « ¬ © ¨ ª ­ ¬ © ¨ ª ¯ ¬ °® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ ´¨ © ¨ ª « ¬ © ¨ ª ­ ¬ ° © ° ª « ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ ¯¨ © ¨ ª « ¬ ° © ° ª « ¬ © ° ª ­ ¬® © ® ª

¥ ¸ ¶
£ ¤ ¥ £ ¹ ¶

¤only three 0

only two 10 « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ ­
¨ ° © ° ª « ¬ © ° ª ­ ¬ © ° ª ¯ ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ «

° © ° ª « ¬ © ° ª ­ ¬ © ° ª ¯ ¬ © ° ª ´ ¬® © ® ª « ¬ © ® ª ­ ¬ © ® ª ¯ ¬ © ® ª ´ ¬ ±

¥ £ ¹ ¶
¤ ¥ ¸ ¶
¤ ¥ £ ¶one alone 5

none 1
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VI. Having chosen six numbers:

that in the drawn tickets the probabilit y is

all six are found there

only

º » ¼ º ½¾ ¿ ¾ À Á Â ¿ ¾ À Ã Â ¿ ¾ À Ä Â ¿ ¾ À Å Â ¿ ¾ À Æ ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â È
 five

only four

only

É » ¼ É ½
º Ê » ¼ º Ê ½

¾ ¿ ¾ À Á Â ¿ ¾ À Ã Â ¿ ¾ À Ä Â ¿ ¾ À Å Â ËÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Æ
¾ ¿ ¾ À Á Â ¿ ¾ À Ã Â ¿ ¾ À Ä Â Ë ¿ Ë À Á ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Æ

 three

only two

on

Ì Í » ¼ Ì Í ½
º Ê » ¼ º Ê ½

¾ ¿ ¾ À Á Â ¿ ¾ À Ã Â Ë ¿ Ë À Á Â ¿ Ë À Ã ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Ä
¾ ¿ ¾ À Á Â Ë ¿ Ë À Á Â ¿ Ë À Ã Â ¿ Ë À Ä ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Ã

e alone

none

etc.

É » ¼ É ½
º » ¼ º ½

¾ Ë ¿ Ë À Á Â ¿ Ë À Ã Â ¿ Ë À Ä Â ¿ Ë À Å ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Á
Ë ¿ Ë À Á Â ¿ Ë À Ã Â ¿ Ë À Ä Â ¿ Ë À Å Â ¿ Ë À Æ ÂÇ ¿ Ç À Á Â ¿ Ç À Ã Â ¿ Ç À Ä Â ¿ Ç À Å Â ¿ Ç À Æ Â Î

In order to shorten, I have given to each of these formulas a certain mark by
which I will serve myself in the following. Thus it is from these that it will be
necessary always to draw the signification of these marks.

COROLLARY 1

8. It is evident how the values of the marks of each order are easily able to be
found from the values of the marks of the order preceding. The following
method seems the most simple:
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Ï Ð Ñ Ò Ï Ð Ñ Ò Ï Ð Ñ ÓÔ Õ Ö × × Õ Ö
Ø Õ Ö Ø Õ Ö Ø Õ Ö

