CHAPTER Il

DES LOIS DE LA PROBABILITE QUI RESULTENT DE LA
MULTIPLICATION INDEFINIE DES EVENEMENTS

Pierre Simon Laplace

Théorie Analytique des Probabilit€§16-17, pp. 280-308

ON THE LAWS OF PROBABILITY WHICH RESULT FROM THE INEFINITE
MULTIPLICATION OF EVENTS

p being the probability of the arrival of a simple event at each trial ardp that of its non-
arrival, to determine the probability that, out of a very great numbetrials n, the
number of times that the event will take place will be comprehenitieid wome given
limits. Solution of the problem. The number of times the nposbable iswp . Expression
of the probability that this number of times will temprehended within the limitgp + [
The limits &/ remaining the same, this probability eeses with the number of trials
the probability remaining the same, the ratio ofititerval2/ of the limits to the number
is tightened whem increases, and, in the case oinitmfthis ratio becomes null and the
probability is changed into certitude. The solution & fineceding problem serves further
to determine the probability that the valueof , suppasskhown, is comprehended
within some given limits, when, out of a very great tvemof trialsn , one knows the
number of events correspondingpto  which are arrivés:very nearly}; , and generally
when, in a trial, there must happen any one of mamplsi events, the respective
probabilities of these events are very nearly propoétis to the number of times that they
will arrive in a very great number of trials P.  beitige probability of the arrival of an
event composed of two simple events, of which Brdp  thereespective probabilities
and1 — P being the probability of the non-arrival of thisnposite event, if out of a very
great numbern. of arrivals and of non-arrivals of thee event, one knows the number of
these arrivals , one has the probability that tHaevaf P will be comprehended within
some given limits, and, a® is a known functionpof e @oncludes from it the
probability that the value gf will be comprehended wittome given limits. N 16.

An urn A containing a very great number of white and black balls, at eachndraemne
extracts one from it that one replaces with a black ball; one demangsdhability that,
afterr drawings, the number of white balls will be

The solution of the problem depends on a linear equatipaviitial finite differences of the first
order, with variable coefficients. Reduction of thigiation to an equation in the infinitely
small partial differences. Integration of this last dgum Application of the solution to the



case where the urn is originally filled in this mann@re projects a right prism of which
the base, being a regular polygonpof ¢ sides, is rathreowman order that the prism
never falls on it; on the + ¢ lateral faces, are wlahdg are black and one puts, into
urn A, at each projection, a ball of the color of thee on which the prism falls again.

Two urns A and B each contain a very great number of white and black ballsinber of
whites being equal to the one of the blacks in the totatity of ballsp@wes at the
same time a ball from each urn, and one places again into one urn the baltecttfian
the other. By repeating this operation any number times, one demands the Iggobabi
that there will ber white balls in urn A.

The problem depends on a linear equation in the pantiét filifferences of the second order,
with variable coefficients. Reduction of this equatioran equation in the infinitely small
partial differences of the second order. Integrationth$ last equation by means of a
definite integral. Development of this integral intoise. Determination of the constants of
the series by means of its initial value. Analytltedrems relative to this object.
Application of the solution in the case where urn Ariginally filled, as in the preceding
problem. Mean value of the white balls in each urteraf drawings. General expression
of this value, in the case where one has a numberurnaf disposed circularly and each
containing a great number  of balls, some white andothers black, each drawing
consisting in extracting at the same time one bafthfemch urn and placing it again into
the following, by departing from one of them, in a detered sense. N 17.

16. In measure as the events are multiplied, their regpgmbbabilities are
developed more and more; their mean results and thespoofthe losses which
depend on them converge toward some limits which thag bogether with the
probabilities always increasing. The determinatiothete increases and of these
limits is one of the most interesting and most dedigadrts of the analysis of
chances.

We will consider first the manner in which the potitdés of two simple
events, of which one alone must arrive at each, tisaleveloped when one
multiplies the number of trials. It is clear that theent of which the facility is
greatest must probably arrive more often in a given euarabtrials, and one is
carried naturally to think that by repeating the traafgreat number of times, each
of these events will arrive proportionally to itsififyg that one will be able thus
to discover by experience. We will demonstrate amallyi this important
theorem.

One has seen i’n 6 thatpif ahd p are the respgutoleabilities of
two eventsa and , the probability thatant =’ trials éventa  will arrivex
times and the event z;  times, is equal to

1.2.3...(x +2)
1.23...2.1.23...2/

pi(1—p)";



it is the ¢’ + 1 ¥' term of the binomidp + (1 — p)]***.  We will considre
greatest of these terms that we will designaté: by e dititerior term will be

{£ £+, and the following term will bé -2 ;. In order that be reatest
term, it is necessary that one has
T P x+1

Y

< <
Z+1 1-—p x/
it is easy to conclude from it that, if one makes =’ = n, willdhave
m+p—1<z<(n+1)p;

thus = is the greatest whole number contained within- 1)p y making
therefore

Tr = (n + 1)p - S,
this which gives

T+s r+1-—s D T+s
b= 1_p: ’ = - )
n+1 1—-p 2/4+1-s

o417

s will be less than unity. If and" are very great nursbene will have, very
nearly,

P _

1—p 2’
that is to say that the exponentspof and efp ingiteatest term of the
binomial are quite nearly in the ratio of these quiastitso that, in all the
combinations which are able to take place in a veeatgnumber. of trials, the
most probable is that in which each event is repeategortionally to its
probability.

