CHAPTER IV

DE LA PROBABILITE DES ERREURS DES RESULTES MOYENSUD
GRAND NOMBRE D'OBSERVATIONS ET DES RESULTATS MOYENS
LES PLUS AVANTAGEUX.

Pierre Simon Laplace

Théorie Analytique des Probabilit€g 18—-24, pp. 309-354

ON THE PROBABILITY OF THE ERRORS OF THE MEAN RESUEBTOF A GREAT
NUMBER OF OBSERVATIONS AND ON THE MOST ADVANTAGEOUSEAN
RESULTS

To determine the probability that the sum of the errors of a great nuofitdrservations will
be comprehended within some given limits, by supposing that the law of ljipssilihe
errors is known, and the same for each observation, and that the negative a&me as
possible as the corresponding positive err@g&neral expression of this probability® N
18.

To determine, under the preceding suppositions, the probability that the shenesfors of a
great number of observations or the sum of their squares, of their cetoeswill be
comprehended within some given limits, setting aside the Gigmeral expression of this
probability and of the most probable sun?. N 19.

An element being known quite nearly, to determine its correction byotleetion of a great
number of observationgormation of the equations of condition. By disposingrihin a
manner that, in each of them, the coefficient ef tbrrection of the element has the same
sign, and adding them, one forms a final equation whiclesgl& mean correction.
Expression of the probability that the error of thisam correction is comprehended within
some given limits. The most general manner to forenfithal equation is to multiply each
equation of condition by an indeterminate factor anddw all these products. Expression
of the probability that the error of correction givienthis final equation is comprehended
within some given limits. Expression of the mean ethat one is able to fear to the more
or to the less. Determination of a system of factwhich render this error a minimum.
One is led then to the result that gives the methoteadt squares of the errors of
observations. Mean error of its result. Its expressiepends on the law of facility of the
errors of the observations. Means to render it indegen N 20.

To correct, by the collection of a great number of observations, mamgele already known
quite nearly Formation of the equations of condition. By multiptyithem each by an
indeterminate factor and adding the products, one fornistafihal equation: a second



system of factors gives a second final equation, and ¢basecutively until one has as
many final equations as there are elements to coreegression of the mean errors that
one is able to fear with respect to each elementectmd by these final equations.
Determination of the systems of factors by the coolithat these mean errors are of
minima. One falls again into the method of least scquafethe errors of observations;
whence it follows that this method is that which & culus of probabilities indicates as
being the most advantageous. Expression of the meais #nedrit leaves yet to fear, to the
more or to the less, with respect to each elemdrasd expressions are independent of the
law of facility of the errors of each observationdacontain only the givens of the
observations. Simple means to compare among themhersitle of precision, diverse
astronomical Tables of one same steft. N 21.

Examination of the case where the possibility of iegative errors is not the same as that of
the positive errors. Mean result toward which the sdirthe products of the errors of a
great number of observations converge, by any fagboofiability of this convergence.®N
22.

Examination of the case where one considers the\aligars already made. Then the error of
the first gives the errors of all the others. Thebpimlity of this error, takea posteriori or
after the observations already made, is the produbeafeéspective probabilitiespriori  of
the errors of each observation. By imagining theeetorcurve of which the abscissa is the
error of the first observation, and of which thisguct is the ordinate, this curve will be
that of the probabilitiea posteriori of the errors of thetfiobservation. The error that it is
necessary to suppose to it is the abscissa correspatudthg ordinate which divides the
area of the curve into two equal parts. The value sfdbscissa depends on the unknown
law of the probabilities priori  of the errors of the obsgions, and in this ignorance, it is
convenient to rest content with the most advantagessidt, determine@ priori by the
preceding articles. Research on the law of probalsiligriori of the errors, which give
constantly the sum of the null errors for the reshhttit is necessary to choose
posteriori This law gives generally the rule of the minimumtad squares of the errors of
the observations. This last rule becomes necesdaey wne must choose a mean result
among many results, each given by a great number afvaiems of diverse kinds. N 23.

Research on the system of corrections of many elsmngy a great number of observations,
which render a minimum, setting aside the sign, the gseaf the errors that it supposes
to them. This system is the one which renders amumi the sum of similar powers, very
elevated and even, of each error. It differs littlenfrthe system given by the method of
least squares of the errors of the observations.otiial notice on the methods of
correction of the elements by the observatiorfs. N 24.

18. We consider now the mean results of a great numbaloseirvations of
which one knows the law of the facility of errorse\8uppose first that, for each
observation, the errors are able to be equally

—-n,—n+1,——n+2,...,-1,0,1,2,....n—=2,n—1, n.

The probability of each error will bgnl—+1 . If one nameghe number of



observations, the coefficient dF¢/~1  in the developnagithe polynomial
(C—71,W\/jl+c—(71,—l)W\/jl+ C—(7I,—2)W\/jl+...+ C—’W\/j+1+ (iw\/jl++ CLW\/jl)s

will be the number of combinations in which the sufmtl@e errors i . This
coefficient is the term independent of ¢! and of its pswi the

development of the same polynomial multiplied b;’/“’c/*_1 , ant iclearly

equal to the term independent af in the same developmaliplied by
M or bycosiw"; one will have therefore, for the expressof this

coefficient,

1
—/dwcoslw(1+2 cosv +2 co8w + ---+2 casw)’,
T

the integral being takenfrom =0 to=n .
One has seen, it n 36 of Book I, that this integral is

(2n +1)*/3 __#

¢ R
n(n + 1)2sm

Y

the total number of combinations of the errorg2s + 1)* by;dividing the
preceding quantity by that here, one will have

V3 L

C n(n,+1)s;
n(n + 1)2sw
for the probability that the sum of the errors of ¢h@bservations will bé .
If one makes
[ o n(n;— 1)8’

the probability that the sum of the errors will bent@oned within the limits

+ 27/ and—o7 /2D il be equal to
2
—/dtth,
T

the integral being taken from= 0 to=7 . This expressiod$dirther in the
case ofn infinite. Then, by namidg  the intervalteamed between the limits of



the errors of each observation, one will have a , doed preceding limits

would become+ QT\%/; : thus the probability that the sum ofettiers will be

contained within the limitst ar,/s is

3 .
2 %/drcgr{z;

it is also the probability that the mean error Wwédl contained within the limits
+ % because one has the mean error by dividing by theo&time errors.

The probability that the sum of the inclination oé tbrbits ofs comets will
be contained within some given limits, by supposing hal inclinations equally
possible, from zero to a right angle, is evidently Haene as the preceding
probability; the intervala of the limits of the ersoof each observation is, in
this case, the intervaf  of the limits of the polssimclinations: then the
probability that the sum of the inclinations must loatained within the limits

+ %\/; is 2,/ j—ﬂfdrc*grz , this which accords with that which one has tbim
n° 13.

We suppose generally that the probability of each pesitivnegative error is
expressed by(£) z and being of infinite numbers. Thetheirfunction

1+ 2cosw + 2co2w + 2 cO8w + --- + 2 Ccasw,

each term, such &oszw , must be multipliedslpy)  ; now one has
2
2¢(£)cos§ew = 2¢(§) - (E) 2w
n n n n

By making therefore

the function

¢(9> 2¢(1> c03w+2¢(g> C0§w+---+2¢(ﬁ) CO8w
n n n n

becomes



2n/dx'¢(x') - n2w2/x'2dx'¢(x') + -
the integrals must be extended fram=0 ztc=1 . Letthen
k=2 / da'¢(z'), k' = / 2 da (o),
The preceding series becomes
nk:(l — k—n2w2 + >
k
Now the probability that the sum of the errors of thebservations will be

contained within the limitst [ is, as it easy to bsuasd of it by the preceding
reasonings,

0 1 92
¢(—> 2¢(—> CoSw + 2¢(—> coQw + ---
g//dwdlcoslw n n . n -
T

+ 2¢ (ﬁ) cosnw
n

S

the integral being taken from nullte = 7= ; this probapilt therefore

S " s
(nk) //dwdlcoslw(l— %n2w2+---> .
T

k" ’ 2
(1 — ?n2w2 +> =c

(u) 2

We suppose

by taking the hyperbolic logarithms, one will have,yeearly, whers is a great
number,

"

s—nlw? = t2,

k

this which gives



t k

w = — ]{3”3.

