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GENERAL PRINCIPLES OF THIS THEORY

Definition of probability. Its measure is the ratibtbe number of favorable cases to the one of
all possible cases.

The probability of an event composed of two simple &/é&nthe product of the probability of
one of these events, by the probability that, tkené having arrived, the other event will
take place.

The probability of a future event, drawn from an obsdrgvent, is the quotient of the division
of the probability of the event composed of thesedwents and determinedpriori by the
probability of the observed event, determined similarpyriori.

If an observed event is able to result fram  differ@nises, their probabilities are respectively,
as the probabilities of the event, drawn from th&istence, and the probability of each of
them is a fraction of which the numerator is the pbility of the event under the
hypothesis of the existence of the cause, and of wihielkdenominator is the sum of the
similar probabilities, relative to all the causesthiése diverse causes considesegriori
are unequally probable, it is necessary, instead optbkability of the event, resulting
from each cause, to employ the product of this probglbiithat of the cause itself.

The probability of a future event is the sum of the prtslef the probability of each cause,
drawn from the observed event, by the probability thes cause existing, the future event
will take place.

On the influence that the unknown difference must havehe results of the Calculus of
Probabilities which is able to exist among some singplents that one supposes equally
possible. This difference increases the probabilitthefevents composed of the repetition
of a like event R 1.

On themathematical and morakxpectations. The first is the product of the @rgegood by
the probability to obtain it; the second depends orvéthee relative to the expected good.
The most natural and simplest rule in order to estittté$evalue consists in supposing the
value relative to one infinitely small sum in direatio of its absolute value and in inverse
ratio to the total good of the interested persch. N 2.



1. One has seen in the Introduction that the probabflian event is the ratio
of the number of cases which are favorable to ithes number of all possible
cases, when nothing supports belief that one of thesescmust arrive rather
than the others, this which renders them, for us, Bgpalssible. The just
appreciation of these diverse cases is one of the dwsate points of the
Analysis of chances.

If all the cases are not equally possible, one wiledwsine their respective
possibilities, and then the probability of the evernll e the sum of the
probabilities of each favorable case. In effect,naenep the probability of the
first of these cases. This probability is relativettie subdivision of all the cases
into some others equally possible. L&t be the sumllatha cases thus
subdivided, and: the sum of those cases which are fdga@lthe first case;
one will have

One will have similarly

by marking with one stroke, with two strokes, thecletp andn , relative to
the second case, to the third, . Now the probabilith® event of which there
is question is, by the definition of probability, equal t

n+n +n"+---
N Y

it is therefore equal tp + p' + p" + -

When an event is composed of two simple events, teendlependent of the
other, it is clear that the number of all possiblsesais the product of the two
numbers which express all the possible cases relativeach simple event,
because each of the cases relative to one of thesésas able to be combined
with all the cases relative to the other eventtiigy same reason, the number of
cases favorable to the composite event is the produbedwo numbers which
express the cases favorable to each simple eventrabability of the composite
event is therefore then the product of the probalilbieeach simple event. Thus
the probability to bring forth twice consecutively oaee with one die is one
thirty-sixth, when one supposes the faces of the diegir equal, because the
number of all possible cases in two trials is thsiy-each case of the first cast



being able to be combined with the six cases of ¢kersl, and among all these
cases one alone gives two aces consecutively.

In general, ifp, p/, p”, ... are the respective possibilities of aamber of
simple events independent of one another, the produpcty”.... will be the
probability of an event composed of these events.

If the simple events are linked among them in a matiharthe supposition
of the arrival of the first influences the probabpildaf the arrival of the second,
one will have the probability of the composite evdnyt, determining: 1° the
probability of the first event; 2° the probability th#his event being arrived, the
second will take place.

In order to demonstrate this principle in a general mgnwe namep the
number of all possible cases, and we suppose that imiahber there are of
themp’ favorable to the first event. We suppose nextt inthe numbep’ , there
areq favorable to the second event; it is cIear%hailI be the probability of the

composite event. But the probability of the first etvsn% the probability that,
this event being arrived, the second will take plac;;e; Ibecause then, one of the
caseg’ must exist, one must consider only these dé@@sone has

/

a P 4

p pp’
this which is the translation into Analysis of thenciple enunciated above.

In considering as a composite event the observed gweptl to a future
event, the probability of this last event, drawn frohe observed event, is
evidently the probability that, the observed eventnglplace, the future event
will take place similarly; now, by the principle thaevhave just exposed, this
probability multiplied by that of the observed event,ed@ineda priori or
independently of that which is already arrived, is eqoahtt of the composite
event determine@ priori ; one has therefore this new prinaiplative to the
probability of future events, deduced from observed events:

The probability of a future event, drawn from an obsdrevent, is the
guotient of the division of the probability of the eve@omposed of these two
events, and determined priori , by the probability of the mese event,
determined similarly priori .