The!™ term, after the greatest, is

1.2.3...n
123, (x—1).1.2.3... (' +1)

p (1 —p)"
One has, byt 33 of Book I,

1
1.2.3...n = ntien /—%(1 P )
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this which gives

! I il PRI SR
1.2.3...(x—l)_(x ) \/%[1 12(z — 1) }

! = (&' + 1) Al PR }
123 (x+1) Vor 122 + 1) '

We develop the terrfw — 1)"*~2 . Its hyperbolic logarithm is

(z e %) [logx + Iog(l - é)]

og(1- )=t L L L
g zr) x 22 3x3 4zt '
we will neglect the quantities of ord%r , and we will sugthat?> does not

surpass at all the order ; then one will be able tgene the terms of ordej% ,
becauser and are of order . One will have thus

(e fe- )]

=1 1Io —l—l—l—i ﬁ—i
- Ty g 2¢  2x 622’

this which gives, by passing again from the logarithorhé numbers,
(@ — 1) = N (1 L _>;
one will have similarly

, 3
(x/_l_l)flfg;’f%:Cfl—;—i,x/flfxfé (1+L_l_>.

now one has

One has next, by that which precedgs: i—jj s , being lems dinity; by
making thereforep = £-=, »  will be contained within the limits; and—7=5 ,
and consequently it will be, setting aside the sign,vibelaity. The value op

givesl — p = %; one will have, by the preceding analysis,




thence one draws

1.2.3...n
123 (- D123 @+1)"
nei = nzl @ —2) B P
\[, /D! 2z 622  62'? |
One will have the anterior to the greatest term ahitwis extended from it at

the distancé , by making negative in this equationgbyiting next these two
terms, their sum will be

2\/7 _ ni?
222! .
\[\/23535 NCN

The finite integral

,”]2
2 fmc )

taken froml = 0 inclusively, will express therefore the safmall the terms of the
binomial [p + (1 — p)]", contained between the two terms, of wii@one has
p** for factor, and the other has~'  for factor, and wiaich thus equidistant
from the greatest term; but it is necessary to subfram this sum the greatest
term which is evidently contained twice.

Now, in order to have this finite integral, we wilbgerve that one has, by n

10 of Book |,y being function df ,
1 dy - dy 1 dy

Q=g (dl) (dl> That

whence one draws, by the preceding number,

ca —1
1 dy
Zy—/ydl——y—l- ot consts




77,2 . . - -
y being here equal t%c*zr’w , the successive differentialgaufquire for
factor ;24 | and its powers. Thus, not being supposed tolé¢cabe more than

2xx’ !

order\/ﬁ, this factor is of orde% , and consequently fferéntials, divided
by the respective powers @f , decrease more and mpredtecting therefore,
as one has done previously, the terms of oj;der , dhieawe, by starting witla

the two finite and infinitely small integrals, and dgsiting byY the greatest
term of the binomial,

1 1
Zy:/ydl—iy—i- §Y

The sum of all the terms of the binomjal+ (1 — p)|*  containetiMeen the
two terms equidistant from the greatest term of the weurhlbeing equal to

Sy — 1y, it will be
1
/ ydl — 3

and if one adds there the sum of these extreme termasyith have, for the sum

of all these terms,
1
dl + —y.
/Z/ + 23/

If one makes

this sum becomes

i 12 \/ﬁ 12
(o) ﬁ/dtc +\/7?\/MC )

The terms that one has neglected being of the élmleris expression is so much
more exact as is greater; it is rigorous when isityf It would be easy, by
the preceding analysis, to have regard to the termedef% and of the superior
orders.



One has, by that which precedes= np+ z z , being a numbelesitien
unity; one has therefore

r+1 _l—l—z_t 2xx’+i.
n P=—0 = ny/n n’

thus formula @ ) expresses the probability that the réiffee between the ratio of
the number of times that the event must arrive ¢atdlal number of trials, and
the facility p of this event, is contained within timaits

t\/ 2xx’
M + n\/ﬁ

z
+ =
n

v/ 2zx' being equal to

2z 222
2p(1 — Za-2p) - =
n\/p( p)+—(1=2p) =5,

one sees that the interval contained between thedireclimits is of orde%.

If the limit of ¢, that we will designate by’ , is suppdsavariable, the
probability determined by the function ( ) remains veegrly the same; but the
interval comprehended between the limits () diminishéhout ceasing in
measure as the trials repeat themselves, and it beaautiewhen their number is
infinite.

