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Analysis often leads to some formulas of which the enizal calculus, when
we substitute into it some very large numbers, becomesactical, because of
the multiplicity of the terms and of the factors ofieththey are composed. This
inconvenience takes place principally in the theorthefprobabilities, where we
consider events repeated a great number of timesthieriefore useful then to be
able to transform these formulas into series accgydimore convergent as the
substituted numbers are more considerable. The finssftnramation of this kind
is due to Stirling, who reduced in the most fortunate mgnnto a similar series,
the middle term of the binomial raised to a high powad the theorem to which
he arrived can be set at the rank of the most beathifugs which we have
found in analysis. That which struck the geometers aladlyeand especially
Moivre, who had long occupied himself in this objectswize introduction of the
square root of the circumference of which the radiusity, in a research which
seems estranged from this transcendent. Stirling hack@rthere by means of
the expression of the circumference as a fractiomhi¢h the numerator and the
denominator are the products in infinite number, an espe that Wallis had
given. This indirect means left room for a direct andegal method to obtain,
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not only the approximation of the middle term of theolnial, but yet that of
many other more complicated formulas and which predemngelves at each
step in the analysis of chances. This is that whichyself have proposed in
diverse memoirs published in the volumes of the AcadérmeSdences for the
years 1778 and 1782. The method which | have presented inrtigzseires
transform generally into convergent series the integrathe equations linear in
the ordinary or partial differences, finite and infayt small, when we substitute
some large numbers into these integrals. It is extepeietb many other similar
formulas, such as the very elevated differences ditietions. These series have
most often for factor the square root of the circueriee, and this is the reason
for which this transcendent is presented to Stirlind; bometimes, they contain
some higher transcendents of which the number istenfin

Among the formulas which | have transformed in thiswnes, one of the
most remarkable is that of the finite differencelas power of a variable. But we
have need frequently, in the questions of the probabilito consider only a part
of these terms and to stop when the variable, bgutessive diminutions,
becomes negative. This case holds, for example, ipribielem where we seek
the probability that the mean inclination of the itgrlof any number of comets is
contained within some given limits, all the inclimats being equally possible, a
problem of which the solution serves to acknowledgeei$¢ orbits participate in
the primitive tendency of the orbits of the planetd ahthe satellites for the sake
of bringing themselves together in the plane of tharsajuator. In resolving this
problem, by the method which | have given for this kafdquestions in the
volume of the Académie des Sciences of the year 177&rdtability of which
there is question is expressed by the finite differexidde power of a variable
which decreases uniformly, the degrees of the power ftite alifference being
the same number of the orbits which we consider, &edfdrmula must be
stopped when the variable becomes negative. The nuimeaicalation of this
formula is impractical for the comets already obserbedause it is necessary to
consider nearly fifty very composite terms and whimding alternately positives
and negatives, destroy themselves nearly entirelyhat in order to have the
final result of them together, it would be necessargaioulate them separately
with a precision superior to that which we can obtammeans of the most
extended Tables of logarithms. This difficulty has stopmpedfor a long time: |
have finally arrived to conquer it by considering thebgm under a new point
of view, which has led me to express the sought pratyally a convergent
series, in the general case where facilities ofribinations follow any law. This
problem is identical with the one in which we seek phebability that the mean



of the errors of a great number of observations lvélicontained within some
given limits, and there results from my solution that,multiplying indefinitely
the observations, their mean result converges towaft®d term, in a manner
that, by taking on both sides of this term any inteagasmall as we will wish, the
probability that the result will fall in this interlavill stop by differing from
certitude only by a quantity less than every assignsibe This mean term is
confounded with the truth if the positive and negativersrare equally possible,
and generally this term is the abscissa of the cufviaality of the errors
corresponding to the ordinate of the center of gravitthe area of this curve,
the origin of the abscissas being that of the errors.

