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APPLICATION OF THE CALCULUS OF PROBABILITIES TO THRESEARCH OF
PHENOMENA AND OF THEIR CAUSES

One is able, by the analyses of the preceding Chapég3ied to a great number of
observations, to determine the probability of thetekrise of the phenomena of which the
extent is rather small in order to be comprehended mvitie limits of the errors of each
observation. Formulas which express that the probekilibf the existence of the
phenomena and of its extent are comprehended within gome limits. Application to
the diurnal variation of the barometer and to thetimtaof the Earth, deduced from the
experiments on the fall of bodies. The same analgsapplicable to the most delicate
questions of Astronomy, of political Economics, of Mzde, etc., and to the solution of
the problems with respect to chance, too complicateordler to be resolved directly by
analysis.A floor being divided into small rectangular squares by some lines pagadtel
perpendicular lines among them, to determine the probability that, by prgeat
random a needle, it will fall again on a joint of these squak8s25.

25. The phenomena of nature present themselves most adftempanied
with so many strange circumstances, so great a nurhipertarbing causes mix
their influence that it is very difficult, when theyeavery small, to understand
them. One is able then to arrive there only by iplyltig the observations, so
that, the strange effects coming to destroy themsethesmean result of the
observations no longer permit perceiving but these phenan©ne imagines, by
that which precedes, that that holds rigorously onlyh case of an infinite
number of observations. In every other case, thegrhena are indicated by the
mean results only in a probable manner, but whichoisnsich more as the
observations are in greater number. The researdhisoptobability is therefore
very important for Physics, Astronomy and generallydib the natural sciences.
One will see that it returns to the methods that aeehust exposed. In the



preceding Chapter, the existence of a phenomenon waéncdts extent alone
has been the object of the Calculus of Probabilittese the existence of a
phenomenon and its extent are the object of thisilcslc

We take for example the diurnal variation of the bartemehat one observes
between the tropics, and which becomes sensibleievair climates, when one
chooses and when one multiplies the observations o@mily. One has
recognized in general, toward 9 in the morning, therbater is more elevated
than toward & in the evening; next it rises again tdwhe 11 in the evening,
and it descends again towarti 4 of the morning, it ordertive again to its
maximum height toward"d . We suppose that one has obswéukight of the
barometer toward"d in the morning and towafd 4 in theniag, during the
numbers days, and, in order to avoid the too great irdliei the perturbing
causes, we choose these days in a manner that, intéheal of ¢ and 2 , the
barometer has not varied beyorlt™4 . We suppose nexbytimaking the sum
of the s heights in the morning and the sum ofd¢he keighthe evening, the
first of these sums surpasses the second by the quentitys difference will
indicate a constant cause which tends to raise thamieder toward 9 in the
morning, and to lower it toward"4 in the evening. Idesrto determine with
what probability this cause is indicated, we imaging tihia cause not exist at all,
and that the observed differenge results from accibdpetturbing causes and
from the errors of the observations. The probabiiitgt then the observed
difference between the sums of the heights in the imgprand in the evening
must be below s, by’n 18, equal to
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the integral being taken from= -0 to= T\“/; k  anhd being some

constants dependent on the law of probability of thierdiices between the
heights in the morning and in the evening, afd: beinglithiess of these
differences,a being here equal t6™ kﬁ being at least e¢qual as one has
seen in A 20%—,’7 iIs not able to be supposed less %han makyg therefore
s = 400, and supposing the extent of the diurnal variation"f this,which is
very nearly that which Mr. Ramond has found in our @les, by the comparison

of a very great number of observations, one will have 400™™. Thusr =5 ,

andjfTTi is at least equal 89.5 ; by making therefore
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the integral being taken from= /37,5 to=oc . This integral isteaearly,
by rf 27 of Book I,
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and it approaches so to unity or to certitude, thatakisemely probable that, if
there existed no constant cause at all of the ob$exxeess of the sum of the
barometric heights of the morning over those of thigliis of the evening, this
excess would be smaller than 200 ; it indicates therefotle an extreme
probability the existence of a constant cause whashgnoduced it.