This interval being supposed invariable, when the evargsmultiplied,T’
increases without ceasing, and quite nearly as the squatr®f the number of
trials. But, wheril” is considerable, formuta ( ) becqrbgs? 27 of Book I,

2 2
-T 1 c T

C
- +
_q
/7 1+ \/27m [p(1 — p) + (1 — 2p) — 2]
jes

Y

q being equal ta;};.  When one makgs increasé, diminisitleexireme
rapidity, and the preceding probability approaches rapidlynity, to which it
becomes equal, when the number of trials is infinite.

There are here two sorts of approximations: the dnieemn is relative to the
limits taken on both sides of the facility of the ete; the other approximation is
related to the probability that the ratio of the\als of this event to the total
number of trials will be contained within these IsniT he indefinite repetition of



the trials increases more and more this probaliity limits remaining the same;
it narrows more and more the interval of these diptihe probability remaining
the same. Into infinity, this interval becomes naiid the probability is changed
into certitude.

The preceding analysis reunites to the advantage to deatenhis theorem
the one to assign the probability that, in a great mumbof trials, the ratio of
the arrivals of each event will be comprehended wilime given limits. We
suppose, for example, that the facilities of the biothisoys and of girls are in the
ratio of 18 to17, and that there are born in one year 14tf@fts; one demands
the probability that the number of boys will not suggass3, and will not be less
than7037 .

In this case, one has

18

oo ©=7200, 2’ =6800, n=14000, [=163;

p =
formula () gives quite nearly.994303 for the sought probability.

If one knows the number of times that outnof tri&ils eventa is arrived,
formula ©) will give the probability that its facility, supposed unknown, will be
comprehended within the given limits. In effect, if am@mes; this number of
times, one will have, by that which precedes, the gty that the difference

£ — p will be comprehended within the limits: Z—”\/Q{ +2 ; consequertlye
will have the probability thap  will be comprehendedhm the limits

) T~/ 2xx’ z

5:F n\/ﬁ 0
T

The function —VQ\/%"" being of the ord% , one is able, by ewglg the

n

quantities of order}l , to substitute thére instead ofd ran ¢ instead of:’ ;
the preceding limits become thus, by neglecting the tefroeder%,

i T\/2i(n—1)
n\/ﬁ ’

and the probability that the facility of the events comprehended within these
limits is equal to



, 2 2 \/ﬁchZ

One sees thus that, in measure as the events arpliediltthe interval of the
limits is narrowed more and more, and the probabiigt the value op falls
within these limits approaches more and more unityestitade. It is thus that
the events, in being developed, make known their respgutdbabilities.

One arrives directly to these results, by considepiag a variable which is
able to be extended from zero to unity, and by detemmirafter the observed
events, the probability of its diverse values, aswillesee it when we will treat
the probability of causes deduced from observed events.

If one has three or a greater number of events c, ... haihwone alone
must arrive at each trial, one will have, by thatichlprecedes, the probability
that, in a very great number of trials, the ratiah®f number: of times that
one of these events; for example, will arrive, k@ tmumbern , will be
comprehended within the limits+ « «  being a very smaltion, and one
sees that, in the extreme case of the number t&fithe intervala of these
limits is able to be supposed null, and the probabiligbie to be supposed equal
to certitude, so that the numbers of arrivals at eaeimt will be proportional to
their respective facilities.

Sometimes the events, instead of making known direkbdylimits of the
value ofp , give those of a function of this value; tlogxe concludes from it the
limits of p, by the resolution of equations. In ordegiee a quite simple example
of it, we will consider two players A and B, of whohetrespective skills are
and1 — p, and playing together on this condition, that thesseon by the one
of the two players who, out of three trials, will kavanquished twice his
adversary, the third trial being not played, as useldssn one of the players has
vanquished in the first two trials.

The probability of A to win the set is the sum of fitet two terms of the
binomial [p + (1 — p)]*; it is consequently equal {8 + 3p*(1 —p) . LBt be
this function; by raising the binomi& + (1 — P) to the powerong will have,
by the preceding analysis, the probability that, outhefnumbem of sets, the
number of sets won by A will be comprehended withingiren limits. It suffices
for that to change int® informula ( ).

If one namesi the number of sets won by A, formola Will) give the
probability that” will be comprehended within the lsnit



i T 2i(n — 1)

Let thereforey’ be the real and positive root of tngagion
P’ +3p°(1—p) = —;

n

by designating by’  ép the limits gf , the correspondingtéinaif P will be
very nearly 3p% —2p® F6p/(1 — p/)ép ; by equating these limits to the
preceding, one will have
T+/2i(n — 1)
bp = — p ;
6p'(1 - p')ny/n

thus formula ¢ ) will give the probability that  will mprehended within the
limits

T+/2i(n — i)
6p'(1 = p)ny/n’

The numberm of sets does not determine the numberats, tsince one is
able to have some sets of two trials, and othethreé trials. One will have the
probability that the number of sets of two trialsl wé comprehended within the
given limits, by observing that the probability of et swith two trials is
p? + (1 — p)%; we designate this function b’ . By elevating the iviad
P+ (1— P') to the powern , formulao( ) will give the probabilityaththe
number of sets of two trials will be comprehended withie limitsn P’ 41 ; now
the number of sets of two trials being®” +1 , the numbeset$ with three
trials will be n(1— P")F1[; the total number of trials wil béherefore
3n —nP’ F; formula ©) will give therefore the probability thiéte number of
trials will be comprehended within the limits

/

p +

o2n(l +p—p*) FT/2nP'(1 - P').