If one observes next thatk B dz¢(%)  expressing the priitiyatbiat the
error of an observation is contained within thetémt n, this quantity must be
equal to unity, the functioru( ) will become

/ ) k
—t
s //dldt cos( k”)
k's

the integral relative t¢  must be taken from nuli te n/* ortot = oo

n being supposed infinite. Now one has, by n 25 of Book I,

/dtcos(lt, / ;/ )c’fZ _ 40%#‘,

by making therefore

k" s

=2t

S|~
e

the function ¢ ) becomes

2 (gt
ﬁ/dtc

Thus, by naming, as abov®;  the interval containeddsst the limits of the
errors of each observation, the probability that sbhen of the errors of the
observations will be contained within the IimiﬁSar\/E IS

\/ o /drc W

If $(£) is constant, thef; = 6 , and this probability becomes

k!
2\[ /d?C 32 )

this which is conformed to that which one has founmvab




If ¢(£) or ¢(z') is a rational and entire function of , ondl Wwave, by the
method of A 15, the probability that the sum of the rermill be contained
within the limits :I:ar\/g, expressed by a sequence of powets, ... f
guantities of the forms — u+ r\/E , In whichy  increases by anikic
progression, these quantities being continued until thegrbe negatives. By
comparing this sequence to the preceding expression sathe probability, one
will obtain in a manner very near the value of tequence, and one will arrive
thus out of this kind of sequence to some theorems anadgothose that we
have given in i 42 of Book I, on the finite differencefsthe powers of a
variable.

If the law of facility of the errors is expressedagegative exponential which
is able to be extended to infinity, and generally & #rrors are able to be
extended to infinity, then becomes infinite, andapgplication of the preceding
method is able to offer some difficulties. In all thesses, one will make

1
E = dx',
h being any finite quantity whatsoever, and by followexagctly the preceding

analysis, one will find, for the probability that tils@em of the errors of the
observations is contained within the Iimiﬂshr\/E ,

k kr2
dre o,
ks

an expression in which one must observe thet)  ¢@r) eesps the
probability of the errort+ = , and that one has

k=2 / d' (), k' = / *dz’ ¢(2'),

the integrals being taken from=0 16= c©

19. We determine presently the probability that the stinhe errors of a
very great number of observations will be containethimisome given limits,
setting aside the sign of these errors, that is tplsataking them all positively.
For this, we consider the sequence

o



n n

(e o)

n n

¢(%) being ordered on the curve of probability of errorsyesponding to the
error £z, ande being, thus as , considered as formed iofigite number of
units. If one raises this sequence to the power |, laftdng changed the sign of
the negative exponentials, the coefficient of any @x@onential, such as

c+rs)=V=1 " will be the probability that the sum of the errdeken setting aside
the sign, i9 + us ; this probability is therefore

0 1\ =v= 2\ ooV,
O Ol
2m +2¢(%)an¢:

the integral relative tac  being taken fram= —7 do= 7 ; beeaurs this
interval, the integrafdew ¢=V-1 or

S

/ dw(cosrw — v/ —1 Sinw)

disappears, whatever be , provided that it is not null.
One has, by developing with respect to the powets of

( IOQ{C_”W‘/: [¢<%> 2¢<%> ¢Vl 2¢(%)CW\/__1]S}
) (2 (2) o
W — slog +2w\/__1[¢<%>+2¢<%>+”'+n¢(%)] — pswy/—1

~o(5) +20(3) o 3)]

\ \ J

By making therefore



one has
2 / da'¢(z') = k, / o da' (') = kK, / o da’ $(2') = k",
/xlgdx/¢(x/) = k;/”’ /$/4d$/¢($/) — kiv’ e

the integrals being taken fromd  null#6=1 ; the second Ipeerof equation
(1) becomes

2 /! 1
slognk + slog(l + %nwv -1- k—n2w2 — > — pswy/ —1.

k

The error of each observation must fall necessarilyin the limits + »n , one has
nk = 1; the preceding quantity becomes thus

9L’ "no__ N2 apr2,—2
. 2K - /—_1_(k:k: 2k" )2 sn*w .
k n k2

by making therefore
po_ 2K

n k

and neglecting the powers@f superior to the squarejuhistity is reduced to
its second term, and the preceding probability becomes

2i dwcflw\/f_lf ‘ﬁkk”};Zk,2 anwZ.
T
Let
k Bt l
6_1/]{:]{://_2]{3/2’ w_n\/g’ n—r\/g

The preceding integral becomes



32r2

L ﬂdtC*(Hl;@)Z

2 n\/g

This integral must be taken from= —occ to=o0c , and then theeggliag
guantity becomes

C“4.

2 ﬂn\/g
By multiplying it byd! or byndr,/s , the integral

1 _&?
m/ﬂdrc

will be the half probability that the value bf , amdnsequently, the sum of the
errors of the observations, is contained within lilvéts %’“’asiar\/g, +a
being the limits of the errors of each observationits that we designate by
+ n, when we imagine them partitioned into an infinite bemof parts.

One sees that the sum of the most probable errdtggsaside the sign, is
that which corresponds to=0 . This sun%iii’sas . In the edsereo(z) is

constant,2 = 1 ; the sum of the most probable errorseietbre then the half
of the greatest sum possible, a sum which is equakto ut,.iB¢(z) is not
constant and diminishes in measure as the error aimxetheﬁkﬁ’ is less than
1, and the sum of the errors, setting aside the sigbelaw the half of the
greatest sum possible.

One is able, by the same analysis, to determingriftgability that the sum of
the squares of the errors will be- us it is easy totkae this probability has

for expression the integral

0 1Y == 2\ 2oy,
& i 3] ()T (e
- Fa()ern

S

Y

taken fromw = —7 tow = 7 . By following exactly the preceding gsisl one
will have

10



and by making

' VEEV — 2§72

the probability that the sum of the squares of theremwbthes observations will
be contained within the limit4-a?s + a?r,/s  will be

;L/nd e
v? Bdrc .

The most probable sum is that which corresponds to; itrisllthereforez’,g—"a% .
If sis a very great number, the result of the obsematwill deviate very little
from this value, and consequently it will make known vesgrly the facto%

20. When one wishes to correct an element already kiopsa nearly, with
the collection of a great number of observations, foneas some equations of
condition in the following manner. Let be the coti@t of the element, and
the observation; the analytic expression of thate heil be a function of the
element. By substituting, instead of the element, pfg@imate value, plus the
correctionz ; by reducing into series with respect tond maeglecting the square
of z, this function will take the fornk + pz ; by equating @ the observed
quantitys , one will have

8 =h+ pz.

z would be therefore determined, if the observation Wg®ous; but, as it is
susceptible to error, by namiag this error, one Rastly, to the quantities near
of orderz? ,

B+ e=h+pz;
and by makingg — h = « , one has
€= Dpz — Q.