The phenomenon of a diurnal variation being thus wetbéshed, we
determine the most probable value of its extent, aacetior that one is able to
commit with respect to its evaluation. We suppose fa tiat that value is
14 % the probability that the extent of the diurnal vaoia from the morning

to the evening will be comprehended within these limity 1? 18,
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the integral being taken from= 0

One is able to ellmlnatég by observing that, By n tBS, fraction is nearly

equal toS) | + @2 being the difference frofn  to the observedngxthe

(i + 1)%t day, and the sign S extending to all the values ofomfi =0 to
i = s — 1; by making therefore
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the probability that the extent of the diurnal vaoatirom the morning to the



evening is comprehended within the limfst ﬁ @ will %fdt c

the integral being taken from null.

The diurnal variation of the heights of the baromeegrends uniquely on the
Sun; but these heights are still affected by the a@ted that the attraction of the
Sun and of the Moon produce on our atmosphere, and of Whae given the
theory in Book IV of theMécanique céleste It is therefore necessarygonsider
at the same time these two variations, and to determhieir magnitudes and
their respective epochs, by forming some equations oditon analogous to
those of which the astronomers make use, in ordesriea the elements of the
celestial movements. These variations being pringigahsible at the equator,
and the perturbing causes being extremely small, onéoavitible, by means of
excellent barometers, to determine them with a gpeetision, and | do not
doubt at all that one recognizes then, in the cotlaadf a very great number of
observations, the laws that indicate the theoryhefweight in the atmospheric
tides, and that manifest themselves in a mannerrsarkable in the observations
of the tides of the Ocean, that | have discussed widémg in the Book cited of
the Mécanique céleste

One sees, by that which precedes, that one is abéetgnize the very small
effect of a constant cause, by a long sequence ofabgars of which the errors
are able to exceed this effect itself. But then ndasessary to take care to vary
the circumstances of each observation, in a mamagrthe mean result of their
collection is not at all altered sensibly by it aadhearly entirely the effect of the
cause of which there is concern; it is necessamutiiply the observations, to
that which the analysis indicates a very great prdityabnat the error of this
result will be comprehended within some very narrowaddi

We suppose, for example, that one wishes to recognizé$grvation the
small deviation to the east, produced by the rotaticth@Earth, in the fall of a
body. | have shown, in Book X of th@écanique célestethat if, from the
summit of a quite high tower, one abandons a body teatght, it will fall onto
a horizontal plane passing through the foot of the tpaer small distance to
the east from the point of contact of this plane \aitball suspended by a wire of
which the point of suspension is the one of the depadtitbe body. | have
given, in the Book cited, the expression of this demmtand there results from it
that by setting aside the resistance of the as, uniquely toward the east; that it
is proportional to the cosine of the latitude and tosipeare root of the cube of
the height, and that at the latitude of Paris it ivatled to 8™ ,1, when the



height of the tower is 50 . The resistance of thechanges this last result; |
have given similarly the expression of it in thisegas the Book cited.

One has already made a great number of experimentden twr confirm, by
this means, the movement of the rotation of thettEawhich besides is
demonstrated by so many other phenomena that thisrroatibn becomes
useless. The small errors of these very delicate iexpietis have often exceeded
the effect that one would wish to determine, and ibmdy by multiplying
considerably the experiments that one is able thestablish its existence and to
fix its value. We will submit this object to the aysms$ of probabilities.

If one takes for origin of the coordinates the pointarfitact of the plane and
the ball suspended by a wire of which the summit ofstigpension is the one of
the departure of a ball that one makes fall; if one mearks on this plane the
diverse points where the ball will touch the plane ache experiment; by
determining the common center of gravity of these poitite line drawn from
the origin of the coordinates to this center will detiee the sense and the mean
qguantity of which the ball deviated from this origindamoth will be determined
with so much more exactitude as the experiments wilnbee numerous and
more precise.