17. We consider an urn A containing a very great numbef whae and
black balls, and we suppose that at each drawing one dré&ats from the urn,
and that one replaces it with a black ball. One demdredgrobability that after
drawings the number of white balls will be

10



We namey, , this probability. After a new drawing, it be@esy, .. . But,
in order that there are  white balls after 1 drawittgs,necessary that there
are eitherr +1 white balls after the drawing and thatfdllowing drawing
makes a white ball exit, or  white balls after thevwdng » and that the
following drawing makes a black ball exit. The probapitbat there will be
r + 1 white balls afterr drawings ig.,1, and the probabilityttthen the
following drawing will make a white ball exit i§;§—1 ; therobability of the
composite event is therefor%Z—lyHLT ; this is the first pairty, ;. The
probability that there will bec  white balls afteretirawingr isy,, , and the
probability that then there will exit a black ball‘is*, because the number of
black balls in the urn is — = ; the probability of the quusite event is therefore
Ly, this is the second part 9f .,; . Thus one has

z+1 n—ax
y:(:+1,7’ + Ty:(:,r-

Yrr+1 =

If one makes

this equation becomes
/ !/ 1 /! !/ !/
yq;,r’+% =7+ 5 yqj’«}%’r’ + (1 - )y:(:’,r’;

n being supposed a very great number, one is able to resteceanvergent
seriesy, ..+ and, 1. ;one wil have therefore, by neglectiegsguares and

the superior powers df

/ /
1 aym/’r/ xl aym/’r/ 1 ,
- == Yo
n or n ox' n’o"’

the integral of this equation in partial differences is

y;:,r’ = CT,¢(‘$/CT,)7

#(z'c”) being an arbitrary function of'¢” , that it is necegsar determine
through the value of, .

We suppose that urn A has been replenished in this mabnerprojects a
right prism of which the base, being a regular polygomp #fq sides, is rather

11



narrow so that the prism never falls on it. On jphe ¢ lateral facesp are white
andq are black, and one puts into urn A, at each prajediball of the color of
the face on which the prism falls. After projectipti'®e number of white balls
will be quite nearly, by the preceding sectigh: andptiodability that it will

jax'A
be S~ +1 is, by the same section,
p+q _w?
—0c 2npq .
v/ 2npqgm
If one makes
_np (p+a9)* .
- + la - ’
p+aq 2pq

this function becomes

this is the value of,, or af,, ;butthe preceding valug,of gives

Yz,0 = ¢(%);

one has therefore

hence

/
yl”,?” nﬂ'c ;
whence one draws
% 20T )\’
) nm
The most probable value of is that which renders — = , rarid

o ptq
consequently it is equal to

12



np .
(p+aq)er
the probability that the value af  will be containeithim the limits

np

T

(p+gler e

zdu -
the integral being taken from= 0.
We seek now the mean value of the number of white balhtained within

urn A, afterr drawings. This value is the sum of allgbssible numbers of white
balls, multiplied by their respective probabilitiessitherefore equal to

2np idp -
(+a)erd VT

the integral being taken from=0 fo= oo . This value is thus
np .
(p+q)es

consequently, it is the same as the most probable oéiue

We consider now two urns A and B containing each thebeum of balls,
and we suppose that, in the total nuniber  of ballsether as many white as
black. We imagine that one draws at the same timebalhdrom each urn, and
that next one sets into one urn the ball extractama the other. We suppose that
one repeats this operation any number times, by iagitat each time the urns,
in order to well mix the balls; and we seek the prdipalhat after this number
of operations, there will be white balls in urn A.

Let z,, be this probability. The number of possible comabions inr
operations is:?" ; because at each operatiomthe lalisnoA are able to be
combined with each of balls from urn B, this whicbguces:? combinations;
n*'z,, is therefore the number of combinations in whicls ipossible to have
white balls in urn A after these operations. Nowis iable to happen that the
(r + 1)t operation makes a white ball exit from urn A, anckesaa white ball

13



return; the number of cases in which this is ableatiove is the product of
n*z,,, by the number: of white balls of urn A, and by thenbern — = of
white balls which must be then in urn B, since thaltoumber of white balls of
the two urns is: . In all these cases, there remaindite balls in urn A; the
productz(n — z)n*"z, , is therefore one of the parts6f?z, .1

It is able to happen that the{ 1 ') operation makes a blaltlexit and
return into urn A, this which conserves in this urn hitev balls. Thusn — z
being, after the™ operation, the number of black lodllsn A, andr being the
one of black balls of urn Bpn — z)zn®"z,, is further a partndf2z, .1