Each observation furnishes a similar equation, thati®able to represent for the
(i + 1)t observation by that here

11



e = piy — o),
By reuniting all these equations, one has
1) &@:Z$m_$ﬁ,

the sign S relating to all the valuesiof , from (0 ite s— 1 s bging the total
number of observations. By supposing null the sum of tres this equation
gives
Sa(?)
T
it is this which one names ordinantyean result of the observations
One has seen, irPn 18, that the probability that time af the errors of
observations will be contained within the IimiﬁSar\/E IS

k kr2
dre o,
k'

We name £ u the error of the result ; by substitutingo iaguation (1),
+ ary/s instead of 87, anép% + v insteadof | it gives

B uSp?)
r = a\/g )

the probability that the error of the result  will bentained within the limits

4+ w is therefore
[E gy [ e
k" a

Instead of supposing null the sum of the errors, oneléstalbsuppose null
any linear function of these errors, that we wiinesent thus,

m me +mMe®) 4+ m®e® o s els=1)
m, mM), m? ... being entire positive or negative numbers. By subsiiuti
into this function ), instead of ¢V ¢2 ... , their valugsen by the

equations of condition, it becomes

12



2Sm®p® _ g0,

by equating therefore to zero the functiam ( ), one has

Let v be the error of this result, so that one has

S )

z= + u;

the function fn ) becomes
uSm D p®,

We determine the probability of the errer , when ¢hservations are in great
number.
For this, we will consider the product

/¢(§)Cma“w\/_1 5 /¢(§)Cm<1>xw\/_1 NI /¢(§) dn(smq;nw\/—_l’

the [ signextending to all the valueszof , from theesrtr negative value of
to its positive extreme valué.(f) IS, as in the precesiagions, the probability
of an errorz in each observatian; being supposed, thus frmed from an
infinity of parts taken for unity. It is clear thatetltoefficient of any exponent
c’w\/*_l, in the development of this product, will be the prdibgathat the sum
of the errors of the observations, multiplied respegtiby m, m?), ..., that is
to say the functionnf ), will be equal to ; by multiplyitherefore the preceding
product by c=V-1 | the term independent &fvc'! and of its powerthis
new product, will express this probability. If one supppsasswe have done it
here, the probability of the positive errors the sasi¢hat of the negative errors,
one will have, for the sunfig(£) "¢€=v-! | to reunite the termstipligld, one

by cmm\/*_l, and the other by*tf””"\/*_1 , then this sum takes the form
2[¢(£)cosmamw . It is likewise of it of all the similar sumshdnce it follows
that the probability that the functiom( ) will be eqt@l is equal to

13



c VTl x 2/¢(£)008mxw
1 a
o dw . | i
' . 2/¢(—)c03m(1)xw X +e X 2/¢(—) cosn®* Vaw
a

a

(i)

the integral being taken fromv = -7 t@=x . One has, by rewnithe
cosines into series,

/¢(§)C08mxw:/¢(§)_%m2a2w2/z_z¢(§)+m

If one makes’ = 2’ and if one observes that, the variatianbeing unity, one
hasdz’ = 1 , one will have

/¢(§) ~ a/dx'gb(x’).

We name, as in the preceding sectidns, the intedial’¢(z’) taken fromz’
null to its extreme positive value; we name similady the integral
[z"*da' ¢(x'), taken within the same limits, and thus consecutivetywill have

k" k,iv
2/¢(§)008mxw = ak (1 — ?m2a2w2 + ok miatw? — >

The logarithm of the second member of this equation is

k" kkV — 6k”2
— ?m2a2w2 + Wm“a“w4 — .-+ logak;

ak or 2a [dx'¢(z') expresses the probability that the error of edudervation
will be contained within its limits, this which i®dain; one has therefoug =1
this which reduces the preceding logarithm to

i 2
k" kEV — gk
Y n2ae? + miatot — ...

k 12k?

Thence it is easy to conclude that the product

2/¢(§)COSmJ}w X 2/¢(§) cosnVzw x -+ x X 2/¢(§) cosn* Vaw

14



iv "2 7
(1 p B0 12_k§k a‘wSm* 4. )c Fatwient,

the preceding integrail () is reduced therefore to

"2
—/dw( k‘k’lvl2k§k a4w4srn(7?)4+_ ) flw\/_ 7@ 22 Sm ()2

By makingsa’w? = t? , this integral becomes

k‘k‘iv . 6]{,‘”2 Son(i)4 YT sm@2 2
di| 1 thp e TR
( T e e

1
Qaw\/g

Sm2, sn@4 ... are evidently some quantities of order ; tRgs" is of
order% ; by neglecting therefore the terms of thisdader vis-a-vis of unity, the
last integral is reduced to

lw 1 k’ / Sm( )

dte 5

Qawf

The integral relative tav must be taken from= —n «o=n ,itlegral
relative to¢ must be taken from= —ary/s tot = am,/s, and in these cases
the exponential under the  sign is insensible to ttvesdimits, either because
is a great number, or because is here supposed dividezhimnity of parts
taken for unity; one is able therefore to take thegrdl fromt = —oo tot = oo .

We make
, k"Sm, I\ — k;f
t = 71{:8 t

+ 2ak"Sm(2

the preceding integral function becomes

K2

& 4k a25m () /dtlct/Z
2am %Srm(i)2

The integral relative td’ must be taken, as the integidative tot, from
t' = —oo tot’ = oo, this which reduces the preceding quantity to that, her

15



%12
C 4k” 2Sm(

N

If one maked = ar\/E and if one observes that, the variaifdnbeing unity,
one hasidr =1 , one will have

—_— d’]”c 4k”Sm(7')2’
2 k;clSrm(i)Q

for the probability that the functiorm( ) will be camed within the limits zero
andar,/s , the integral being taken from  null.

We have need here of knowing the probability of thereur of the element
determined by making null the functiom( ). This functiainly supposed equal
to ! or toar,/s , one will have, by that which precedes,

uSrm(i)p(i) = ar\/g;
by substituting this value into the preceding integral fon¢tit becomes

S sy
du C 4 a2sm ()2 ;
(4)2

" -
2a kk—”Srm ’

it is the expression of the probability that the vadfie will be contained within
the limits zero and: , it is also the expression ef pnobability thatu will be
contained within the limits zero aney. . If one makes

k' A/ S, ()2
u=2at\| ————
k S(rn(%)p(%)’

the preceding probability becomes

1
— / dte .
VT
Now, the probability remains the sante, remainsstrae, and the interval of
the two limits ofu are tightened so much morezgs: va " migller. This
interval remaining the same, the valuef of |, and conmlguhe probability that

16



the error of the element falls within this intervial so much greater as the same
quantitya. /& Smsf”;;fi is smaller; it is necessary therefore toosie the system of
factorsm(? , which renders this quantity a minimum; and,&sk” are the same
in all these systems, it is necessary to choossystem which render% a
minimum.

One is able to arrive to the same result in this mreanWe resume the
expression of the probability that ~ will be containgthin the limits zero and
The coefficient ofdu in the differential of this exgston is the ordinate of the
curve of probabilities of the errois  of the elememtprs represented by the
abscissa: of this curve, that one is able to extendfihity on each side of the
ordinate which corresponds to  null. This put, each eeher positive, or
negative, must be considered as a disadvantage or aossalin any game
whatsoever; now, by the principles of the theory aibabilities, exposed at the
beginning of this Book, one evaluates this disadvantagekiyg the sum of all
the products of each disadvantage by its probabilityjrtbéen value of the error
to fear to the plus is therefore the sum of the prodatteach error by its
probability; it is consequently equal to the integral

[uduSmWpi) e wiasn?
2a k;:r Sr)n(7)2

Y

taken fromu, null ta: infinity; thus this error is

k' +/ Sm(9)2
W kr Smp0-

This quantity, taken with the-  sign, gives the meanrdodear to the less. It
is clear that the system of factors?) that it isassary to choose must be such
that these errors are some minima and consequently thatkw% IS a

minimum.
If one differentiates this function with respect td” one will have, by
equating its differential to zero, by the conditiontod tninimum,

This equation holds, whatever be , and, as the variafio does not change the

17



fraction £ at all, by naming this fraction, one waiéive

m=pp, m=ppt, o mET =Ty,
and one is able, whatever pep"), ... |, to take such thahuhmbersm,
m(D, ... are entire numbers, as the preceding analysis supposhksritone has
Sp )
2=,
Sp(1)2

and the mean error to fear becomes

kJ/
aq /=

km
+

Sp(i)Q :

It is, in all the hypotheses that one is able to n@kehe factorsn ), ... |
the smallest possible error.

If one makes the values of m(!, ...  equal4ol , the mean wrfmar
will be smaller when the sige=  will be determinedaimanner thainpl) s
positive, this which returns to supposiig= m = m®) = ..., and to prepare

the equations of condition, so that the coefficient of each of them is positive;
this is that which one does in the ordinary methocenTine mean result of the
observations is

Sa(?)
2= =

Spl)”
and the mean error to fear to the plus or to theidess

s
/i
:t .

Spl)

but this error surpasses the preceding, which, as oneeeasis the smallest
possible. One is able to be convinced of it besiddglisnmanner. It suffices to
show that one has the inequality

\/5 1

~ > =
Sp(7) Sp(1)2

or

18



SSp(i)Q > (3)(7) )2.