By comparing the two solutions of the problem obtaingdhle methods of
which | just spoke, we have, by some convergent sdhesyalue of the finite
differences of the elevated powers of a variable aodetlof many other similar
functions, by stopping them at the point where the bleriaecomes negative;
but, this manner being indirect, | have sought a diresthad to obtain these
approximations, and | have come by the aid of equationghe finite and
infinitely small partial differences on which thesend¢tions depend, that which
leads to diverse curious theorems. These approximatiendealuced yet very
simply from the reciprocal passage of the imaginary tesalthe real results, of
which | have given diverse examples in the Mémoire=idn the Académie des
Sciences and very recently in Book VII of théournal de I'Ecole
Polytechnique® It is analogous to the one from the positive integasthe
negative numbers and to the fractional numbers, passage which the
geometers have known to deduce, by induction, many imgoth@orems;
employed as they do with reserve, it becomes a secagdavdiscover, and it
indicates more and more the generality of analys@ark to hope that these
researches, which serve to supplement those whicke diaen earlier on the
same object, may interest the geometers.

In order to apply these researches to the orbits efctmets, | have
considered all those which we have observed until 180dsimely. Their number
is elevated to ninety-seven and, among them, fifty-h&age a direct movement
and forty-five a retrograde movement; the mean initineof their orbits to the
ecliptic differs very little from the mean of all tip@ssible inclinations or from a
half right angle. We find by the formulas of this membiat, by supposing the
inclinations, at the same time the direct and retdgraovements, equally easy,
the probability that the observed results must be brotmggther more from
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their mean state is much too weak in order to indicatbese stars a primitive
tendency to be moved all onto a same plane and inathe sense. But, if we
apply the same formulas to the movements of rotatiwhad revolution of the

planets and of the satellites, we see that this ddabl#ency is indicated with a
probability much superior to that of the greatest nunafdmistorical facts on

which we permit no doubt.

l.

We suppose all the inclinations to the ecliptic equallgsgae from zero to
the right angle, and we demand the probability that teanmnclination ofn
orbits will be contained within some given limits.

We designate the right angle by , and we represeht by lawhof facility of
the inclinations of an orbit. Herle  will be condtémom the null inclination to
the inclination® . Beyond this limit, the facility mull; we can therefore generally
represent the facility by (1 — 1) , provided that we make itogd term begin
only at the inclinatiorh and that we suppdse equal tty imthe result of the
calculation.

This put, we namé, ¢, to,... the inclinations of the  orbitsd ave
suppose their sum equaldo , we will have

t-l‘tl +t2+"‘+tn,1=8.

The probability of this combination is evidently th@oduct of the
probabilities of the inclinations, t,, to,... and consequentlisitequal to
k"(1 —1")". By taking the sum of all the probabilities relatice @ach of the
combinations in which the preceding equation holds, vilhawe the probability
that the sum of the inclinations of the orbits Wwél equal tos . In order to have
this sum of the probabilities, we will observe thea preceding equation gives

t:S_tl_tQ_"'_tnfl.

If we suppose firsty, t3, ..., t,_1 constants, the variationg of demery on
those oft; and they can be extended from null in whaset; is equal to
s—ty—---—1t,_1,t0

t=s—ty— - —t,,

that which renderg; null. The sum of all the probadslitrelative to these
variations is evidently

k‘n(l - lh)n(S — 1y — = tnfl).



It is necessary next to multiply this function dxy aadntegrate it fromt, null
toty =s—t3 —--- —t, 1, this which gives
k(1 —1h)n
%(S —ty— =ty

By continuing thus to the last variable, we will halke function

k,n(l o lh)nsnfl
123...(n—1)"

It is necessary next to multiply this function ddy  daodntegrate it within the
given limits, which we will represent by— e  amd¢’ , andwilkhave

k,n(l o lh)n

T23. . (5te) —(s—e)]

for the probability that the sum of the errors wél tontained within these limits.
But we must make here an important observation. Anyn,tesuch as
QI""(s —e)", can have place only as long as a number of thablest, ¢;,
...,t,_1 begin to surpass ; because it is only in this wayttiafactor/” can
be introduced. It is necessary then to increase dattteim by the quantityy in
the equation

t-l‘tl +t2+"'+tn,1=8,

that which happens to make these variables depart feo) by diminishings
fromrh. The ternQI"™ (s — e)" becomes th@™ (s — rh —e)".  Moreover, as
the variableg, t,, ... are necessarily positives, this texrat be rejected when
s —rh — e begins to become negative. By this manner, the pragddnction
becomes, by making=1 init,



kﬂl

123 ..n [(S +e)" —n(s+e —h)"
%(He’—zmn

ey

- %(s —e—2h)"

+ .- ,

by rejecting the terms in which the quantity under tigm ®f the power is
negative. This artifice, extended to some arbitravyslaf facilities, gives a
general method to determine the probability that thereof any number of
observations will be contained in some given limjtSeethe Mémoires de
I'Académie des Scienge®ar 1778, page 240 and the following. ]

In order to determing , we wil make=1,s+¢ =h and-e null. The
preceding formula becomes théh ; but this quantity mustgo@l to unity,
since it is certain that the inclination must fadltlween zero and . We have
therefore

1
k= W
that which changes the preceding formula into this one
( 1 / |
[ —nls ¢ - hy
n(n—1) / )
5 (s+¢ —2h)
a < - .
! —(s—¢e)"+n(s—e—h)"
n(n—1) )
g smem2h)
4+ ...