We will consider now the common axis of the abseigka line drawn from
the origin of the coordinates to the east, and we datsigoyz, (1, =2, ...,
2Dy gy yl~D the respective coordinates of the points
determined by the experiments of which the number lis expressing b and
Y the coordinates of the center of gravity of all éhpsints, one will have
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the sign S extending to all the valuesiof , from(0 ites—1 This put, by
designating by+ a the limits of the errors of each expent, in the sense of
the probability that the mean deviation of the bedim the point of origin of the
coordinates, is comprehended within the limits: % , véllby ? 18,

k _k?
4k//7r/d7°c aw

k andk” being some constants which depend on the laveititi/faf the errors
of each experiment in the senserof

Similarly, 4+ a' being the limits of the errors of eactperiment in the sense
of y, the probability that the mean value of the dewmin the sense oj is




comprehended within the limiis + ‘” will be
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k andk’ being some constants depending on the law of erfrthie experiments
in the sense of . The fractiops;  apjd  being, bywliath precedes, greater
than% , one will be able to judge the degree of approamatnd probability of
the values ofX and d&f , and to determine the probabiithe deviation to the
south and to the north, indicated by the observations.

The preceding analysis is able further to be applied ¢orésearch of the
small inequalities of the celestial movements, of cwhithe extent is
comprehended within the limits either of the errorsob$ervations, or of the
perturbations produced by accidental causes. It is ndary/that Tycho Brahe
recognized that the equation of the times, relativéhéoSun and to the planets,
were not at all applicable to the Moon, and that is wacessary to subtract the
part depending on the anomaly of the Sun, and even a meateigguantity, this
which led Flamsteed to the discovery of the lunar indgutiat one names
annual equationlt is further in the results of a great number ofepistions that
Mayer recognized that the equation of precession, velédi the planets and to
the stars, was not at all applicable to the Moongta&luated to around?2”
decimals the quantity of which it was necessary thetirhinish it, a quantity that
Mason raised next to neardt” , by the comparison lothal observations of
Bradley, and that Mr. Burg has reduced2td , by means mfieh greater
number of observations of Maskelyne. This inequalityioaigh indicated by the
observations, was neglected by the greatest numbestr@inamers, because it
did not appear to result from the theory of universal iggon. But having
submitted its existence to the Calculus of Probalilitit appeared to me
indicated with a probability so strong, that | belieeeduty to seek the cause of
it. | saw well that it was able to result only frahe ellipticity of the terrestrial
spheroid, that one had neglected until then in the thebtlye lunar movement,
as having to produce only some insensible terms, armehdlwe that it was
extremely probable that these terms became senbiplethe successive
integrations of the differential equations. Having deteeoh these terms by a
particular analysis, that | have exposed in Book VIthefMécanique célestel
discovered first the inequality of the movement of Meon in latitude, and
which is proportional to the sine of its longitude: ts/mean, | recognized that



the theory of gravity gives effectively the observednidution by the
astronomers cited, in the inequality of the precessipplicable to the lunar
movement in longitude. The quantity of this diminution #mel coefficient of the
inequality in latitude of which | just spoke are therefoegy nearly proper to
determine the flatness of the Earth. Having made gdamtyoresearches to Mr.
Birg who occupied himself then with higbles of the Moon , | prayed him to
determine the coefficients of the two inequalitieshwat particular care. By a
remarkable concurrence, the coefficients that helbsesrmined accord to give to
the Earth the fIatnesﬁ , a flatness which diffétte lirom the mean concluded
from the measures of the degrees of the meridian and the pendulum, but
which, seeing the influence of the errors of the nla@®ns and of the perturbing
causes on these measures, appears to me more exastiyined by the lunar
inequalities. Mr. Burckhardt, who has just formed new d@sblif the Moon, very
precise, on the collection of observations of Bradleg of Maskelyne, has found
the same coefficient as Mr. Birg for the lunar inequalitlatitude: he founcfz

to add to the coefficient of the inequality in longitudeis which reduces the
flatness toﬁ , by this inequality. The very slight diflece of these results
proves that by fixing agﬁ this flatness, the erransensible.