In effect, 2pp't) is less thap? + pM? | singp!™ — p)?>  is a positive qipnti
one is able therefore, in the second member of tkeepging inequality, to
substitute, for2pp) p?> +pV? — f f being a positive quantity. By making
some similar substitutions for all the similar produthss second member will be
equal to the first, less a positive quantity.
The result
Sp )

2 = —

Sp(i)Q ’

to which corresponds the minimum of mean error to, fsathe one which the
method of least squares of the errors of the obsensgives; because, the sum
of these squares being

(pz — a)? + (p(l)z _ a(l))2 4ot (p(sfl)z _ a(sfl)){

the condition of the minimum of this function, by makin vary, gives for this
variable the preceding expression; this method must fthierée employed in
preference, whatever be the law of facility of tieoes, a law on which depends
the ratiot" .

This ratio is§ , if¢(x) is a constant; it is less thanif ¢(z) is variable, and
such that it diminishes in measurezas increases,i@satural to suppose. By
adopting the mean law of errors, that we have givef itb and following which
¢(z) is equal tog-log ¢ , one has

k" 1
k18
As for the limits + a , one is able to take for theswsits the deviations of the
mean result, which would make to reject an observation.
But one is able, by the same observations, to deterthe facto:a\/% of

the expression of the mean error. Indeed, one hasiesee preceding section,
that the sum of the squares of the errors of the @disens is very nearls ”1’“" ,
and that, if they are in great number, it becomesemsly probable that the
observed sum will not deviate from this value by a is&nguantity; one is able

therefore to equate them; now the observed sum is equ&®? or to
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S(p'Yz — a'D)?, by substituting for  its valu% ; one finds thus

alk" Sp(i)Q. 894(7:)2 _ ( S‘p(i)a(i))Q

2s k - Sp(i)Q

The preceding expression of the mean error to fear ceisgethe resultz
becomes then

Sp(2\/2sm ’

an expression in which there is nothing which is giwen by the observations
and by the coefficients of the equations of condition.

. \/ Sp(i12, Su(02 — (D)2

21. We suppose now that one has two elements to cdyebe collection
of a great number of observations. By naming 2nd redsgective corrections
of these elements, one will form, as in the precedewion, some equations of
condition, which will be contained under this generatfo

€0 = p 5 4 g0, _ i)

€) being, as in that section, the error of thier( S ) ol®n. If one
multiplies respectively byn, m, ... mE-Y  these equations, and if aatds
together these products, one will have a first final egoa

(1) (D) — (D)@ 1 1 gn) (1) _ Gy, 0)
Sm'e z.9n"p" 4+ 2. Sn'q o alt.

By multiplying further the same equations respectively gV, ..., n*~Y and
adding these products, one will have a second final equation

(1) (1) — (i) (0) 1 g (1) (1) _ (i), (1)
Sn''e z2.S5p" 4+ 2. Sgq S\ o',

the sign S extending here, as in the preceding secticall, the values of , from
1=0tor=s5—1.

If one supposes null the two functions:¥ e n(& | functioristwive
will designate respectively byn( ) and ( ), the two preagdinal equations will
give the correctiong and  of the two elements. Besehcorrections are
susceptible of errors, relative to that of which skposition that we have just
made is itself susceptible. We imagine therefore thatfanctions h ) andr( ),
instead of being nulls, are respectively &nd , and weemaandu’ the errors
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corresponding to the corrections afid , determined bywhi&ch precedes;
the two final equations will become

[ =u.SmDp® + 4/ .Sn g,
' =u.Snpl?) + o' Sl q,
It is necessary now to determine the factorsm, ... n, p), ..., in a

manner that the mean error to fear respecting eacheat is a minimum. For
this, we will consider the product

/¢ —(mw+nw)zy/—1 /¢ —(mWanWe)zy/~1 X e
/¢ —(mEVo4nt Ve )zy/—1

Y

the sign/  referring to all the valuesof |, fram= —a  ate= a ¢(%) being, as
in the preceding section, the probability of the enrpthus as of the errorx
The preceding function becomes, by reuniting the two exuigais relative tac
and to—z ,

2/¢(§)Cos(mxw+ nrw') X 2/¢(§) co$mMaw 4+ nWHaw') x -
[0 a
x (s—1) (s—1),.
x2/¢(a)cos(m rzw+nVrw'),
the sign/ extending here to all the valuescof , fiom 0 0 z t= a, x being

supposed, thus as , divided into an infinity of parts takemnity. Presently it
is clear that the term independent of the exponentialshe product of the

preceding function by:~=V-1+'='V-1 is the probability that the suimhe

errors of each observation, multiplied respectively thym(V), ..., or the
function (), will be equal té , at the same time asftinction (), sum of the
errors of each observation, multiplied respectively:by.(!), ..., will be equal

to !’; this probability is therefore

2/¢(§)C05{mxw+ nrw') X

//dwdwc lwy/=1-1w'\/~1 .
X 2/¢(5)C05(m(81)xw +n V),

472 ’
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the integrals being taken from and equatto wto w@hdqualdor .
This put:

By following exactly the analysis of the preceding magtone finds that the
preceding function is reduced to very nearly to

_ - 21 _2a(i)2 (D), () 112 G (i)
i 2//dwdw'c looy/ —1-l'w'\/— ka[wSm +2ww’. Snn 4+’ Sl ]
T

k and k" having here the same signification as in théosecited. One sees
further, by the same section, that the integralsadle to be extended from
aw = —00, aw = —00, toaw = co anthw’ = oo . If one makes

aw.Sm D n kl\/—1

Premt et s Su:

.k (1Smnl 12),/—1

— —
b=aw 21{:”&8)%)81) ( 7n(7))2’

if one makes next
E = Sm92 g,02 _ (sm(i)n(i))?’
the preceding double integral becomes

’ G / k”12 W2E
o= i P82 20 Sl 11 Sl / / dt dt Sm2 - L0%8
47r2a2

By taking the integrals within the positive and negamfmite limits, as those
relative toaw andiw’ , one will have

k25002 01 g (i) /2 g (1)2
4142 E

( ) !
(0] - - —=C
4kk 7ra2 / E

It is necessary now, in order to have the probaliliat the values df and 6f
will be contained within the given limits, to multiptiis quantity bydl dI’ , and
to integrate next within these limits. By namiRg sthuantity, the probability of
which there is concern will be therefofef X didl’ . But, mler to have the
probability that the errore.  and  of the correctiofighe elements will be
contained within the given limits, it is necessaryststitute within this integral,
instead ofl and’ , their values in and . Now, if ondedhtiates the
expressions df and df , by supposihg constant, one has
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dl = duSm""p\) 4 du' Sn V¢!,
0 = duSnWp" + du’ S ¢,

this which gives

du(SmOp® S 0g) — G0 p) . Gl i)

= Snlg®

If one differentiates next the expressiori’of , by suipgas constant, one has
dl' = du'Sn'Vq",
one will have therefore
dldl = (Sm(i)p(i)_sl(i)q(i) — S (7) Gn () m)du du'.
By making next

F = Sn2(5n®p)2 — 2 Spn). g p. 0P 4 §O2 (g0 pi)2,
G = Sn2.Snpd gn ) 4 §,02. gDy g0

— smn®. S0 p0 . §n)g® 4 gu ). g0y,
H = Sn®2.(Snq0)2 — 2 $nin). ga(gl). g0 4 g2 ( g)g®)2,
T = Sm®p® 5p) ) — G0 gl gli)

the function ¢ ) becomes

1 du du k(F112+2(}11u/+H1/2)
4Ka2E X
4 k‘” a?