Ù Ð Ï Ò Ù Ð Ï Ò Ù Ð Ï Ò Ù Ð Ï ÓÔ Õ Ú × × Õ Ö × Õ Ú
Ø Õ Ú Ø Õ Ú Ø Õ Ú Ø Õ Ú

Û Ð Ù Ò Û Ð Ù Ò Û Ð Ù Ò Û Ð Ù Ò ÛÔ Õ Ü × × Õ Ö × Õ Ú
Ø Õ Ü Ø Õ Ü Ø Õ Ü Ø Õ Ü

Ý Þ Þ Þ ß ß
à Ý Ý Ý Þ Þ ß ß

á à à à Ý Ý Þ Þ ß Ð Ù Ó× Õ Ü
Ø Õ Ü

â Ð Û Ò â Ð Û Ò â Ð Û Ò â Ð Û ÒÔ Õ ã × × Õ Ö × Õ Ú
Ø Õ ã Ø Õ ã Ø Õ ã Ø Õ ã

â Ð Û Ò â Ð Û Ó× Õ Ü × Õ ã
Ø Õ ã Ø Õ ã

ä Ð â Ò ä Ð â Ò ä Ð â Ò ä Ð â ÒÔ Õ å × × Õ Ö × Õ Ú
Ø Õ å Ø Õ å Ø Õ å Ø Õ å

ä

ß
æ á á á à à Ý Ý

Þ Þ ß ß
ç æ æ æ á á à à

Ý Ð â Ò ä Ð â Ò ä Ð â× Õ Ü × Õ ã × Õ å
Ø Õ å Ø Õ å Ø Õ åÝ Þ Þ ß ß

etc.

COROLLARY 2

9. The calculation of the values of all these marks can therefore, in each case,
easily be done by the calculus of logarithms. It is to this end that I have separated
from each mark its numeric coeff icient of which one will t ake into account
easily, after having found the value of the mark.

COROLLARY 3

10. Thus it is very necessary to take guard that one does not take these marks
for some powers, since the numbers which are held in the place of exponents are
not true exponents of powers, but they mark only the number of <selected>
numbers of which it is probable that they are found, in each case, in the tickets
drawn.

COROLLARY 4

11. Since the probabiliti es, taken together, of all the possible cases of each
order must give a complete certitude, their sum will always be equal to unity.
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Thus one will have: è é ê è é ë è
è ì ê í ì ê è ì ë è

è î ê ï î ê ï î ê è î ë è
è ð ê ñ ð ê ò ð ê ñ ð ê è ð ë è

ó ô
õ ó ô

ö õ ó ô
÷ ö õ ó ô

etc.

PROBLEM 6

12. Having established a similar of lottery of  tickets, of which one is goingø
to draw  tickets, to determine the prize, consistent with the law of equality, that

ù
one is obliged to pay to the participants in each case, in ratio to their wager.

SOLUTION

Since the prize is always proportional to the wager, we suppose the wager
always of one ecu, so that, for each ecu that the participant will have paid, there
will be returned to him the prize that we are going to determine consistent with
the laws of equality. For this effect, it is necessary to consider separately the case
where the participant will have chosen one or two or three or four etc. numbers,
these which lead us to the following researches.

I. If the participant has chosen only one number and if he has paid one ecu,

in case that in the tickets drawn the probabilit y being let the prize
this number is found
that it is not found there

è é úè é û
óô

The probabilit y is thus  that he receive , and  that he will receive nothing,
é ú éó ô

whence his advantage is , which, according to the rules of equality, to
ë é úó

him ought to be worth as much as his wager 1. By which it is necessary that
there be , and hence the prize ought to be

é ú ë èó
ú ë üè

é ó
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II. If the participant has chosen two numbers and if he has paid one ecu,

in case that in the tickets drawn the probabilit y being let the prize
both are found
one alone
none

ý þ ÿ
� þ �ý þ �

�
�

�

The advantage to the participant will be thus , which ought to be
ý þ ÿ � � þ �� �

equal to the wager 1, so that we haveý þ ÿ � � þ � � ý �� �

whence one is able to determine the two prizes  and  by an infinity of different
ÿ �

ways, because, any value that one takes for the one, one will find that of the
other. But since it is necessary to avoid the case where one would vanish or even
become negative, one will fill t his condition most conveniently by sharing unity
between the two portions  and , so that there is	 


	 
� � ý �

and then, one will have the prize in general

ÿ � � � �ý þ � þ	 

� � and 

III . If the participant had chosen three numbers and if he has paid one ecu,

in case that in the tickets drawn the probabilit y being let the prize
all three are found
only two
one alone
none