The analysis of Probabilities has led me similadythe cause of the great
irregularities of Jupiter and of Saturn. The difficultyrézognize the law of it and
to restore them to the theory of universal attractiad made conjecture that
they were due to the momentary actions of the corbatsa theorem to which |
was arrived on the mutual attraction of the planets mage reject this
hypothesis, indicating to me the mutual attraction eftiho planets as the true
cause of these irregularities. According to this theoriénthe movement of
Jupiter accelerated by virtue of some great inequalitly ety long period, the
one of Saturn must be decelerated in the same mamoakethia deceleration is to
the acceleration of Jupiter as the product of the masisiolast planet by the
square root of the great axis of its orbit is to thmeilar product relative to
Saturn. Thus, by taking for unity the deceleration oli8gatthe corresponding
acceleration of Jupiter must b 40884 ; now Halley had found,the
comparison of the modern observations to the old,tHeaacceleration of Jupiter
corresponded to the deceleration of Saturn, and thatstOwi4823 of this
deceleration. These results, so well in accord wighttieory, lead me to think
that there exists, in the movement of these plangts, great inequalities
corresponding and of contrary sign, which produced theseopteta. | have
recognized that the mutual action of the planets waslnletto occasion in their
mean movements some variations always increasiqgmodic, but of a period



independent of their mutual configuration; it was theeeforthe relation of the
mean movements of Jupiter and of Saturn that | hadetoteat of which there is
concern. Now, by examining this relation, it is e&syrecognize that twice the
mean movement of Jupiter surpasses only by a very qualitity five times the
one of Saturn; thus the inequalities which depend oriffesence, and of which
the period is around nine centuries, are able to beomne great by the
successive integrations which give to them for divider square of the very
small coefficient of the time in the argument of #hasequalities. By fixing
toward the epoch of Tycho Brahe the origin of this argnimnl saw that Halley
had had to find, by the comparison of the modern obBengto the old, the
alterations that he had observed, while the compariebnthe modern
observations among them must have presented some rgoatrd parallel
alterations to those that Lambert had remarked. Tis¢eeke of the inequalities
of which | just spoke appeared to me therefore extrempehpable, and |
hesitated not at all to undertake the long and painfulileddon, necessary in
order to assure myself of it completely. The resulthef calculation, not only
confirmed them, but it made known to me many other inegsa of which the
collection has carried the Tables of Jupiter and Satuthe degree of precision
of the same observations.

One sees thence how it is necessary to be atterdtivbe indications of
nature, when they are the result of a great numberbséroations, although
besides they be inexplicable by known means. | engagetkie astronomers to
follow with a particular attention the lunar inequalth long period, which
depends principally on the movement of the perigee oMiben, added to the
double of the mean movement of its nodes; an inequlityhich | have spoken
in Book VII of theMécanique célesteand that already the observatimakicate
with much likelihood. The preceding cases are not thg omés in which the
observations have redressed the analysts. The mowefriése lunar perigee and
the acceleration of the movement of the Moon, wiaels not given at all by the
approximations, has made felt the necessity to retigfge approximations. Thus
one is able to say that nature itself has concurreédet@nalytic perfection of the
theories based on the principle of universal gravitatow it is, in my sense, a
most strong proof of the truth of this admirable prireipl