We integrate first this function froml = —oc0c 10 = o . If onekea

VB9
B

and if one takes the integral from= —oco to=o0c , one wil haby
considering of it only the variation af

/ k  du 1 _ ku? FH-G?
_ C 4'a2 EH |
V 4k a J/H
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Now one has

FH - G?
7212.
E )

the preceding integral becomes therefore

1 du k 7%]2“2
JH o Ve T

One will have, by the preceding section, the mearr ¢oréear, to the more or to
the less, respecting the correction of the first eld@mby multiplying the quantity
under the sign/| bytw , and taking the integral frare 0  ute 0o s th

which gives, for this error,

g

ia\/ﬁ’

k
I3

the + sign indicating the mean error to fear to the @wsl the — sign the

mean error to fear to the less.
We determine presently the factors’)  afd  , in a mahaethis error is

a minimum. By makingn”)  vary alone, one has
VH =800 + g0 S50
I I
dSn02 Sn ) — ) g g G40
— 4D Sm D G0 g0 L i) §0gl))2
H

It is easy to see that this differential disappearspné supposes, in the
coefficients ofdm( |

dlog

+ dm®

m® = up®. ) = g0

1 being an arbitrary coefficient independentiof , andneans of which one is
able to renderm) ana) some whole numbers; the preceding sitigpo

renders therefore null the differential%gi , taken withpect tan() . One will
see in the same manner that this supposition renddrihauifferential of the
same quantity, taken with respect &) . Thus this supposiémders a
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minimum the mean error to fear respecting the cooeadf the first element;
and one will see in the same manner that it rendetiser a minimum mean error
to fear respecting the correction of the second eleraererror that one obtains
by changing in the expression of the precedihg Into deUthis supposition,
the corrections of the two elements are

Sq12, D) — g, g
Spl2. 502 — (i) ¢(D)2 ’
, Spli2, g — g, g
== Sp2. 502 — (Sgl))2
It is easy to see that these corrections are tthedehe method of least squares
of the errors of the observations gives, or of th@mum of the function

z =

Sz + g9 — o2,

whence it follows that this method holds generallyatglier be the number of
elements to determine; because it is clear that teeiqus analysis can be
extended to any number of elements.

By substituting fora, / ’,j—ﬂ the quantitv %: , to which one is ablerf 20,

to suppose it equak €V, ...  being that which remains in thet®ons of
condition after having substituted there the correctginven by the method of
least squares of the errors, the mean error to éspecting the first element is

\/ 297r \%
\/Sp ( q(”)Q'

The mean error to fear to the more or to the lesgecting the second element is

\/ 297r \%
\/Sp ( q(”)Q'

whence one sees that the first element is moress Well determined as the
second, according ag8> is smaller or greater th&i S

If the » first equations of condition do not contagin adif and if thes — r
last do not contairp at all, therpSg” =0 , and the precedimmuias
coincide with that of the preceding section.

25



One is able to obtain thus the mean error to fespewing each element
determined by the method of least squares of the ewbegever be the number
of elements, provided that one considers a great nunilzdsservations. Let,
22", 2", ... be the corrections of each element, and we reprgseetally the
equations of condition by the following:

€ = pWy 4 W2 4 p@" 14O 4. o0,

In the case of a single element, the mean erragaoi$, as one has seen,

N [Se@? 1
(a) 2sm \/Sp(i)Q.

When there are two elements, one will have the reean to fear respecting the
first element by changing, in the functiom ( p''%  ISd")? _ & ‘1;2 , this

which gives, for this error,
\/ 297r \Z

@) —.

N ( $q0)?
When there are three elements, one will have ttter & fear respecting the first
element, by changing, in this expressiat ( p% ingd) 5 Sp( T( ,
Spgl) into gl — W ,and &2 into @2 — &L r<2 - this

which gives for this error

\/S;im&z 2§02 — (g0
{sp S0 S0z - S 80 ) 87 ﬁﬂr(f?))?}'

In the case of four elements, one will have theretwofear respecting the first
element, by changing in this expressiaf ( }"V% ingo) 5 Sp( ’< ,

Spql) into gl — w , etc. By continuing thus, one WI|| have the
mean error to fear respecting the first element, ewsat be the number of
elements. By changing, in the expression of this ethat which is relative to the
first element, into that which is relative to thecend and reciprocally, one will

have the mean error to fear respecting the secon@meand thus of the others.

@) =+
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Thence the result a simple way to compare among thesrsdiastronomical
Tables, on the side of precision. These Tables deeahvays to be supposed
reduced to the same form, and then they differ onlyhleyepochs, the mean
movements and the coefficients of their argumentsauss; if one of them, for
example, contains an argument which is not found a #tie others, it is clear
that that returns to suppose, in that here, this cafti null. Now, if one
compared these Tables to the totality of the good whsens, by rectifying
them through this comparison, these Tables, thusieggtiould satisfy, by that
which precedes, the condition that the sum of the squéditde errors that they
would permit to subsist yet be a minimum. The Tableshviarould approach
most to fulfill this condition would merit therefore peeence, whence it follows
that by comparing these diverse Tables to a consiéenabhber of observations,
the presumption of exactitude must be in favor of thavhich the sum of the
squares of the errors is smaller than in the others.

22. To here we have supposed the facilities of the pestrors the same as
those of the negative errors. We consider now thergkoase in which these
facilities are able to be different. We name therial in which the errors of
each observation are able to be extended, and we suppdisieled into an
infinite numbern + n” of equal parts and taken for unity, dpeire number of
the parts which correspond to the negative errorspahding the number of the
parts which correspond to the positive errors. On eaatt of the intervat we
raise an ordinate which expresses the probabilithetbrresponding error, and
we designate bgb( f“ ) the ordinate corresponding to the errdhis put, we

n+n’

will consider the sequence

¢( -n >Cq7LW\/_1 +¢ [ﬂ} C*Q(nfl)w\/f_l + -

n+n n+n'

LN WVENE U L )y
+¢(n+n’>cq +¢(n+n’>+¢(n+n’>cq i

!/

+ ¢( n'—1 >Cq(N’1)W\/_1 + ¢( n >an’W\/_1_

n—+n n+n

We represent this sequence fby( f“ )cqm"\/*_1 , fhe  sign extendingtteeal

n+n’
values ofr , frome = —n ta=n’' . The term independent:%f/*_1 andsof i
powers, in the development of the function
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—(l+p) w\/_/¢(n+n> qa:w\/_/¢(n+n> qV xw\/_ /¢(n+n >Cq(s1)xw\/_1’

will be, by r? 21, the probability that the function
(m) ge +qWe) 4 ... 4 gDl

will be equal td + p ; this probability is therefore
(1) — / A e e / ¢(

the integral being taken from = —7w to =7 . The logarithm &f fiimction

MD\/_ l’w\/_ <1)mw\/jl_._
@) ¢’ /g(n+n>& /g(n+n>&

IS
€ qrwoy/ —1
_uwx/—1+log[/¢(n+n,>c :|+

n andn’ being supposed infinite numbers, if one makes

> Cq;r:w\/ -1 %

n+n'

X / 1 /
- =1, - =dz;
n—+mn n—+mn

if, moreover, one supposes
k= /dx'¢(x/), k' = /x'dx/¢(x'), - /x'delé(x'), el

the integrals being taken from= — - 16= - , one will have

k'
1+ — n+nzm/
£ qu\/Tl _ / k?
!/¢(n+4ﬂ>c (n+n')k _Eﬁ
2k

(n+n')w® + -

The error of each observation must fall within tingits —» and + »’ , and the

probability that this will hold being'¢ (=) o +n')k , this quagtinust be

equal to unity. Thence it is easy to conclude thatagarithm of the function (2)
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is, by makingu’ =

n+n’ !

K , kK" = k”

the sign S embracing all the valuesiof , from null to s — 1. One will make
disappear the first power af , by making

k'
R A
ILL k,’ % Y

and if one considers only the second power, this wiiiEhis able to do by that
which precedes, when is a very great number, onéhawt, for the logarithm
of the function (2),

B kk" — k,/2
2k2

By passing again from the logarithms to the numbers, fainetion (2) is
transformed into the following

34" )2(n + /)2

2
o~ (2 Sgl 2
7

the integral (1) becomes thus

" /2
o ¢ —lwy/— f‘rkk%k (n+n')?w?Sg)?
27

We suppose
I = (n+n")rv/Sq®2,
" _ 112 ()2 /1 2%e2
t:\/(kk 2k ) (n—i—n')w—r k

k2 92 Lk — ]{3/2 :
The variation of being unity, one will have
1= (n+n")dry/Sq"?;

the preceding integral becomes thus, after having igrated fromt = —oco to
t =00
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K22
kdr Tk —I?)