If there arex — 1 white balls in urn A after th& operatiand if the
operation following makes a black ball to exit fromaitd makes a white ball
return there, there will be  white balls in urn Aeafthe ¢ + 1 J' operation. The
number of cases in which that is able to arrivénés groduct of.*"z, . , by the
numbern — z + 1 of the black balls of urn A after tHé drawiagd by the
number n —xz +1 of white balls of urn B, after the same opemat
(n —x + 1)*n*"z,_1, is therefore again a part ot ™2z, .1

Finally, if there arer + 1 white balls in urn A aftereth" operation, and if
the operation following makes a white ball exit fromand makes a black ball
return there, there will be further, after this lageration,z white balls in the
urn. The number of cases in which that is able toveans the product of
n* z,.1,, by the numbex + 1  of white balls of urn A, and by tbhenberz + 1
of black balls of urn B after the"  operatiof; + 1)?n* 2,1, is diere
again part ofi* 2z, 41 .

By reuniting all these parts and by equating their sun¥tt’z, .1 one,will
have the equation in partial finite differences

z+1\° 2z T z—1\°
Zror+l = n Zr4l,r + ; (1 - g)zm,r +(1- n Zr—1,r-

Although this equation is in differences of the secordkomwith respect to
the variablez , however its integral contains onlg @mbitrary function which
depends on the probability of the diverse values of heniiitial state of urn A.
In effect, it is clear that, if one knew the valudszg, corresponding to all the
values ofz fromer =0 tor =n , the preceding equation will givetlad values
of z,1, z:2,..., by observing that, the negative valueszof beingossible,
2, IS null whenz is negative.

If nis a very great number, this equation is transfarinéo an equation in
partial differences, that one obtains thus. One rexs trery nearly,

14



Zr4l,r Zx,r ax 5 2 )
0z  10%2:,

Ze—1,r = Ra,r O 5 2 )
azx,r

Zrr+l Zxr + O

Let
n + ,LL\/E ,
xr = , r=nr, Zp,=Uj;

2

the preceding equation in the partial finite differencéisbecome, by neglecting
the terms of ordef;

oU ou  9*U
— =2 20— + ——.
or' U+ u@u + ou?

In order to integrate this equation, which, as onéls #@ assure oneself by the
method that | have given for this object, in tMé&moires de I'Académie des
Sciencesof the year 1773, is integrable in finite terms onlythe manner of
definite integrals, we make

U= /¢dtc“t,

¢ being a function of and of . One will have

2“?9—5 = 2¢ Mtp — 2 / c M (pdt + tdo),

2
—Z/g = / ¢ Mg dt;

the equation in the partial differentialstin  becomesth

/ c*f“fa—Udt = 2c Mt + / c M dt (t%b — 2t@>.
or' dt

By equating between them the terms affected of fthe sige,will have the
equation in the partial differentials

15



900 _ 5, ., 09
i =125

The term outside th¢  sign, equated to zero, will givetHfe equation in the
limits of the integral,

0 = toc .

The integral of the preceding equation in the partialrdiffeals of¢ is

1(-47) being an arbitrary function of; ; one has therefore

CZr’
palg? t
U = /dtC pitgt @D(ﬁ)

t=2u+2sy/~—1

the expression di  will take this form
2 2 - \/ —1
(A) U=ct /ds ¢’ F(%)

It is easy to see that the preceding equation, inhs lof the integral, requires
that the limits of the integral relative to are tal®ms = —oco tos = oo . By
taking the radicah/—1 with the-  sign, one will have toran expression of
this form

Let be

U :C’UZ/CZSCSZH<S+M2/ _1>7
c2r

the arbitrary functiodl(s) being able to be differentirb(s). The sum of these
two expressions df  will be its complete value. Bus gasy to be assured that,
the integrals being taken from= —co =00 , the addition o$ thew
expression ofU adds nothing to the generality of th&, fin which it is
comprehended.

16



We develop now the second member of equation (A), acwpriat the
powers of-%, =, and we consider one of the terms of thisldpment, such as

H@ e 1
Tc,/ds 0782(8 — i/ —1)*
C LT
this term becoming, after the integrations,

1.35...(2i— 1) ~HDc
20 v cdir’

X [1 — i(2p)° + i(i — 1)(2p)" B i(i—1)(i — 2)(2u)°

1.2 1.2.3.4 1.2.3.4.5.6

We will consider further one term of this developmemative to the odd
powers of-%, =7, such as

\/70 u oy '
0(47+2 /dsc : (3 — M\/—il)%*l,
This term becomes, after the integrations,