ý 
 ÿ
� 
 �
� 
 �ý 
 �

�
�
�
�

The advantage of the participant being thusý 
 ÿ � � 
 � � � 
 � �� � �

it is necessary that it be equivalent to the wager 1. For this effect, we apportion
the wager 1 at will i nto three parts so that there is	 
 �� � �

	 
 �� � � ý
;

and thence, we will have in general the following determinations of the prizes
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� � � � � � � � �� � � � � �
� � �

� � �

whence one sees that these three prizes are able to be varied to infinity.
IV. If the participant had chosen four numbers and if he has paid one ecu,

in case that in the tickets drawn the probabilit y being let the prize
all four are found
only three
only two
one alone

�  �
!  �
"  �

!  #

$
�
�
�

none
�  %&

We divide now unity into four parts equal or unequal, as one will j udge
opportune, or we put

� � ' ' '� � � ( ;

and the values of the prizes are

� � � � � � � � � # ��  !  "  !  
� � � (

$ � � � .

V. If the participant had chosen five numbers and if he has paid one ecu,

in case that in the tickets drawn the probabilit y being let the prize
all five are found
only four
only three
only two

� ) �
* ) �

� % ) �
� % )

+
$

�
�

�
&

#
* ) ,

� ) %one alone
none

Let one divide at will unity into five parts, so that there is
� � ' ' ' ' -� � � ( .

and one will have in general the just determination of these prizes

� � � � � � � � � # � � , �� ) * ) � % ) � % ) * )
� � � ( .

+ $ � � � .
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This determination is so easy that it would be superfluous to go further, and it is
not probable that one ever makes use of more than 5 numbers, because of the too
exorbitant prizes that one would have to grant.

COROLLARY 1

13. Thus it is only in the first case that the prize is determined, ; in/ 0 12 3
the other cases, one is able to vary accordingly the prizes as much as the number
of chosen tickets is great. This depends on the division of unity into as many
parts as there are prizes in each case.

COROLLARY 2

14. The first way to divide unity is that which takes the parts equal, and then
one will have

for the second case

for the third

for the fourth

for the fifth

4 5
4 5 6
4 5 6 7
4 5 6 7 8

0 0 9:
;

0 0 0 9:
<

0 0 0 0 9:
=

0 0 0 0 0 9:
>

whence one will draw the determined prizes for each case.

COROLLARY 3

15. If one judges that, in this fashion, the highest prize of the superior cases
becomes too great, the numeric coeff icients provide us a similar way to divide
which, rendering the formulas more simple, seem to produce a kind of equality.
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One could take

for the IInd case

for the III rd

for the IVth

for the Vth

? @
? @ A

? @ A B
? @ A B

C D C D
E F

G G
C D C D C D

E G G
H H H

C D C D C D C D
E I J I

E K E K E K E K
C D C D C D C D

E K E L E L
G E G E G E G E M C N

K
G E

COROLLARY 4

16. If one wanted to decrease the advantage of the highest prize in order to
render the others more considerable, one could be served by the following
divisions:

for the IInd case

for the III rd

for the IVth

for the Vth

? @
? @ A

? @ A B

? @ A

C D C D
E I

K K
C D C D C D

E J O
E J E J E J

C D C D C D C D
E P E P E J

I G I G I G I G
C D C D C

E E L G L
E L J E L J E L J E L J E L JD C D C N

I L F KB M

SCHOLIUM

17. We represent at this time the prizes that will be provided by these three
different methods to divide unity in each case.
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Having chosen In case that in the The prizes according to the
in advance drawn tickets are found Ist method IInd method III rd method

one number the number
or none

two numbers both

one alone
none

three numbers all three

on

Q Q QR R R
Q Q QS T U T V TQ Q QW T U T V T
Q Q QU X Y X Q Z X

[ [ [

\ \ \
[ [ [

] ] ]