C
V2(kk" — k)

Thus the probability that the functiom( ) will be camned within the limits

/
%Sq(i) + ary/ §02,

is equal to

k22
Z(kk//fk/i)

2 / kdr
C
V) 2kE = E?)
the integral being taken from null.

“7’“’ Is the abscissa of the ordinate which passes thrdwegbenter of gravity
of the area of the curve of the probabilities of éhers of each observation; the
product of this abscissa byj@ is therefore the mesuitreoward which the
function (n) converges without ceasing. If one suppdsesy = ¢!) =--- e th
function (m) becomes the sum of the errors, and théh ISecomess ; therefore
by dividing the sum of the errors By , in order to hdheemean error, this error
converges without ceasing toward the abscissa of theercef gravity, in a
manner that by taking on both sides any interval vadeatsr as small as one will
wish, the probability that the mean error will faithin this interval will finish, by
multiplying indefinitely the observations, with diffegrfrom certainty only by a
guantity less than every given magnitude.

23. We have just investigated the mean result that sdosenations
numerous and not yet made must indicate with most advaraagehe law of
probability of the errors of this result. We will cder presently the mean result
of observations already made and of which one knowseff@ective deviations.
For this, we imagine a number of observations ofsdree kind, that is to say
such that the law of errors is the same for all. \&e A the result of the first,
A + ¢ the one of the second, + ¢)  the one of the third, andithsequence;
q, ¢V, ¢, ... being positive and increasing quantities, this whichisaéways
able to obtain by a convenient disposition of theeokstions. We designate
further by ¢(z) the probability of the error  for eachsetvation, and we
suppose thatd + = is the true result. The error of the dibservation is then
—xz; ¢g—x, ¢V —z, ... are the errors of the second, of the third, etwe T
probability of the simultaneous existence of all theisers is the product of their
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respective probabilities; it is therefore

o(—2)p(q — 2)p(qV — )+

Now, = being susceptible of an infinity of values, bysidering them as so many
causes of the observed event, the probability of eatitem will be, by A 1,

dz ¢(—x)p(q — x)p(¢V) — z)- -
Tdz ¢(—2)d(q — 2)d(qD — z)---

the integral of the denominator being taken for all ¥dies of whichz is
susceptible. We namg  this denominator. This put, wegiitea curve of which
x is the abscissa, and of which the ordinate is

Ho(—z)p(q — z)p(q"V — z)--,

this curve will be that of the probabilities of thalues ofr . The value that it is
necessary to choose for the mean result is thathwhkicders the mean error to
fear a minimum. Each error, either positive, or negatinust be considered as a
disadvantage, or a real loss in the game, one has ¢he disadvantage, by
taking the sum of the products of each disadvantage byob=mlpiity; the mean
value of the error to fear is therefore the sum ef phoducts of each error,
setting aside the sign, by its probability. We deterntime abscissa that it is
necessary to choose in order that this sum is a onmirfror this, we give to the
abscissas for origin the first extremity of the prbog curve, and we namé
andy’ the coordinates of the curve, by departing fromatign. Let! be the
value that it is necessary to choose. It is cleat, ththe true result were |, the
error of the result would be, setting aside the dighy’ as much as’ would
be less thard ; oy’ is the probability that is thestresult; the sum of the
errors to fear, setting aside the sign, multiplied by theobability, is therefore
for all the values of’ less thdn [(l — z')y/dz’ , the integrahtpeken from
' =0 to 2/ =1. One will see in the same manner that, for valees ofz’
superior tol , the sum of the errors to fear, multipligdtheir probability, is
[(z' = D)y'da’, the integral being taken from’ =1 to the abscissa
corresponding to the last extremity of the curve; thi&re2 sum of the errors to
fear, setting aside the sign, multiplied by their respectrobabilities, is
therefore
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/(l — 2"y dx’ + /(x' — )y dz’.

The differential of this function, taken with respezt tis

dl/y'dx' - dl/y'dx';

because one has the differential pfi — z')y/dz’ , by differemiafirst the
value ofl under thg sign, and by adding to this differetit@increase which
results from the variation of the limit of the intagra limit which is changed into
[+ dl. This increase is equal to the eleméht x')y'dx’ , to the lmhiere

' =1; it is therefore nul, andil[ydz’ is the differential ofettintegral
[(I—2")ydx’. One will see in the same manner thatll [y dz’' is the
differential of the integralf (z' — 1)y’dx’ . The sum of these diffeias is null
relative to the abscisga , for which the mean @wdear is a minimum; one has
therefore, relative to this abscissa,

/y/dx/ — /y/dx/,

the first integral being taken froni =0 6 =1 , and the sdcoeing taken
fromz’ = [ to the extreme value of

It follows thence that the abscissa which rendeesriean error to fear a
minimum is that of which the ordinate divides the aoédhe curve into two
equal parts. This point enjoys further the property taheeone on the side of
which it is also probable that the true result falgt beyond, and by this reason
it is able further to be namediddle of probability . Some celebrated gevset
have taken for the middle that it is necessary to shdloe one which renders the
observed result the most probable, and consequently kbkeissa which
corresponds to the greatest ordinate of the curve; bunididle that we adopt is
evidently indicated by the theory of probabilities.

If one putsp(z) under the form of an exponential, and if desgnates it by
¢ ) so that it is able equally to agree to the positivé megative errors, one
will have

(1) y = He V@) —bla—a—ba—gV)’—

If one makest = a + z , and if one develops the exponemt of megpect to
the powers ot, y will take this form
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y = H071\172N27Pz27Qz37---

Y

an expression in which one has

M = (a®) +¢(a — q)* + (e — qV)* + -,
N =ay/(a®) + (a — q)¢/'(a — )+(a—q()) Y (a—qM)P +--
P=y/(@®)+¢'(a—q) +¢'(a—q")’ +--- +2a°¢"(a?)
+2(a - q)*¢"(a - )’ +a( —q“))@b( (1)) +-oy

T

Y/ (t) being the coefficient ofit in the differential @f(¢) ’t) being the
coefficient ofdt in the differential of’(¢) , and thus ceaostively.

We suppose the number of observations very great, amttt®emines by
the equationV = 0 which gives the condition of the maximtding then one has

y = Hcfl\lszZsz;}f---

M, P, @Q, ... are of ordes ; now, if is very small of ordég Q7* becomes

of orderﬁ , and the exponent&alQZL'“ is able to be reduceditp. Thus, in
the interval fromz: =0 to = ﬁ , one is able to suppose

NP2
r=He MP=,

Farther on, and when is of order: m, being smallen thaity, Pz>
becomes of ordes!~™ ; consequently” 2 becomes, thus asensible; so
that one is able, in all extent of the curve, to suppos

y = HeM-P2
The value ot given by the equatidh=0 , or
0=ay/(a®) + (a — g0 (a — q)* + (a — q(l))¢’(a — q(l))Q SR

is then the abscissa corresponding to the ordinatehwdivides the area of the
curve into equal parts. The condition that the entiea af the curve must
represent certitude or unity gives

1 )
— d —M—Pz
Jzi / e ’
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the integral being taken from= —occ to= oo , this which gives

M \/ﬁ
VT
The mean error to fear to the plus or to the lessakmga for the mean result

of the observations, ist [2ydz , the integral being takemnfro null to 2
infinity, this which gives for this error

H =

1
bW

But the entire ignorance where one is of the aw(*")  theferrors of each
observation does not permit forming the equation

0=at/(a®) + (a— q)/(a— ) + -,

Thus, knowledge of the values @f¢'"), ...  shedposteriori  no light on the
mean resulta of the observations, it is necessarypedoheld to the most
advantageous result determinacpriori , and that one has séenthe one

which furnishes the method of least squares of theserro

We seek the functiogh(z?) which gives constantly the réilne® arithmetic
means, admired by the observers. For this, we imathiag out of thes
observations, the first coincide, thus as the: [Ake equationV = 0
becomes then

0 = iat(a®) + (s — i)(a — )¢/ (a — q)*.
The rule of the arithmetic mean gives

s—1

a= q;
s

the preceding equation becomes thus

s—i\’ 2
e (i)
S S
This equation must hold whatever Be and , it is nepesbat ¢/(t) is
independent of , this which gives
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W(t) =k,
k being a constant. By integrating, one has
P(t) =kt — L,

L being an arbitrary constant; hence,

wa(;r:Z) — CL*]CLLQ.
Such is therefore the function which is able alongive generally the rule of the
arithmetic means. The constaht must be determineal mmanner that the
integral [da ¢=~ % taken from: = —co t@ = oo , is equal to unity; because it
is certain that the errar  of an observation muktMighin these limits; one has
therefore

consequently the probability of the error\}/sgc*’“z)

In truth, this expression gives infinity for the linait the errors, this which is
not admissible; but, seeing the rapidity with which tkisd of exponential
diminishes in measure as increases, one is abéked: trather great for which
beyond the admissible limit of the errors their prdlitegs are insensible and able
to be supposed null.