1.3.5... (20 + 1)L fwpc " [1_ i(2p)? +i(i—1)(2u)4 B

2ic4i+2)r’ 1.2.3 1.2.3.4.5

One will have thus the general expression of the piliald, developed into a
series ordered according to the powersg]ef , & serieshwdgcomes very
convergent whemn’ is a considerable number. This eXpresaist be such that
JUdz or § [Udp+/n is equal to unity, the integrals being extended Itthel
values ofr and ofi , thatis to say fram nulkte=n , &odn = —\/ﬁ to
= \/ﬁ; because it is certain that, one of the values c&ving to take place,
the sum of the probabilities of all these values mesedual to unity. By taking
the integral [ ¢ *dp  within the limits of. , one has the sarasult, to very
nearly, as by taking it from = —co t@ = oo ; the difference mdyoof the
orde% , and seeing the extreme rapidity with which dshes in measure
asn increases, one sees that this difference issibée whenn is a great
number. This put, we will consider in the integfdlUdp\/n  tiaen
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2ichir’ 1.2 1.2.3.4

1.3.5...(2i — 1)H \/ﬁ/ [ 2u)+i(i—1)(2ﬂ)4_...],

By extending the integral from= —oco 0= o0 , thistermbecomes

1.3.5...(2i — 1)H f[ Hi(i—l)+i(i—1)(i—2)+..}_

2ichir’ 1.2 1.2.3

The factorl — i + % — .- isequal tl —1)" ;itis therefore null, exciept
the case of =0 , where it is reduced to unity. It is ctbat the terms of the
expression o/ which contain the odd powersuof  givaularasult in the
integral 1 [U dpy/n , extended from = —co  tp =oo ; because these terms

have for factor—** , and one has generally within thiegts
/u27ﬁ+1duc,u2 =0.

There is therefore only the first term of the expi@s ofU , a term that we will
represent b;Hc*“2 , which is able to give a result in llitleg'raI%fUdu\/ﬁ , and
this result is%H \/nm ; one has therefore

1
§H nm = 1;

consequently,

2

N

The general expressionBf  has thus the following form

Q(l)(1—2u2)+Q()(1 4p? +3u)+

H =

U = 2c bt cir' S
\/ N LO g LM (1 — %MQ) L®pu(1 - %MQ + 14_5M4)
+ 27! + 61! 107" + -
C C s C I
QW,Q®, ..., L LM . being some indeterminate constants, which

depend on the initial value of .
We suppose thdf becom&s when s ddll, being a gvetidn ofy .
One has generally these two theorems,

18



0= L(?) /u2q+1dlu (]ilcflﬂ’

i 71,2
wheng is less than {j; amd  being some functions of wHich 2\?%‘;4' and

(i) .—p2 . . .
% are multiplied in the expression bf . In order to derrais these

Der2 .
theorems, we will observe that, by that which prese@\)/"% is equal to

(V/ —1)2H(7:)C”2/d8 07‘92(u + 51/ —1)%;
it is necessary therefore to show that one has
0= ///fqu dpce ™5 (u+ sv/—1)%,

the integrals being taken from ard equakH® pto sand |égua co.
By integrating first with respect t@ , this term beesm

2g — 1 .
q //,UQquS du CﬁuZisZ(,u-i-S /_1)27,

2

+ i///fqlds du c*‘LZ*SZ(u + s/ 1)1

By continuing to integrate thus by parts relative.to ne arrives finally to some
terms of the form

k/ / dpds e (u+ sy/—1)%,

e not being zero, and, by that which precedes, these t@re null.
One will prove in the same manner that one has

0= L(i)/u2q+1 d,LL (]7:/ Ci’uZ.

Thence it follows that one has generally

19



0= /Uz: Updpe™, 0= /U Ul duc™,

i andi’ being some different numbers. Because if, for pheain is greater than
i, all the powers of: il/; are less thah ; each ofténms ofU; will give
therefore, by that which precedes, a result null initbegral [U; Updpe ™" .
The same reasoning holds for the intedi@] U/ dyc "

But these integrals are not nulls, whes i/ . One wilambthem in this
case in this manner. One has, by that which precedes,

2/ e s/ TR

U =
’ 1.35...(2i — 1)\/7
The term which has for facte  in this expression is

Qi(\/fl)Qium .

1.35...(2i— 1)’

now one is able to consider only this term in thst flactorU; of the integral
[UU;dp ¢~*; because the inferior powers pf , in this factorgcdmee a null
result in the integral. One has therefore

2

2 - 2 2 -
/UY;Uiduc” = - 1)]2\/7?///127’dud3 T (s 1),

[1.3.5...(2

One has, by integrating with respecito , form —oco  ute oo ,
//u%du ds c*‘LLSZ(u + s/ —1)%
2t —1 - a0 -
_ 7 //MQZQd/LdSCIL —s (,U'i‘s /_1)27,

2

21 . .
+3 / / P dpds ¢ (e s/ 1)

The first term of the second member of this equatoomull by that which
precedes; this member is reduced therefore to its seeomd One finds in the
same manner that one has

20



//M%ld/lds 67”2782(/14- s /_1)27171
21 —1 - .
_ 2 //M%leudsclﬁ.@(lu_i_ s /_1)27,72’

2

and thus consecutively; one has therefore

| . 1.2.3...2i
//MQZduds e T

92i
consequently,
., 246...2i/7
/UiUid“C = 1.3.5...(21'\—[1)'
One will find in the same manner
/U/U/ducle) 1 2.4.6...2?\/7? .
r 2 1.3.5...(2i + 1)

One has evidently
/ UUbdpe™ =0,

in the same case wheie aid are equal, because thetptpduccontains
only some odd powers of .