^ ^ ^

^ ^ ^

ly two

one alone
none

Q Q Q_ X Y X Q Z XQ Q U_ X Y X Q Z X
\ \ \
[ [ [^ ^ ^

Having chosen In case that in the The prizes according to the
in advance drawn tickets are found 1st method 2nd method 3rd method

four numbers all four

only three

only two

one alone
none

five numbers all five

Q Q QW ` Q V ` W U `Q Q SQ Z ` Q V ` W U `Q Q US W ` Q V ` W U `Q Q WQ Z ` Q V ` W U `
Q

a a a
] ] ]
\ \ \
[ [ [^ ^ ^

V b U Q b Q c Z bQ Q
Q Q SS V b U Q b Q c Z bQ Q UV c b U Q b Q c Z bQ Q WV c b U Q b Q c Z bQ Q VS V b U Q b Q c Z b

d d d
a a a
] ] ]
\ \ \
[ [ [

only four

only three

only two

one alone
none

^ ^ ^

PROBLEM 7

18. Having fixed the prizes of a similar lottery according to the law of
equality, to find the diminution of these prizes, so that the entrepreneur returns
to himself a prescribed profit.
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SOLUTION

By reason of the expenses that the establishment of a similar lottery requires,
it is necessary to hold back something of the prizes that the law of equality
provided, as that practiced in the ordinary lotteries. Beyond this, a similar lottery
would be authorized only for important needs, and in this regard, the diminution
of the prizes ought to be more considerable. But, since the profit is not certain,
as in the other lotteries, and since it could happen that the entrepreneur, despite
all probabilit y, loses quite considerably, it is very just that the hold back of the
prizes be greater than the ordinary where one is contented with 10%. Certainly,
as only the greatest prizes are those which would ruin the entrepreneur, it is
reasonable that one increase the hold back only in the large prizes, and that one
leaves those of the smaller prizes to ten percent. A greater hold back in the small
prizes would also be only too apparent and disgust the participants, whereas, in
the great prizes, one does not perceive nearly the diminution, seeing that few
persons are in a condition to calculate the just value.

Now, in order to procure to the cash-box a profit of 10% on the lesser prizes,
one has only to multiply by ; thus these will be the prizes in each case which

ef g
correspond to a single number. For the prizes that correspond to two numbers,
one could very well multiply them by , these which will produce a profit of

hf g
20%, without one realizing it easily. And when three numbers are encountered in
the tickets drawn, one could, with as much reason, multiply the prize by , and

if g
those who agree to four numbers by , and finally those who invite five

jf g
numbers by , that which is equivalent to a profit of 50%. But, in each case,

kf g
one will adjust the diminution of the prizes as one will j udge most opportune,
and one will have principally in view to round the numbers as much as it is
possible. Thus having made the plan on the prizes conform to the law of
equality, it will be easy to apply the diminutions most properly which best fulfill
the conditions that one will have in view.

PROBLEM 8

19. The number of all tickets being 90, of which one must draw in its time 5,
to prepare the plan of the prizes which agree in all cases, according to the law
of equality.
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SOLUTION

Here is comprised the once intended lottery and of which I spoke in the
beginning. We will see soon which prizes it is able to promise, in assigning
those that the law of equality requires. Now, in order to apply in this case our
general formulas, we have

l m n o p q m r s m t r pand remaining

whence we draw first

u m u m pv v w
v t v t

x y
 and 

and these two values lead us to those of all the remaining marks. But since we
have need of these values reversed, I am going to express them in a way, just as
their logarithms, in order to facilit ate the calculation next.
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z { | } ~ } � � � � � � � � { | � ~ } � � �
z { | � ~ � � � � � � � � � { | � � ~ } } }
z � | } ~ } � � � � � � � � � | � ~ � � � �
z � | � ~ � � � � � � � � � � | � � ~ � � � }
z � | � ~ � } � � } � � � � � | � } }