Thence results further this other principle relativéhi probability of causes,
drawn from observed events.

If an observed event is able to result from differeatuses, their
probabilities are respectively as the probabilitieghef event, drawn from their



existence; and the probabilty of each of them israction of which the
numerator is the probability of the event, under theohiyesis of the existence of
the cause, and of which the denominator is the surheokimilar probabilities,
relative to all the causes.

We consider, in effect, as a composite event thereédeevent, resulting
from one of these causes. The probability of this masite event, a probability
that we will designate by , will be, by that which ggdes, equal to the product
of the probability of the observed event, determiaegriori nd tat we will
namefF’ , by the probability that, this event taking plélce cause of which there
is concern exists, a probability which is that oé tbause, drawn from the
observed event, and that will naiRe . One will have

E
F)_'F“
The probability of the composite event is the producthef probability of the
cause by the probability that, this cause taking plaoe,evvent will arrive, a
probability that we will designate b§/ . All the causesing supposed priori
equally possible, the probability of each of then}; i®ne has therefore

E=—.
n
The probability of the observed event is the sum bthal £ relative to each
cause; by designating therefore bg S the sum of aVahees of% , one will
have

H
F=5—;
n
the equationP? = % will become therefore
H
P=_
SH'

this which is the principle enunciated above, wherthell causes ara priori
equally possible. If this is not, by namipg the proligiba priori of the cause
that we have just considered, one will have

E = Hp,

and, by following the preceding reasoning, one will find



Hp

P = ;
SHp

this which gives the probabilities of the diverse causehen they are not all
equally possiblea priori .

In order to apply the preceding principle to an examplesuypose that an
urn contains three balls of which each is able tordg white or black; that after
having drawn a ball, one restores it to the urn in otdeproceed to a new
drawing, and that aften.  drawings, one has brought farhsmme white balls.

It is clear that one is able to ma&keriori only four hype#s; because the balls
are able to be either all white, or two white ané btack, or two black and one
white, or finally all black. If one considers theggbtheses as so many causes of

the observed event, the probabilities of the evdative to these causes will be
2m 1
17 3_m’ 3_m’ 0.

The respective probabilities of these hypotheses, dfi@mmthe observed event,
will be therefore, by the third principle,

3m 2m 1
3m42m 417 3m42m 417 3m42m 417

One sees, besides, that it is useless to have regané to/potheses which
exclude the event, because, the resulting probabilithede hypotheses being
null, their omission changes not at all the expressadrthe other probabilities.

If one wishes to have the probability to bring foothly some black balls in
them’ drawings, one will determirgepriori  the probabilitiedptimg forth first
m white balls, nextm’ black balls. These probabilt@®, relative to the
preceding hypotheses,

!

2m 2m
3m-+m/ ’ 3m-+m/ ’

0, 0,

and asa priori , the four hypotheses are equally possible, thalplity of the
composite event will be the quarter of the sum of the preceding probabilities,
or

1 2m 4 om
Z 3m+m’



The probabilities of the observed event, determan@dori  dewuthe preceding
four hypotheses, being respectively
groo2 1
gm’  gm’  Zm’
the quarter of their sum, or
13m+2"+1

4 3m ’

will be the probability of the observed event, deteadia priori ; by dividing
therefore the probability of the composite eventHiy probability, one will have,
by the second principle,

om 4 gm’
3m(3m +2m 4 1)’

for the probability to bring fortiw’  black balls in thé following drawings.
One is able further to determine this probability ly tollowing principle:

The probability of a future event is the sum of the products of the prapabili
of each cause, drawn from the observed event, with the probability higt, t
cause existing, the future event will take place.

Here the probabilities of each cause, drawn from ts=iwved event, are, as
one has seen,

3m 2m 1
3m42m 417 3m42m 417 3m42m 417

0;

the probabilities of the future event, relative tostheauses, are respectively

1 om'

’ 3_m’ ﬁa ;
the sum of their respective products, or

2m 4 2™
3m(3m +2m 4 1)’

will be the probability of the future event, drawn frahe observed event, this
which is conformed to that which precedes.



If one supposes four balls in the urn, and that havingdhtoforth a white
ball at the first drawing, one seeks the probabilityitiog forth only some black
balls in the followingn’ drawings, one will find, by tieinciples exposed above,
this probability equal to

34 2mH 4 3
10.4m

If the number of white balls equals the one of theklahe probability to
bring forth only some black balls i’ drawing%l,is sutpasses the preceding
whenm/ is equal or less thdn ; but it becomes infeddt whenm’ surpasses
5, although the white ball extracted first from the umicates a superiority in
the number of white balls. The explication of thisguirx holds to this that this
indication excludes not at all the superiority of the bamof black balls; it
renders it only less probable, instead that the suppogiti a perfect equality
between the number of whites and the one of the biakades this superiority;
now this superiority, however small that its probgbilbe, must render the
probability to bring forth in sequence’  black balls gegeahan the case of
equality of the colors, whem’ is considerable.