This put, the general expressionlof — gives, for it&inalue, that we have
designated by,

201 3
X = \Cr [1+Q<1>(1—2/f) +---+L(O)M+L(1)u(1— 5/3) +}
nmw

If one multiplies this equation b¥/;dp. , and if one takes ititegrals from
= —oo to u = oo, one will have, by virtue of the preceding the@mem

2 .
/ XUdp = WQ“’) / UiUsdpce™",

whence one draws

21



. 1.3.5 —-1)
Q(7) — 2i f/XU d,LL,

246 .21

one will find, in the same manner,

0 1.35...(2i+1)
LW = \[/XUdu

2.4.6...21

One will have therefore thus the successive valugg'of Q2. ..., L), L)
. by means of definite integrals, wh&n  or the inta&le ofU will be given.
In the case wher& is equalj?%kc*iz“2 , the general exprestiontakes

a very simple form. Then the arbitrary functbég L 1) friormula (A) is

(/1N )
of the formkc ( 2 ) . In order to determine the constahts d /anwe will
observe that by supposing

one will have

, Fuy/—1\2
e

By making next

m( . L“ﬁ> —,

1+ 0

and observing that the integral relative 40 must lertadroms = —oco to
s = oo, the integral relative te’ must be taken within thee limits, one will
have

v
“ i

By comparing this expression to the initial valué/ofwhjch is

22



and observing that s the initial value®f , one hallre
1
.2

17 =,
1+

whence on draws

= P

One must have next

ky/m 2
VI+38 /o’

this which gives

2
]{3\/77'(': ﬁa

a value that one obtains next by the condition gidedu\/ﬁ =1 the ,ntegral
being taken fromy = —co tqu = oo ; one will have, for the expm@sf U ,
whatever be’ ,

2 a2

U — —Cilﬂ'i’.
Vor(l+ )
One finds, in effect, that this value 6f , substitutet ithe equation in the
partial differentials iU , satisfies it.
4 diminishing without ceasing wherl  increases, the valué/ varies
without ceasing and arrives to its limit, whén  idnity,

2

nmw

e

U =

In order to give an application of these formulas, wagmme, in an urn C, a
very great numbem  of white balls and a parallel nunabdilack balls. These
balls having been mixed, we suppose that one draws fiemarhn balls, that
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one puts into urn A. We suppose next that one puts intd@was many white
balls as there are black balls in urn A, and as méawk lballs as there are white
balls in the same urn. It is clear that the numbearases in which there will be
white balls, and consequently— x  black balls in urn Aegsal to the product
of the number of combinations of the  white balluai C, takenc by , by
the number of combinations of the  black balls ofsame urn, taken — x by
n — x. This product is, byt 3, equal to

m(m—1)(m—2)---(m—zxz+1) m(m—1)(m—-2)--(m—n+z+1)
1.23...x 1.2.3...(n — x)

or to

(1.2.3...m)?
1.23...2.1.23...(n—2).1.23...(m —x).1.23...(m —n+x)’

The number of all possible cases is the number of m@atins of the2m  balls
from urn C, takem by ; this number is

1.2.3...2m _
1.2.3...n.1.23...(2m —n)’

by dividing the preceding fraction by that here, one k@lNe, for the probability
of z or for the initial value ot/ ,

(1.2.3...m)?1.2.3...n.1.2.3... (2m — n)
1.23...2.1.23...(m —x).1.23...(n — x).1.2.3...(m —n+ x).1.2.3...2m’

Now, if one observes that one has very nearly, whera great number,

1.2.3...5 = s"tic™5y/ 2T,

one will find easily, after all the reductions, by nmaki

n-l—u\/ﬁ
2 )

xr =

and by neglecting the quantities of ordler which aremdtiplied byu? ,

m o mUZ

2
U f— [ men;
vnm\ 2m—n
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by making therefore

one will have

If the numbern is infinite, theit = § , and the initialu@of U is

2 e

U =

nmw

Its value, after any number of drawings, is

2 N U,
U e C ltc

mr(l + c*%)

The case ofn infinite returns to the one in whicé thins A and B would be
filled, by projectingn. times a coin which would bring tloindifferentlyheads or
tails, and putting into urn A a white ball each time thahds uldarrive, and a
black ball each time thatils would arrive, and making tiwerise for urn B.
Because it is clear that the probability to draw atevhall from urn C is the@,
as that to bring fortheads otails .

By taking the integraf Udz of [Udu,/n from=—-a t@=a , one will
have the probabilty that the number of white bals wn A wil be
comprehended within the limits: a/n.

One is able to generalize the preceding result, by sugptsnurn A filled,
as at the beginning of this section, by the projectiba prism ofp + ¢ lateral
faces, of whiclp are white apd are black. One has St then, if one makes

2 (p+q)?