ln
ln
ln
ln
ln

� �
� �
� �
� �
� � ~ � } } }

z � | } ~ } � � � � � � � � � | � ~ � � � �
z � | � ~ � � � � � � } � � � | � � ~ � � � �
z � | � ~ � � � � � � � � � � | � � � ~ � � � �
z � | � ~ } � � � � � � � � � | � � � � � ~ } } }
z � | } ~

ln
ln
ln
ln
ln

� �
� �

� �
� � �

�
1

2

� } � } � � � � � � | � ~ � � �
z � | � ~ � � � � � � � � � � | � } ~ � � �
z � | � ~ � � � � } � � � � � | � � � ~ � �
z � | � ~ } � } } � � � � � � | � � } � � ~ �
z � | � ~ � } � � � � � � � � | � � � } � �
z

�
� � �
� �
� � � �

� �

ln
ln
ln
ln
ln � | } ~ � � � } � � � � � � | � ~ � � }

z � | � ~ � � � � � � � � � � | � � ~ � } �
z � | � ~ � � � � � � � � � � | � � � ~ � �
z � | � ~ } � } � � � � � � � | � � � � } ~ �
z � | � ~ � � � � � � � � � � | � � �

� �
� � �

� �
� � � �
� � �

ln
ln
ln
ln } � }

z � | � ~ � � � � � � � � � � | � � � � � � � }
�

� � �
ln

Therefore here is the plan of this lottery according to the three different
methods:

1 In the original edition, the marked numbers are � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2 In the original edition, the marked numbers are � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � �
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Ist method IInd method III rd method
Ist case

IInd case

III rd case

� �   �   �  
¡ ¡ ¢ ¢ £ ¡ ¤ � ¥ ¥ £ ¤   ¢ £ �
� ¦ £ § � ¡ ¨ £ ¡   ¡ § £ ¤ ¥ ©

¥ ¥ © � ¨ £ ¢ ¢ � ¨ §   £ ¡ © § ¥ ¦ £ ¡ ¤
¡ ¦ ¨ £ ¢ § 3� ¤ © £ ¡ ¥ ¦ ¤ � £   ¥ ¢
� ¡ £ � © ¥   ¡ £   ¡ ¢ ¨ ¥ £ § ¢ ¡ �

¦ � ¡ § § ¤ © £ ¤ ¥ ¦ ¢ ¨ © £ ¡ � �     ¦ £ ¨
¥ § ¤ � £ ¤ ¥   ¢ � £ ¨ ¥ ¤ ¤ © £ ¡  
¡ � § £   © ¥ ¡   £ ¨ ¡ © ¡ © £ © ¨ �
� � £ ¡ © ¥ ¦ � £ ¥ § © § � £ © ¡ ¤ �

IVth case

Vth

4

5

 case
¤   §   ©   ¤ ¦ £ ¢ � ¦ � § § �   £ ¤ ¦ � ¦ ¨ � ¤ £ §

¦ ¡ ¢ ¨   ¡ £ ¢ ¢ � ¨ ¨ § © £ ¢ ¥ © § ¤ ¤ £ ¨ ¨
¥ ¡ ¦ ¨ £ ¡ � ¦ ¥ © § £ � � © ¥ ¦   £ ¦ � ¦
¡   £   © © � ¦ £ ¥ ¤ ¥ � ¨ £ § © �
� ¢ £   ¨   ¡ ¢ £ § ¢ ¢ ¡ � £ ¢ ¡ ¥  

ª «
ª « ¬

ª « ¬

«

At present, it is easy to diminish these prizes in proportion to the profit that
one wants to procure for the entrepreneur

COROLLARY 1

20. Since these three methods are equally compliant to the law of equality,
nothing prevents that one put into use all three at the same time and that one
grant to the participants the freedom to submit their wager to those which will
please them best. So, those who will choose two or more numbers will be the
masters to determine themselves either for the first method or for the second
method or for the third.