The inequality which is able to exist between sonmegththat one supposes
perfectly similar is able to have on the Calculus obbRbilities a sensible
influence which merits a particular attention. We aaisthe game dfieads and
tails, and we suppose that it is equally easy to bring foetds s tads;then the
probability to bring fortrheads at the first trial H; nd that to bring it forth two
times consecutively i$.  But if there exists in then@n inequality which makes
one of the faces appear rather than the other, witth@aitone knows the face
that this inequality favors, the probability to briregth headsat the first trial will
remain always; , because, in the ignorance where ®0é the face that this
inequality favors, as much as the probability of tlmepg event is increased if
this inequality is favorable to it, so much it is dimsired if this inequality is
contrary to it. But the probability to bring fortieads dwiimes consecutively is
increased, notwithstanding this ignorance; becauserthimbility is equal to that
to bring forthheads at the first trial, multiplied by the girability that, having
brought it forth at the first trial, one will bring forth at the second; now its
arrival at the first trial is a motive to believeat the inequality of the coin favors
it; it increases therefore the probability to brihdorth at the second; thus the
product of the two probabilities is increased by thegjumality. In order to submit
this object to calculation, we suppose that the ineguaiithe coin increases by



the quantityar the probability of the simple event tihdavors. If this event is
heads the probability will be + o , and the probability to rwiit forth two

times consecutively will bé! + a)” . If the event favoredaiis, the probability

of heads will be 1 —«, and the probabilty to bring it forth owtimes

consecutively will be(} — a)2 . As one has no reason in acvda believe that
the inequality favors the one rather than the othfi¢he simple events, it is clear
that, in order to have the probability of the composiventheads-heads it is
necessary to add the two preceding probabilities anckéothe half of their sum,
this which givesi +a? for this probability: it is alsoetprobability ottails-tails .
One will find by the same reasoning that the proliglolf the composite event
heads-tailsor tails-headss i — o?; consequently, it is less than that of the
repetition of the same simple event.

The preceding considerations are able to be extendednte svents any
whatsoeverp representing the probability of a simpeng andl — p that of
the other event; if one designates®y the probabiligy result relative to these
events, and if one supposes that is realtya, o being aroumkqguantity,
such as the sign which affects it, the probahiitty thefresult will be

1 ,d*P 1 LdtP

P _
Ty T2t apy T

By making P = p" , that is to say by supposing that the residtive to the
events arer.  times the repetition of the first, thebpbility P will become

n(n—l) 2 p—2 n(n—l)(n—2)(n—3) 4 n—4
1o “P 1234 >Pp

7

Thus the unknown error, that one is able to supposeeirptbbability of the
simple events, increases always the probability ef dbmposite events of the
repetition of the same event.

2. The probability of events serves to determine Wpeetatio? and the fear
of the persons interested in their existence. Thedvespérancehas diverse
meanings; it expresses generally the advantage of thevbo awaits any good,
under a supposition that is only probable. In the thebchances, this advantage
is the product of the expected sum by the probabilitybtaio it; it is the partial
sum which must return when one no longer wishes to imeurisks of the event,

1 espérance



in supposing that the apportionment of the entire sunagderproportional to the
probabilities. This manner to apportion it is alone &dple, when one sets aside
from all strange circumstance, because with an equal el@jrprobability one
has an equal right with respect to the expected sum. \Maawie this advantage
mathematical expectationn order to distinguish it from moral expectation
which depends, as it, on the expected good and on the pitpliabobtain it,
but which is ruled further on a thousand variable circantss that it is nearly
always impossible to define, and more yet to subjecth® calculus. These
circumstances, it is true, make only to increase adecrease the value of the
expected good, one is able to consider the moral exjpecteself as the product
of this value by the probability to obtain it; but omeist then distinguish, in the
expected good, its value relative to its absolute vahag:Here is independent of
the motives which make it desired, instead that tls ificreases with these
motives.

One is not able to give a general rule in order to amieethis relative value;
however it is natural to suppose the value relativentinnitely small sum, in
direct ratio to its absolute value, in inverse ratiotlee total good of the
interested person. In effect, it is clear that adraas very little prize for the one
who possessed a great number of them, and that thenastal manner to
estimate its relative value is to suppose it in inveasie to this number.

Such are the general principals of the Analysis of &uidibes. We will now
apply them to the most delicate and the most difficult tipes of this analysis.
But, in order to put in order in this matter, we wikat first the questions in
which the probabilities of the simple events are givemwill consider next those
in which these probabilities are unknown and must bermeted by the
observed events.
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