2pq

Y

one has, at the origin or when is null,

25



. R 2
G
We suppose ang very little different, so that one has
p+q a
= 1+ ,
e ( ﬁ)
_ptaf, a
q - 2 \/ﬁ ’

one will have

By making therefore

one will have
2

\/ 2nm

We suppose now that after any number whatsoever ofryawne has

2 _(po)?
U: xf,

\/nﬁﬂc

G anda being some functions df . If one substitutesvtilise into the equation
in the partial differences i, one will have

2
c2n—a)’
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whence one draws the two following equations:

das
o da
_dr Y = 9.
B—-1 Todr! “
By integrating them and observing that at the origi oft = « andg = 2, one
will have

A _ 9.
B=1+c", a=ac?,

this which gives

/
2 7(/1,70072" )2
U= c et
/
nmw(l+ c=4")

We seek now the mean value of the number of white bafitained in urn A,
afterr drawings. This value is the sum of the producteetiiverse numbers of
white balls, multiplied by their respective probabiti& is therefore equal to the
integral

/n-l—u\/ﬁUdu\/ﬁ
2 2

taken fromy = —oo tou = oo . By substituting fd¥  its value given bynfiula
(k), one will have, by virtue of the preceding theorefmisthis integral,

ISRV 710

2n—|— 1 c .
At the origin where- is null, this value is: + QUO) . thus omit have L(¥)
at the mean of the number of white balls that urroAtains at the origin.
One is able to obtain quite simply, in the followingnmer, the mean value of
the number of white balls, after drawings. We imagjira each white ball has a
value that we will represent by unity, the black bb#dng supposed to have no
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value. It is clear that the prite of urn A will be them of the products of all the
possible numbers of white balls which are able tstarithe urn, multiplied by
their respective probabilities; this prize is therefdihat which we have named
mean value of the number of white baliée name it , after thé" drawing. At
the following drawing, if there exits a white ballisttprice diminishes by one
unit; now, if one supposes that is the number of Wiatls contained in the urn
after ther™ drawing, the probability to extract a whigdl from it will be < ; by
naming thereforel/'  the probability of this suppositiome integral [ %,
extended fromx =0 ta =n , wil be the diminution of , resugtimom the
probability to extract a white ball from the urn.oifie makes, as above,= "
and if one designates the very small fractflon dby is dminution will be
equal tozdr' ; because is equal f&/x dx, a sum of the productseof th
numbers of white balls by their respective probaditiThe price of urn A is
increased, if one extracts a white ball from urnrBoider to put it into urn A;
now, x being supposed the number of white balls of urn A,z will be the one
of the white balls of urn B, and the probability tarext a white ball from this
last urn will be™—£ ; by multiplying this probability byetprobabilityl ofr , the
integral [U"-%dz, taken fromz null tac =n , wil be the increase z.
JU(n — z)dx is the price of urn B; by naming therefore  this pricdr’ will
be the increase af ; one will have therefore

dz = Z'dr’ — zdr'.

The sum of the prices of the two urns is evidently etpual, a number of white
balls that they contain, this which give's=n — z ; substitihis value ot’
into the preceding equation, there arrives

dz = (n — 22)dr';
whence one draws, by integrating,
1 )
z = in + W’

L) pbeing an arbitrary constant, this which is confairt@that which precedes.

1 Translator's notePrix . The value of the urn is sehasiumber of white balls contained
in it.
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One is able to extend all this analysis to the chsey number whatsoever of
urns; we will limit ourselves here to seek the meduevaf the number of white
balls that each urn contains afiter drawings.

We will consider a number of urns, disposed circularig, @ontaining each
the numbem of balls, the ones white, and the otblexk, n» being supposed a
very great number. We suppose that after drawings;, 2o, ..., ze_1 are
the respective prices of the diverse urns. Each dravangists of extracting at
the same time a ball from each urn and to putting @ e following, by
departing from one of them in a determined sense. Ifroakes” =" and
% = dr’, one will have, by the reasoning that we have justienrelative to two
urns,

dZi = (27;,1 — zi)dr';
this equation holds fromh=1 tWw=e¢—1 .Inthecaséefe ,or® ha
dzy = (2e_1 — 29)dr’.

By integrating these equations, and supposing that at itpe tne respective
prices of each urn, or the numbers of white ballstiey contain, are

)\07 )\17 ey )\6717
one arrives to this result, which holds from 0 itee—1 ,
( . 3
2
)\Ocos(ﬂ — ar’)
e
2s(z — 1
+ Alcos[ s(i — 1r — ar']
_ — g (1—cos%T)’ 94(j —
S + )\QCOS|: s( )T _ ar'] (
2s(7 — 1
+ )\elcos[ si—et Dr ar']
\ € J

the sign S extending to all the valuessof , frem1 ste e anda being
equal to sinQ% . The term of this expression, correspondings toe, is
independent of , and equal¥@\, + A; +---+ A._;),  thatis to say the entire
sum of the white balls of the urns divided by their numib&is term is the limit
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of the expression ot; , whence it follows that after infinite number of
drawings the prices of each urn are equal among them.
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