CHAPTER IX

DES BENEFICES DEPENDANTS DE LA PROBABILITE
DES EVENEMENTS FUTURS.

Pierre Simon Laplace

Théorie Analytique des Probabilit€§38—40, pp. 428-440

ON THE BENEFITS DEPENDING ON THE PROBABILITY OF FWRE EVENTS.

If one awaits any number of simple events of which the probabilitielsnaren and of which
the arrival procures an advantage, their non-arrival causing a loss, to determie
mathematical benefit resulting from their awaitirigxpression of the probability that the
real benefit will be comprehended within some givenitsiwhen the number of events
awaited is very great. However little advantage thaheawaited event produces, the
benefit becomes infinitely great and certain when tluenber of events is supposed
infinite. N° 38.

If the diverse chances of an awaited event produce the advantages and theflodseh the
respective probabilities are given, to determine the mathematicafibesgulting from
the awaiting of any number of similar everiexpression of the probability that the real
benefit will be comprehended within some given limithen this number is very great® N
39.

On the benefits of the establishments based on tiabitities of life. Expression of the capital
that it is necessary to give in order to constitutéfeapension on one or many heads.
Expression of the rent that one individual must give testablishment in order to assure
to his heirs a capital payable at his death. Expresditre probability that the real benefit
of the establishment will be comprehended within sgiwen limits, by supposing that a
great number of individuals, in constituting each a pensiorhis head, deposits each a
determined sum into the funds of the establishment,dardo defray his expenses’ N 40.

38. We imagine that the arrival of an event procurebénefity , and that its
non-arrival causes the logs . A person A awaits theahof a numbers of
similar events, all equally probable, but independenmnefanother; one demands
what is his advantage.

Let ¢ be the probability of the arrival of each evantl consequently — ¢
that of its non-arrival; if one develops the binomiat (1 — ¢)]*, the term
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of this development will be the probability that outsoévents: will arrive. In
this case, the benefit of A iB&# , and his loss(ds-i)u he difference is
i(v+ pu) — su; by multiplying it by its probability expressed by theepeding
term and taking the sum of these products for all the salfie, one will have
the advantage of A, which, consequently, is equal to
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the sign S extending to all the values of . One has

i1.2.3...5 1 g
S123..0123. (s—ylv 1
d 1.2.3...5 y - d
- “g Wl —a) = (gt 1— s
AR NRARE NN LA gt t =)l

provided that one supposed=1 , after the differentiatios, wirich reduces
this last member tgs ; the advantage of A is therefgye — (1 — ¢q)u]. This
advantage is null, ilq = u(1 — q) , that is to say, if the benefithe arrival of
the event, multiplied by its probability, is equal to tbes caused by its non-
arrival, multiplied by its probability. The advantage @®es negative and is
changed into disadvantage, if the second product surpasdesttHe all cases,
the advantage or the disadvantage of A is proportiongiéanumbers of the
events.

One will determine by the analysis ¢f n 16 the protigbhat the real benefit
of A will be comprehended within the given limits, 4fis a large number.
Following this analysis, the sum of the diverse terofs the binomial
[ + (1 — ¢)]° comprehended between the two terms distant-by , dm bot
sides of the greatest, is
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the integral being taken from=0 to= m . The exponeni of the

greatest term is to very nearly, by the same secegual tosq , and the
exponents of; , corresponding to the extreme terms cowpded within the




preceding interval, are respectively— [  anqd+ [ . The berediiesponding
to these three terms are

slqv — (1 = q)u] — (v + p),
slqv — (1 —q)pl,
slqv — (1 = q)u] + (v + p);

by making thereforé = r\f the probability that the realdde of A will not
be exceeded by the limit§gr — (1 — ¢)u] £ r\/s(v+p) s equal to
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the integral being taken from= 0 , and the last term belblg to be neglected.
One sees by this formula that gi> — (1 — ¢)u is not null, thal reenefit
increases without ceasing and becomes infinitely gredtcertain in the case of
an infinite number of events.

One is able to extend, by the following analysiss tesult to the case where
the probability of thes events are different, thughes benefits and the losses
which are attached. Let, ¢(V:¢?,..., ¢~V  be the respective probabilif
these eventsy, v, (2, .. =1 the benefits which their arrivalscipre.
One is able, in order to simplify, to set aside thesés which their non-arrivals
cause, by comprehending in the benefit which the amivaach event procures
the quantity that A would lose by its non-arrival, arydshbtracting next from
the total advantage of A the sum of these last quamtiigcause it is easy to see
that that changes not at all the position of A.