COROLLARY 2

21. Certainly, it will be in the interest of the entrepreneur to exclude entirely
the first method, for the case where one chooses five numbers. Because, in case

3 In the original edition, the marked numbers are ­ ® ¯ ° ± ² ³ ´ µ ¶ µ ® µ · ­ ± ° ´ ³ ² ° µ ³ ± ² ¸ ´ ³ ¸ ° ± ³ ¯ ² ±
4 In the original edition, the marked numbers are ¯ ¯ µ ¸ ¸ ± ° ´ ® ¶ · · ± ° µ ´ ­ ¸ µ ± ¸ ¯ ² ±
5 In the original edition, the marked numbers are ¯ ± ­ ¶ ® ¯ ´ ¯ ¸ ¯ ¶ ¶ ¯ µ ± ­ ´ ¯ ° ° ¶ ® ± ² ° ´ ­ ® ¶ ± ¯ ¯ ­ ´

² ± ¶ ² ² ¯ ±
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that one would catch precisely all five numbers which will be drawn in the five
tickets, the prize of almost 9 milli ons, were it diminished up to half, it would
ruin the bank.

SCHOLIUM
22. Now, in diminishing the prizes according to the rules explained above [§

18] and in rounding the numbers, one is able to form the following plan which
ought probably to bring to the entrepreneur a very considerable profit, without
appearing disadvantageous to the interested parties.

Plan of such a lottery of 90 tickets of which one must draw 5.
Having chosen in case that one will receive, for each ecu which one

in the drawn will wager, one of the following 
tickets are found

prizes
ecus ecus ecus

1 number this number
2 numbers both 1

one alone
3 numbers all three

only 2
one alo

¹ º ¹ º ¹ º
» ¼ ¹ ¼ » » ½

½ ¾ »
¿ À ½ ¹ ¹ ¹ À ½ ¾ ¹ Á

Á » ½ À ½ ¹

Â ÂÃ Ã

ne
4 numbers all four

only 
only 2

one alone

5 numbers all five
only

¿ ¿ Á
À » » ¾ ¾ ¿ ¼ ½ ½ ¹ À ¹ Á ¼

Á ¾ ¿ » ¾ » ¹ Á Ä ¹
¹ ½ ¿ ¿ ¿ ½

¹ ¹ ¹
½ Á Ä ½ Ä ¿ À À ¼ º º ¾ Ä ¿ ¼ À Á ¼ À

Â ÂÃ Ã

ÂÃ Â ÅÆ ÆÇ
6

 
only 
only 

one alone

½ ¹ ¿ ½ ¼ Ä ¹ ¼ ¼ ¼ À ¾ º ¾ Á
Á ¹ À ¿ ¿ À º ¿ ½ Á
¿ À ¹ ¹ ¹ Á

¹
Â ÂÃ ÃÅ ÂÆ Ã

Still one could round these numbers better and augment, by this means,
insensibly to advantage to the profit of the enterprise.

6 Original edition: È É Ê È Ê Ë Ì Í Ë Î Ï É Î Ì Ð
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PROBLEM 9

23. The number of all tickets being 100, of which one must draw at one time
9, to prepare the plan of the prizes which agree in all cases, according to the
law of equality.

SOLUTION

The number of tickets that one must draw being here greater than before, the
prizes for the case of 5 chosen numbers will no longer become so exorbitant as
in the preceding plan, that which will render the execution less dangerous.