One is able further, by the Analysis of Probabsitieo verify the existence or
the influence of certain causes of which one has\®i to notice the action on
organized beings. Of all the instruments that we ate &b use in order to
understand the imperceptible agents of nature, the masiblgeare the nerves,
especially when their sensibility is enhanced by spamicular circumstances. It



is by their means that one has discovered the weekieiky that the contact of
two heterogeneous metals develop, this which has opemnedtdield to the
researches of the physicians and the chemists. higelai phenomena, which
result from the extreme sensitivity of the nervesame individuals, have given
birth to diverse opinions on the existence of a ngenathat one has named
animal magnetismwith respect to the action of ordinary magnetism #rel
influence of the Sun and of the Moon in some nervofextadns; finally on the
impressions that the proximity of metals or of runnimgter are able to give
birth. It is natural to think that the action of thesauses is very weak, and able
to be troubled easily by a great number of accidentalimistances; thus, of that
which, in some cases, it is not at all manifeste®e must not conclude that it
never exists. We are so averted to know all the agémature that it would be
less philosophical to deny the existence of the phenameiquely because they
are inexplicable in the actual state of our knowledgenélwe must examine
them with an attention so much more scrupulous as it eggp@aore difficult to
admit them, and it is here that the Analysis of thebRbilities becomes
indispensable in order to determine to what point iteisessary to multiply the
observations or the experiments in order to havevorfof the existence of the
agents that they seem to indicate a probability suptriall the reasons that one
is able to have besides to reject it.

The same analysis is able to be extended to the éivessilts of Medicine
and of political Economy, and even to the influencenofal causes; because the
action of these causes, when it is repeated a greatenwhhimes, offers in its
results so much regularity as physical causes.

One is able to determine further by the AnalysisrabBbilities, compared to
a great number of experiences, the advantage and theafisagly of the players,
in the cases of which the complication renders imptessheir direct research.
Such is the advantage to the hand, in the game of piquet:ase further the
respective probabilities to bring forth the differeatds of a right rectangular
prism, of which the length, the width and the heightuarequal, when the prism
projected into the air falls again on a horizontal lan

Finally one would be able to make use of the CalculuBrobabilities in
order to rectify curves or to square their surfaceshit doubt, the geometers
will not employ this means; but, as it gives me placegeak of a particular kind
of combinations of chance, | will expose it in a fewrds.

We imagine a plane divided by parallel lines, equidistarthbyquantity: ; we
conceive moreover a very narrow cylinder, of whighis the length, supposed



equal or less than . One requires the probability thagsting it on it, it will
encounter one of the divisions of the plane.

We erect on any point of one of these divisions a pelipelar extended to
the following division. We suppose that the center ef ¢thlinder be on this
perpendicular and at the height above the first of ttvesalivisions. In making
the cylinder rotate about its center and namingbby atigde that the cylinder
makes with the perpendicular, at the moment where twerers this division,
2¢ will be the part of the circumference described byheextremity of the
cylinder, in which it encounters the division; the safmall these parts will be
therefore 4 [ ¢dy , ord¢y —4[yd¢ ; now one hag=rcos ¢ ; this sum is
therefore

4¢y — 4rsin ¢ 4+ const.

In order to determine this constant, we will obsetivat the integral must be
extended fromy nultg =r , and consequently from 7 ¢te 0 whish
gives

const.= 4r ;

thus the sum of which there is concerrdis . Fmpma—7r  ytea, the
cylinder is able to encounter the following divisiondat is clear that the sum of
all the parts relative to this encounter is again8r ;s therefore the sum of all
the parts relative to the encounter of one or ofatter of the divisions by the
cylinder, in the movement of its center the lengthhaf perpendicular. But the
number of all the arcs that it describes in rotatmgritirety with respect to itself,
at each point of this perpendicular2isr ; this is the emof all the possible
combinations; the probability of the encounter of ohehe divisions of the plane
by the cylinder is thereforéfr . If one casts thisnc@dr a great number of times,
the ratio of the number of times where the cylinddr emcounter one of the
divisions of the plane to the total number of castshei by ¥ 16, very nearly,
the value of;‘—jr , that which will make known the valuegled circumferencer
One will have, by the same section, the probabliia the error of this value will
be contained within some given limits, and it is ets)ysee that the ratiég
which, for a given number of projections, renders #asstl error to fear, is unity,
this which gives the length of the cylinder equal to ithierval of the divisions,
multiplied by the ratio of the circumference to four daers.