This posed, we will consider the product
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It is clear that the probability that the sum of tenefits will bef + I’ will be

equal to the coefficient af/+")=V-1 in the development of fsduct; it is
therefore equal to
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the integral being taken from = —7  tw == , and the numbers")
being supposed, as one is able to make it, of whole nsmidée take the
logarithm of the product
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by developing it according to the powersof , it becomes
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the sign S reporting to all the values of , fram= 0 itee s—1 The
supposition off equal tog8 )  makes the first powerwof  disapped the
size ofs, a very great number, renders insensiblegdims depending on the
powers ofw , superior to the square. By passing again tinerdfom the
logarithms to the numbers in the preceding developmest, ptioduct 1 )
becomes to very nearly
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this which changes the integral ( ) into that here
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The integral must be taken from= -7 to=n , angd’$1 — ¢))p()?
being a great number of order , it is clear that tiesgral is able to be extended
without sensible error to the infinite positive andyaséve values ofw . By
making therefore
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and integrating fromm= —cc té= o , the integral ( ) becomes
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If one multiplies this quantity bgdl!’ , and if next oneemtates it from’ =0 ,
this integral will be the expression of the probabtlhat the benefit of A will be
comprehended within the limitg+ 7, 0g@v® +1' : by making thus

— /25¢0(1 — g2,




the probability that the benefit of A will be compeslded within the limits

Sq(i) O r\/g S0 (1 — ¢@)p(0)2

2 2
W/drc 5

the integral being taken from= 0

Now it is necessary, by that which precedes, to chaiiden the preceding
limits v into v + x() and to subtract it fromyS) ; the probapithat the
real benefit of A will be comprehended within the teni
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is therefore
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One sees by this formula that, as little as the ema#ttical expectation of each
event surpasses zero, by multiplying the events toitinfithe first term of the
expression of the limits being of order , while theos®l is only of ordeR/E :
the real benefit is increased without ceasing and besoah the same time
infinitely great and certain, in the case of an itdimumber of events.

39. We consider now the case where, at each evenpetisen A has any
number of chances to hope or to fear. We suppose, fon@e, that an urn
contains some balls of diverse colors, that one dravesll from this urn, by
replacing it into the urn after the drawing, and that libeefit of A isv if the
extracted ball is of the first color, that itii§ tlife extracted ball is of the second
color, that it isv” if the extracted ball is of théirtl color, and thus
consecutively, the benefits becoming negative whenfdrced to give instead of
receive. We name, o', a”, ... the probabilities that the bdlaekxed at each
drawing will be of the first, or of the second, ortbé third, etc. color, and we
suppose that one has thus drawings; one will have first

at+ad +ad +---=1



By multiplying next the terms of the first member loistequation, respectively by
=V mVEl "=VS1the term independent of the powerseef/ !,
in the development of the function
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will be, by that which precedes, the probability thats drawings, the benefit of
A will be su + [; this probability is therefore equal to
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the integral relative tav  being taken fram= —7 do=x . |Baevelops
with respect to the powers af the hyperbolic logaritfrthe quantity raised to
the powers under th¢ sign, and if one observesdhat’ +a” +--- =1
one will have, for this logarithm,
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One will make the first power @b  disappear, by making
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if one supposes next
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and if one observes that, being supposed a great numkeis able to neglect
the powers ofc superior to the square, one will hav@asging again from the
logarithms to the numbers,
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this which changes the integral ( ) into that here
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which becomes, by integrating as in the preceding sectio
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By multiplying it by2dl and integrating the product frdra- 0, omé have the
probability that the real benefit of A will be compesnded within the limits
s(av+ad'v +ad"V' + ) £
by making therefore

I =2kr'\/s,

this probability will be, by taking the integral frorh=0
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We have supposed in that which precedes the probabditieke events
known; we examine the case where they are unknowrsupjgose that, out of
m similar events awaitedy are arrived, and that A ®waisimilar events, of
which each procures to him by its arrival the benefithe non-arrival causing to
him the lossy, . If one represents By + 2 the number ehtsvwhich will
arrive out of thes events awaited, the probability thavill be contained within
the limits 4+ k¢ will by r? 30
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the integral being taken from= 0 k? being equal to
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m3