Thus having here
Ñ Ò Ó Ô Ô Õ Ö Ò × Õ Ø Ò × Óand the remaining ,

we have first

Ù Ò Ù Ò Õ× × Ó
Ó Ô Ô Ó Ô Ô

Ú Û
and

whence we will draw the values of the marks as follows.
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Ü Ý Þ ß à ß á ß â ã ä å æ ç Ý Þ æ à ß â ä â
Ü Ý Þ æ à ß á ã è ã è ã æ ç Ý Þ æ æ à æ æ æ æ
Ü é Þ ß à ß ä ê ë ã æ ë æ ç é Þ æ à ê ß ä ä
Ü é Þ æ à ß ä ê ë ã æ ë æ ç é Þ æ ê à ß ä è â
Ü é Þ ê à æ ë ä ë ß ê è æ ç é Þ

ln
ln
ln
ln
ln

ì ì
í í
ì ì
í í

î î
7

æ ë è à ã ß
Ü ï Þ ß à æ ê á æ ä è á æ ç ï Þ æ à ë ë æ ß
Ü ï Þ æ à æ æ â ë ë á â æ ç ï Þ æ ë à æ å ê á
Ü ï Þ ê à æ è ß á ä è á æ ç ï Þ æ á ä à ß è è
Ü ï Þ ë à ê ä á á ë ß ä æ ç ï Þ æ â ê ã à ß
Ü ð Þ ß à æ å å á è å á æ

ln
ln
ln
ln
ln

ì ì
í í
î î
ñ ñ
ì ç ð Þ æ à á å è æ

Ü ð Þ æ à æ ã å è æ å å æ ç ð Þ æ á à ë á ã ã
Ü ð Þ ê à ê ß ë ß æ å å æ ç ð Þ æ ã â à ã â á
Ü ð Þ ë à ë æ ê æ å æ æ æ ç ð Þ ê ß ã æ à â ê
Ü ð Þ á à á â ë ß ã æ ê æ ç ð Þ ë æ æ ê ß à ä ë ë
Ü ò Þ ß à

ì
í í

î î
ñ ñ

ó ó
ì

ln
ln
ln
ln
ln ê ß â ê ê ä ë æ ç ò Þ æ à å æ ä â

Ü ò Þ æ à æ â á ã ß ã æ æ ç ò Þ æ ã à å á â è
Ü ò Þ ê à ê ë ã ä â è ä æ ç ò Þ æ è ê à æ á å
Ü ò Þ ë à ë á ß æ ä â ä æ ç ò Þ ê æ ä ä à è ê
Ü ò Þ á à ã æ å ê ä æ ß æ ç ò Þ ë ê ä ë ß à ä
Ü

ì
í í
î î
ñ ñ

ó ó

ln
ln
ln
ln
ln ò Þ ã à è è å ë ã ê á æ ç ò Þ ã â è ã ê ßô ô

From these values one will form, according to the three methods, the
following plan:

7 Original edition: õ ö ÷ ø ù ú ö
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Case Winning Ist method IInd method III rd method
I
II

III

û û û ü û û û û û ü û û û û û ü û û û
ý þ ÿ ü � � � � ü ÿ � ý � ü � �

û � ü � ý ý � ü � ý � � ü ÿ � �
� þ � û ü þ þ ý � � ü � � û ý � ü � û ý �
ý û þ ü � � � ý û ü û � � û ÿ ü � � �

û û ü � þ ý û ü ÿ ÿ � ý ü � þ ÿ
� � � ÿ � ü ý � ÿ ý � � � ü � ý ý � ý � ü � � �
� û ý ÿ ü ý � � û � þ ü � � � � � ü � � ÿ
ý þ ü þ � � û � ü þ � � û û ü û � �

û � ü ÿ � þ þ � ü � � þ � û ü � � � �
� û û � � � � û � ý �

IV

V

8 �

� ü ÿ � � þ � þ ü � ÿ û
� û � û � ü ý � ý û � � � ü � þ þ û � ü � � �
� � � ü � � � � � ü þ � � þ û ü � � �
ý � ü � � � � ü � � � þ ü � � þ

û � ü þ ý þ � ü � � � � ü � � ÿ

COROLLARY 1

24. Provided that such a lottery is not drawn until the funds are accrued
beyond some hundreds of thousand of ecus, the entrepreneur doesn't risk too
much ruin, seeing that the highest prize, after being diminished, won't go up to
100000 ecus, supposing that the stake doesn't surpass one ecu.