The preceding law of errors gives, for the general egmeg1) ofy ,

y = / %efksua
T

by determiningd in a manner that the entire integgalz is unity, and making

Sq(i)
S

xr = —+ u.

The ordinate which divides the area of the curve imo equal parts is that
which corresponds toe = 0 and consequently to
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this is therefore the value of that it is necessaighoose for the mean result of
the observations; now this value is that which thle of the arithmetic means
gives; the preceding law of errors of each observagioes therefore constantly
the same results as this rule, and one has seen gh#ta only law which enjoys
this property.

By adopting this law, the probability of the erref)  tife ¢+ 1)

observation is
kf _ L (1)2
\/je ke :
T

now one has seen irP n 20 that, being the correctioanoelement, this
observation furnishes the equation of condition

) = i, o0,
The probability of the value gf)z — o) is therefore

k/‘i (1) o, (1))2
K o=k,

™

the probability of the simultaneous existence ofsthaluespz — a pMz — oV |
., p Yz — ab~1 will be therefore

s—1
T

This probability varies withz ; one will have the patldity of any value
whatsoever ot by multiplying this quantity By ~ and divigithe product by
the integral of this product; taken from= —co  46=0c0 . Let

Sp(i) gl
- Spli)2

+ u;
this probability becomes

" k‘Sp(i)Q efku23p<i’>2’

™

so that, if one describes a curve of which the anefft ofdw is the ordinate and
of whichu is the abscissa, this curve, extended fiiocm—oo to u = oo, Is able
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to be considered as the curve of the probabilitiehefetrorsu , of which the
result

Sp )
Sp(i)Q

z =

is susceptible. The ordinate which divides the aredefcurve into two equal
parts is that which correspondsio=0 , and consequenthetpal toSp( “< ;

this result is therefore the one that it is necgssachoose; now it is the same as
the one which the method of least squares of errohsérvations gives; the
preceding law of errors of each observation leads fdreréo the same results as
this method.

The method of least squares of errors becomes negesbkan there is
concern to take a mean of many given results, eacthebgollection of a great
number of observations of diverse kinds. We suppose k&t @lement is given:
1° by the mean result of observations of a first lkand that it is, by these
observations, equal td ; 2° by the mean resul/ of reasens of a second
kind and that it is equal td + ¢;  3° by the mean result’of seolations of a
third kind and that it is equal tel +¢ , and thus of the reimginlf one
represents byl + = the true element, the error of thétrekthe observations
will be —z; by supposing thereforg equal to

\f@’

if one makes use of the method of least squares ofsermrarder to determine

the mean result, or to
k Spli?
V k" 2a\/§’

if one makes use of the ordinary method; the probalbifithis error will be, by
n° 20,

B

VT
The error of the result of thé  observations willgbe =, and, by designating

by 8’ for these observations that which we have nafnfed thes observations,
the probability of this error will be
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gL
VT

Similarly, the error of the result of th¢  obserea will beq’ — =, and by
naming for thems” that which we have named for ¢he seolations, the
probability of this error will be

/T
and thus consecutively. The product of all these probesilwil be the
probability that—z, ¢ — =, ¢ — =, ... will be the errors of the meanutts of
the observations, s', s”, ... By multiplying it byz and taking theegral
fromz = —co tox = oo, one will have the probability that theaneresults of
the observations, s”, ...  will surpass respectivelyyby’, ... thennnesult
of thes observations.

If one takes the integral within the determined limibsie will have the
probability that, the preceding condition being fulfilléloe error of the first result
will be contained within these limits; by dividing thisobability by that of the
condition itself, one will have the probability thde error of the first result will
be contained within some given limits, when one igaie that the condition
effectively holds; this probability is therefore

)7

[dae a8 w—ap=8" (=)~
fdxc*ﬁZmZ*ﬁ,Z(m*qy*ﬁ”Z(l’*q,y*' o

the integral of the numerator being taken within themiimits, and that of the
denominator being taken from= —oco #0=0c0 . One has

B+ — @)’ + 0" (@ — ¢+
= (B + 087+ 8" )t —2(8%q+ 87 )+ 80+ 5+
Let

_ B%q+ 8"+
- 52+5/2+5//2+...

the preceding probability will become

+t;
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[dt ¢ (B8 6"
[dt = (B84 )1

the integral of the numerator being taken within somergiimits, and that of the
denominator being taken frofr= —cc  te= 0o . This last integral i

J7
VB G+ 57

By making therefore

tlzt\/62+ﬁ/2+5”2+“'7

the preceding probability becomes

I
ﬁ/dtc

The most probable value of is that which corresponds null, whence it
follows that the most probable value ©of is that Whiorresponds te =0 ;
thus the correction of the first result, which thdemtion of all the observations
s, s, §”, ... have with most probability, is

B%q+B8"q + -
52+5/2+5//2+...'

This correction, added to the resdlt , gives, for tisaltehat it is necessary to
choose,

2

AR+ (A+q)B% + (A+¢)B" + -+
62+ﬁ/2+5//2+_,_

The preceding correction is that which renders a minirti@riunction
(Bz)* +[8'(z — @ + [8"(x — ¢")* + -+
Now the greatest ordinate of the curve of probabiltiethe first result is, as one

has just seen i\tif ; that of the curve of probabiliiéthe second result % ,

/T

and thus consecutively; the mean that it is necessariyoose among the diverse
results is therefore the one which renders a minithersum of the squares of
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the error of each result multiplied by the greatest atdinof its curve of
probability. Thus the law of the minimum of the squawéshe errors becomes
necessary, when one must take a mean among some gagritgach by a great
number of observations.

24. One has seen previously that, in all the mannezertine the equations
of condition in order to form some final linear equasip necessary to the
determination of the elements, the most advantagedhatisvhich results from
the method of least squares of errors of the obsenstiat least when the
observations are in great number. If, instead of densig the minimum of the
squares of the errors, one considered the minimum ef pthwers of the errors,
or even of each other function of the errors, thal quations would cease to be
linear, and their resolution would become impracti¢dahe observations were in
great number. However there is a case which mepgtgticular attention, in this
that it gives the system in which the greatest egetting aside the sign, is less
than in every other system. This case is the onleominimum of the infinite and
even powers of the errors. We consider here onlyctreection of a single
element, and,z expressing this correction, we representpreviously, the
equations of condition by the following,

NONENSCSING)

i being able to vary from zero to— 1 s, being the numlberbservations. The
sum of the powergn  of the errors will bga8 — plV2)>" | the sigxt®nding
to all the values of . One is able to suppose in this all the values op(?)
positive; because, if one of them was negative, it dvdadcome positive by
changing, as one is able to do it, the signs of theténaos of the binomial raised
to the power2n , to which it corresponds. We will suppodserefore the
quantitiesa — pz ,a) —pMz a® —p? - | disposed in a manner that the
quantitiesp p") p? .. are positive and increasing. This p@y is infinite, it

is clear that the greatest term of the sy — p(¥) z)?" witheeentire sum,
unless there was one or many other terms which aeual to it, and this is that
which must take place in the case of the minimum oftira. In effect, if there
was only a single greatest quantity, setting aside tive siich as\() — p(9) 2
one would be able to diminish it by making vary consetty, and then the sum
S(a) — pliz)?» would diminish and would not be a minimum. It is neagssa
moreover that, itt) — pl)z and!") — p(")z are, setting aside the signtviio
greatest quantities and equal between them, they am@nthry sign. In effect,
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the sum
(a(i) _ p(i)z)% + (a(i’) _ p(i’)z)%
must be then a minimum, its differential
— 2ndz[p® (a® — pl)2)20-1 4 @) (o) _ pi) )21

must be null, this which is able to be, when isitdi, only in the case where

ol — pz andal’) — p() 2 are infinitely little different and of contrasign. If

there are three greatest quantities, and equals amongsiitimg aside the sign,

one will see in the same manner that their signsi@atrable to be the same.
Now, we consider the sequence