But, > s + 2 being the number of arrived events, the realfthefeA is
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m m
the preceding integral is therefore the probability thatreal benefit of A will be

comprehended within the limits
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k is of order,/s, ifm andn are of order equal or greaten thathus,
howsoever small that the mathematical expectatiorelagive to each event, the
real benefit becomes at infinity, certain and indlyi great, when the number of
past events is supposed infinite, as the one of futurgseve

40. We will now determine the benefits of the esthbisnts founded on the
probabilities of human life. The most simple way ticekate these benefits is to
reduce them to actual capitals. We take for examplgéfesions. A person of
age A wishes to constitute on his head a life persimme ;demands the capital
that he must give for it to the funds of the establefimwvhich makes this
pension for him.

If one names), the number of individuals of age in takl@ of mortality
of which one makes use, apd  the number of individualsgefA + z , the
probability to pay the pension at the end of the ydatr = wil be z—u

consequently, the value of the payment willfgy . Bugné designates by

the annual interest on unity, so that the capital binesl + r after one year, it
will become(1 + r)* afterr years; thus, the paym@nt- r)* madbeaend
of thez" year, reduced to actual capital, becomes unitthi® same payment

divided by (14 r)* ; the paymenfly% reduced to actual capital is fivere

M The sum of all the payments made during the duratiorifeobf the

Yo(1+r)®
person who constitutes the pension and multiplied by tpheabability is
equivalent therefore to an actual capital representelediynite integral

Yo(1+4r) ’

the characteristid © must embrace all the values ofutinetion that it affects.
One is able to determine this integral by formingtadise values according to

the Table of mortality, and by adding them together; wilededuce next the

capitals from one another, by observing that, if pamesF the capital relative

to the aged and” the capital relative to dge 1 , one has
F/
o rh
Yo 1 +7r



But this process is simplified when the law of moryalit known, and especially
when it is given by a rational and entire functionagfthis which is always
possible, by considering the numbers of the Table ofality as some ordinates
of which the corresponding ages are the abscissas, yandaking pass a
parabolic curve through the extremities of the two et ordinates and of
many intermediate ordinates. The differences whiclsteamong the diverse
Tables of mortality permit regarding this mean as eatstt as these Tables, and
even to be satisfied with a small number of ordinates.
We make

Yo

we resume formula (16) oPn 11 of Book | which gives

S

f being an arbitrary constant. It is necessary, enditvelopment of the first term
of the second member of this equatic_m with respedbéadtio to the powers of
du to change any powefd)" int¢* , and to multiplydy  thst fterm,
which is independent ¢ . One has thus
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In order to determing' , one will observe that thegnal > p“u is null when
x =1, and that it is terminated when=n+1 A,+n  being the limitifef
because then it embraces the terms correspondingthe allmberg, 2, 3, ...,
n. We designate therefore tfy) (4),..., ', (4),...  the valuesiof®,
; one will have

, correspondingta =1 andto=n-+1
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If u or g—u is constant and equal to unity, framm=1 d#o=n , thba life
pension must be paid certainly during the number of yeadsjt becomes an
annuity. In this casej—; is null, and the preceding forrgmas%*pp') for the

capital equivalent to the annuity
If w=1— 2, then the probability of life decreases in arigtim progression,
and the preceding formula gives

1h—pp [1 - nl(l_—p;)}

for the capital equivalent to the life annuity , and tbossecutively.

We suppose now that one wishes to constitute a lifeiggehs on many
individuals of agesA, A+a, A+a+4d/,..., so that the pension remains to
the survivors. We designate By, v..a, Yoraras --- the numbers of theeTabl
of mortality, corresponding to the aged, A+a, A+a+d,..., the
probability that the first individual has to live toettageA + « bein%; , the

probability that at this age he will have ceasedve is1 — z—u . Similarly, the

probability that the second individual has to live to dge a + = or to the end
of thez™ year of the constitution of the pension bé@g, the probability that

he will have ceased to live then Is— yy—* ; the probabitityat the third

individual will have ceased to live, at the same epdcth® constitution of the
pension, isl — ’"’yL , and thus consecutively. The probabilay tlone of these

a+ta

individuals will exist at this epoch is

(1 o y_ﬂ’) (1 _ y;r:+a> (1 . ym+a+a’>_“
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By subtracting this product from unity, the differencd ba the probability that
one of these individuals at least will be living at thal of thez" year of the
constitution of the pension. We name this probabiltyhpu will be the
actual capital equivalent to the life annuity . But ongstrobserve, by taking
this integral, that the quantitieg., y..., .. are nulls, whenr timelices x,
x + a, ... surpasses the numberA+n  being the limit of the life.