COROLLARY 2

25. But in case that one would wish to form such a lottery in the small and
the entire funds would not rise to 100000 ecus, one well must remove the first
method in the case of f ive chosen tickets.

COROLLARY 3

26. It is necessary also to remark that such lotteries must be drawn with
many repetitions, so that, if one had favored the participants too much, the others
are able to compensate the entrepreneur. Now each time, one could draw the

8 Original edition: 128.240; 95.439.
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lottery immediately as the funds surpass a certain sum proportional to the prizes
that one wants to admit.

SCHOLIUM 1

27. We diminish these prizes following the rules given above [§ 18], and we
will obtain this

Plan of such lottery of 100 tickets of which one must draw 9
Having chosen in case that one will receive, for each ecu which one

in the drawn will wager, the one of the following prizes
tickets are found ecu ecu ecu in general

1 number this number
2 numbers both

one alone
3 numbers all three

only 2

� � � � � � 	

 
 � � 
 
 �


 � � �
� � � � � 
 � � �

� �

� � �� � �
� � � 
 �

� � 
 �
� � � � � 
 � 
 � � � �

� � � � � � � �

 � � �

� �

 � � 
 
 � � � � 
 � � �

one alone
4 numbers all four

only 

only 2

one alone

5 numbers all five

� �� �
��� �� �� �� � �

9

���� �� �� �� �� � �� � �

�
� � � � � � 
 � � �  
� � � � � � � !

 
 � 
 "

#

only 

only 

only 

one alone

10

SCHOLIUM 2

28. Besides these three methods, one is able to make for each case an infinity
of other apportionments of the prizes that we marked in general in this plan, on

9 Original edition: $ %&'
10 Original edition: ( %&'
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the side, by the letters  etc. If one wants that these prizes be already) * + * , * -
diminished for the same reason as we have diminished the others, it is necessary
to determine them by the following equations:

I. 
. /

0 ) 1 2 3 . *4

or
/ 5 . ) 3 . 6

. / . /
7 0+ 1 8 9 , 1 : 8 3 . *II . ; 4

or
/ 5 / / 0 / 0 / 0 + 9 / 5 . 7 < 7 < 7 < , 3 . 6

5 - 1 = 9 > 1 < = 9 ? 1 < = 3 . *. / . / . /
@ 7 0III ; ; 4

or
/ 5 / / / @ A : . . B - 9 / 5 / : B < : A C @ > 9 / 5 : B < : A C @ ? 3 . 6

. / . / . / . /
C @ 7 0D 1 E 9 F 1 A E 9 G 1 C E 9 H 1 A E 3 . *IV. I J ; 4

or
/ 5 / / / / B < B B A @ D 9 / 5 / / : @ 7 A 7 A B F 9 / 5 / A C 0 0 A : B G 9 / 5 < / 0 7 . < 0 H 3 . 6

. / . / . / . / . /
B C @ 7 0K 1 L 9 M 1 B L 9 N 1 . / L 9 O 1 . / L 9 P 1 B L 3 . *V. Q I J ; 4

or
/ 5 / / / / / < < A @ . C 7 K 9 / 5 / / / : B < 7 : @ M 9 / 5 / / C B : C 0 7 N 9 / 5 / @ : C . : C < O 9 / 5 < B A 0 0 B : P 3 . 5

From these formulas, one is able to draw the following prizes which seem
convenient for the pragmatic:
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R S T U VW S X U Y Z S [ V\ S ] U U Y ^ S ] U Y _ S T V
` S T U U U Y a S T U U Y b S T U Y c S V

d S X U U U Y e S X U U Y f S X U Y g S X Y h S i
jk

lj

Through such a plan, the bank would not risk as much as following the first or
the second method.
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