We imagine now the preceding plane divided again by somes lin
perpendicular to the preceding, and equidistant by a quantdyal er greater
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than the lengtl2r of the cylinder. All these lineslvdrm with the first a
sequence of rectangles of whieh  will be the length anlde height. We will
consider one of these rectangles; we suppose thatimet®r one draws at the
distancer from each side some lines which are patalitiem. They will form
first an interior rectangle, of which— 2r  will be thenpth, anda — 2r the
height; next two small rectangles, of which  will thee height, and — 2r the
length; then two other small rectangles of which | el the length and — 2r
the height; finally, four small squares of which theesiwill be equal te

As long as the center of the cylinder will be placedhm interior rectangle,
the cylinder, in rotating on its center, will neverceunter the sides of the large
rectangle.

When the center of the cylinder will be placed in ifterior of one of the
rectangles of which is the height and 2r the lengtis,@asy to see, by that
which precedes, that the productef by the leagtr beilihe number of
corresponding combinations, in which the cylinder witicounter one or the
other of the side$ of the great rectangle. Tw® — 2r) heilthe total
number of combinations corresponding to the cases ichwthe center of the
cylinder being placed in one or the other of theselsmeiangle, the cylinder
encounters the outline of the great rectangle. By dmeesreasonyr(a — 2r)
will be the total number of combinations in whichgtcenter of the cylinder
being placed in the interior of the small rectanglewloth» anda — 2r are the
dimensions, the cylinder encounters the outline ofjteat rectangle.

There now remains for us to consider the four smallregudet ABCD be
one of them. From the angle A common to this squadd@the great rectangle,
as center, and from the radius , we describe a quartenderence terminating
itself at the points B and D. As long as the centetthef cylinder will be
comprehended within the quarter circle formed by this #me cylinder, in
turning, will encounter the outline of the rectangl@lints positions; the number
of combinations in which this will take place is thire equal to the product of
27 by the area of the quarter circle, and consequenyatjual to“zTZ . If the
center of the cylinder is in the part of the squarecvig outside of the quarter
circle, the cylinder, in turning around its center, Wwél able to encounter one or
the other of the two sides AB and AD extended, with@et encountering both
at the same time. In order to determine the numbeowibinations relative to
this encounter, | conceive on any point of side ABtadisbyz from point A, a
perpendiculary of which the extremity is beyond the quanitele. | place the
center of the cylinder on this extremity, from whiclet down four straight lines
equal tor , and of which two descend onto the side ABndei® if that is
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necessary, and two others onto the side AD simifzodyonged. | nam&¢ the
angle comprehended between the first two lines, 2#idd  anigée contained
between the second two. It is clear that the cylindeiurning on its center, will
encounter the side AB extended as often as one o&lgeshwill be within the
angle2¢ , and that it will encounter the side AD extendedften as one of its
halves will be within the angl2¢’ ; the total numbeathtombinations in which
the cylinder will encounter one or the other of theiges is thereforé(¢ + ¢') ;
thus this number, comparatively to the part of the sqesterior to the quarter
circle, is

4 / (6+ ¢)da dy:

now one has evidently
T = rcos¢’, y = r COSp;

the preceding integral becomes thus
1 [ [+ ¢)dodo'sing sing'

and it is easy to see that the integral relativeé’tmust be taken from’ =0 to
¢ =% — ¢, and that the integral relative o  must be taken fgpm 0 to
¢ = Z, that which gives;r?(12 — «?) for this integral. In adding tG’—Zfﬁ, one
will have the number of combinations relative to Hggiare, and in quadrupling
this number and joining it to the preceding numbers oftbugations relative to
the encounter of the outline of the great rectanglghéycylinder, one will have,
for the total number of combinations,

8(a + b)r — 82,

But the total number of possible combinations is evlgegual to27 multiplied
by the areaub of the great rectangle; the probabilityhe encounter of the
divisions of the plane by the cylinder is therefore

4(a + b)r — 4r?
abrm ’
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