If 4, Is a rational and entire function of , and of expwetmls such ag”, r*,

. one will have easily, by the formulas of Book I, thiegralh) “p“u ; but one
is able in all cases to form, by means of a Tablmartality, all the terms of this
integral, by taking the sum and constructing thus some=3albllife annuities on
one or many heads.

10



The preceding analysis similarly serves to determiedifédh annuity that one
must make at an establishment in order to assure tieels a capital after his
death. The capital equivalent to the life annaity , n@de person of agé | is,
by that which precedesh % , the sign S comprehendinghall térms

inclusively, fromz =1 to the limit of the life of the p®n. We naméwg this
integral, and we imagine that the establishment resdrom this person the rent
h, and gives to him in exchange the capital . We imag@ée that the same
person places this capital at perpetual interest witreghablishment itself, the
annual interest of unity being él;—p . It is clear tha establishment must

render the capitdlq to the heirs of the person. Bup#ison has made during
his life the renth to the establishment, and theqretsas received from it the

pension w; the rent that the person has made reallyhasefore

h[l — @] it is therefore this that the person must give amyual the

establishment in order to assure to his heirs theéat#gi.

| will not insist further on these objects, in tlare way with respect to those
which are relative to the establishments of asseraficcach kind, because they
present no difficulty. | will observe only that allede establishments must, in
order to prosper, reserve themselves a benefit andpiputionsiderably their
affairs, so that, their real benefit becoming neaitasn, they are exposed the least
that it is possible to some great losses which woulddie to destroy them. In
effect, if the number of the affairsis and if tlvantage of the establishment in
each of them i$ , then it becomes extremely prolthllethe real benefit of the
establishment will beb 5 being supposed a very great numbe

In order to show it, we will suppose that persons of Agmnstitute, each
on his head, a life annuity , and we will consider oféhese persons who we
will designate by C. If C dies in the interval at th&l of the year elapsed from
the constitution of his pension to the end of the yearl, the establishment will
have paid to him the pensiégn during years, and the suhesé payments,
reduced to actual capital, will be(p+p® +---+p*)  Orhp®™ ; now the

probability that C will die within this interval |§% or —%; the value of the

loss that the establishment must then support is meref%thx“. The
sum of all these losses is

) —Z(A

Y
Yo

thx+1> :
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this is the capital that C must deposit in the fund$efestablishment in order to
receive from it the life pensioln . One is able tse®e here that one has

Ay Y P = e Y 0 e Y P+ yeps

by integrating the second member of this equation,uhetibn ¢ ) is reduced to

A hy,.p*
2 > hp+ 2hy.p” const.;
Yo Yo

now Y p* is reduced to zero, when=1 ,andwhean +1 y, is null & th
which precedes; the functiorr () or the capital that Gstmpay to the

establishment is therefor@% . this which is confatrmte that which

precedes. But under the form of the function () one Is &b apply to the
benefit of the establishment the analysis ©f n 3%ffect, one has in this case,
by the section cited,

A
av+adv +ad"V'+ = —Z (—yym th“1> :
0

nexta, a’,... being the successive values—(ﬁy% , one will have

awtd/ .. = Z[_Ayya: (thx+1)2:|’
0

so that

s ][]

In supposing that each ef persons who constitute theopelson his head
deposit to the funds of the establishment, beyond thgat@orresponding to
this pension, a surh , in order to defray the expensheoestablishment, one
will have, by ® 39,

2 L
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for the probability that the real benefit of theaddishment will be comprehended
within the limits

12



sb =+ 2k’ \/s.

Thus, In the case of an infinite number of affailse treal benefit of the
establishment becomes certain and infinite. But these who treat with it have
a mathematical disadvantage which must be compensatadnbyal advantage,
of which the estimation will be the object of tldidwing Chapter.
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