. alsD) _ gD, (57D _ (-2, g(-8) _ -8,
etz =Y 8, gl gl (D) (e,

If one supposes = —oo , the first term of the sequence surpdesédiowing,
and continues to surpass them by making increase, tmaéhgent where it
becomes equal to one of them. The one here, by thease of: , becomes
greatest of all, and in measure as one makes incrieastinues always to
surpass those which precede it. In order to determigéethm, one will form the
sequence of quotients

Oé(sfl) — 06(872) Oé(sfl) — 04(373) a(sfl) — o Oé(sfl) + « Oé(sfl) + Oé(sfl)
p(S*l) — p(S*Q) ’ p(sfl) — p(-9*3) T p(sfl) — p’ p(sfl) + p’ R p(sfl) —+ p(5*1) ’

We suppose thaﬁ% is the smallest of these quotienta\agdhregard to

1
the sign, that is to say by regarding a greater negqtigatity as smaller than
another lesser negative quantity. If there are maast lend equal quotients, we
will consider the one which relates to the most distarm of the first in the
sequenced ); this term will be the greatest of alth® moment where, by the
increase ot , it becomes equal to one of the follgywahich begins then to be
the greatest. In order to determine this new term,valhdorm a new sequence
of quotients

a(r) — a(rfl) a(r) — 04(7’72) a(r) — o p(r) + «

p(r)—p(rfl)’ p(T)—p(T*Q)’“" p(T)—p’ p(ﬂ{-p’“"

the term of the sequence ( ) to which the least aetlgpiotients correspond will
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be the new term. One will continue thus to that whocle of the two terms
which become equal and the greatest is in the firftohdahe sequenceo( ), and
the other in the second half. Let) —pz  and”) +p()z  be these two
terms; then the value af which corresponds to theesy®f the minimum of
the greatest of the errors, setting aside the sign, is

P — p0

If there are many elements to correct, the equatainsondition which
determine their corrections contain many unknowns,thednvestigation of the
system of correction, in which the greatest errpsasting aside the sign, smaller
than in every other system, becomes more complichtedve considered this
case in a general manner in Book Il of tMécanique céleste . | wiliserve
only here that then the sum of the =~ powers of therewf the observations is,
as in the case of a single unknown, a minimum when infimte; whence it is
easy to conclude that, in the system of which themoncern, it must have as
many errors, plus one, equals, and greatest, setting thsidggn, as there are
elements to correct. One imagines that the resuttegmonding t@&n equal to a
great number must differ little from those whieh inéngives. It is not
necessarily the same for this if tRe power is quievaged, and | have
recognized through many examples that, in the samendse this power does
not surpass the square, the results differ little froosehthat the system of the
minimum of the greatest squares gives, this which i®w advantage of the
method of least squares of the errors of observations.

Since a long time, geometers take an arithmetic meaon@ their
observations, and, in order to determine the elentbatsthey wish to know,
they choose the most favorable circumstances fardhject, namely, those in
which the errors of the observations alter thetldze it is possible the value of
these elements. But Cotes is, if | do not deceive Iinyke first who has given a
general rule in order to make many observations agrée idetermination of an
element, proportionally to their influence. By consiigreach observation as a
function of the element and regarding the error of theeovation as an infinitely
small differential, it will be equal to the differeritiaf the function, taken with
respect to that element. The more the coefficieth@differential of the element
will be considerable, the less it will be necessarynake the element vary, in
order that the product of its variation by this coedfit is equal to the error of
the observation; this coefficient will express tliere the influence of the
observation on the value of the element. This pute€ogpresents all the values
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of the element, given by each observation, by thésperan indefinite straight

line, all these parts having a common origin. He imegjinext, at their other

extremities, some weights proportional to the influencespective of the

observations. The distance from the common origithefparts to the common

center of gravity of all these weights is the valua tie chose for the element.
We take the equation of condition &f n 20,

NONENSCSING)

') being the error of the ¢ 1 5Y) observation, and  beingctiveection of the
element already known quite nearly?) , that one is ablays to suppose

positive, will express the influence of the corresp@mnservation.% being
the value ofz resulting from the observation, the rodeCotes reverts to
multiplying this value by’ , to make a sum of all the produetative to the
diverse values, and to divide it by the sum of allf¥e this,which gives

Sa(?)

Sp0

This was in effect the correction adopted by the ofessy having the usage of
the method of least squares of the errors of the wdsens.

However, one does not see that, since this excejlenimeter, one has
employed his rule, to Euler, who in his first piece apitér and Saturn, appears
to me to be serves himself the first of the equatafrthe condition in order to
determine the elements of the elliptic movement eséhtwo planets. Near the
same time, Tobie Mayer made use of it in this goodarekes on the libration of
the Moon, and next in order to form his lunar Tab®sce, the best astronomers
have followed this method, and the success of the Jablach they have
constructed by his means has verified the advantage of i

When one has only one element to determine, thishodeteaves no
embarrassment; but, when one must correct at the tfamenany elements, it is
necessary to have as many final equations formed éyrébnion of many
equations of condition, and by means of which one d@tesnby elimination the
corrections of the elements. But what is the mostaatgeous manner to
combine the equations of condition, in order to form thal equations? It is
here that the observers abandoned themselves toasbitrary gropings, which
must have led them to some different results, although dddiuem the same
observations. In order to avoid these gropings, Mr. Lexgeehad the simple idea
to consider the sum of the squares of the errors obbservations, and to
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render it a minimum, this which furnishes directly agngnfinal equations, as
there are elements to correct. This scholarly geemist the first who has
published this method; but one owes to Mr. Gauss thegustiobserve that he
had had, many years before this publication, the sde®e of which he made a
habitual usage, and that he had communicated to many@stecs. Mr. Gauss,
in his Theory of elliptic movementhas sought to connect this method to the
Theory of Probabilities, by showing that the same laf errors of the
observations, which give generally the rule of théharetic mean among many
observations, admitted by the observers, gives sinithe rule of the least
squares of the errors of the observations, and litissathich one has seen ifi n
23. But, as nothing proves that the first of these rge®s the most
advantageous result, the same uncertainty exists veffeceto the second. The
research on the most advantageous manner to fornm#éheduations is without
doubt one of the most useful of the Theory of Proltesili its importance in
Physics and Astronomy carries me to occupy myself witlor this, 1 will
consider that all the ways to combine the equatiom®odition, in order to form
a final linear equation, returns to multiply them respett by some factors
which were null relative to the equations that one eyga not at all, and to
make a sum of all these products, this which givestdfified equation. A second
system of factors give a second final equation, anddbsecutively, to this that
one has as many final equations as elements to toNew it is clear that it is
necessary to choose the system of factors, suchhinamean error to fear to the
plus or to the less respecting each element is a minithermean error being
the sum of the products of each error by its probabilifiien the observations
are in small number, the choice of these systems depmnthe law of errors of
each observation. But, if one considers a great numbebservations, this
which holds most often in the astronomical reseachieis choice becomes
independent of this law, and one has seen, in thathwgnecedes, that Analysis
leads then directly to the results of the method ddtlsguares of the errors of
the observations. Thus this method which offered finsly the advantage to
furnish, without groping, the final equations necessarth&correction of the
elements, gives at the same time the most precisections, at least when one
wishes to employ only final equations which are linean indispensable
condition, when one considers at the same time a gteaber of observations;
otherwise, the elimination of the unknowns and thetemgination would be
impractical.
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