3 Mémoire sur les probabilitégVII.



If we makes +¢ =nh andk —e =0 , the probability that the sum of the
inclinations will be contained between zero artd  ndp@ertitude or unity, the
preceding formula gives

n(n —1)

n_ _17l
n" —n(n )+ 5

(n—2)"—..-=123...n,
that which we know besides.

I

We apply this formula to the inclinations of the osloif the planets. The sum
of the inclinations of the other orbits to that thie Earth was, in decimal
degreed, 091°¢.4187 at the beginning of 1801. If we make the atiins vary
from zero to the half circumference, we make vanigh donsideration of the
retrograde movements; because the direct movement chatggf into
retrograde when the inclination surpasses a right afglas the preceding
formula will give the probability that the sum of theelinations of the orbits of
the ten other planets to the ecliptic will not surp8$.4187, by making
n=10% in it, h =200%, s+ ¢ =91%.4187, s—e=0. We find then this
probability equal tal — %-1%9)1? . consequently, the probability ttet sum of the

inclinations must surpass that which has been obsésvedual tol — %-1%9)?3.

This probability approaches so to certitude that theerobsl result becomes
unlikely under the supposition where all inclinations egeally possible. This
result indicates therefore with a very great probgliifie existence of a primitive
cause which has determined the orbits of the planedsato nearer to the plane
of the ecliptic or, more naturally, to the plane o golar equator. It is likewise
of the sense of the movement of the eleven plangtish is that of the rotation
of the Sun. The probability that this ought not to tpleee isl — 2%0 But if we
consider that the eighteen satellites observed untilmeke their revolutions in
the same sense as their respective planets, and¢habserved rotations, in the
number of thirteen in the planets, the satellites thiedring of Saturn, are yet
directed in the same sense, we will have 5 for theghibty that this ought
not take place under the hypothesis of an equal possibilithe direct and
retrograde movements. Thus the existence of a comraoasecwhich has
directed these movements in the sense of the rotatitime Sun is indicated by
the observations with an extreme probability.

4 Also known as Grads. 466= 360 =227 radians.



We see now if this cause has influenced on the movenfiehe comets. The
number of these which we have observed until 1807 inclysivg counting for
the same the diverse apparitions of the one of 1759,nmety-seven, of which
fifty-two have a direct movement and forty-five arogirade movement. The sum
of the inclinations of the orbits of the first2622¢.944 and that of the inclination
of the orbits of the others &90¢.089 . The mean inclma®f all these orbits is
51©.87663. If in formula @) of the preceding article we suppase=e¢ d an
s = gnh, it becomes

;[ L 2 L2 LY
123020 L\" " "

_ (n_%>n+n(n—%—2>n_...].

In the present case,= 97, h = 100°, e = 182%.033 , and then it gives the
probability that the sum of the inclinations must leaitained within the limits
50© + 1©.87664; but the considerable number of terms of this fornauid the
precision with which it is necessary to have eactheim renders the calculation
of it impractical. It is therefore indispensable telsa method of approximation
for this kind of analytic expressions or to resolve pinoblem in another manner.
This is that which | have made by the following metho

1.
| imagine the intervat divided into an infinite numi2grof parts that | take
for unity, and | consider the function

e*iw\/*_l + e*(ifl)w\/*_l + o+ e*w\/*_l + 14+ ew\/*_1 + o4 e(ifl)w\/*_l + eiw\/jl’

by designating now by the number of which the hypeslogarithm is unity.

By raising it to the powen , the coefficient &FV-L betdevelopment of
this power will express the number of the combinationshich the sum of the
inclinations of the orbits is equal to . This powen ba put under the form

(1+2cosw+ 2 coRw + --- + 2 Cow)".

By multiplying it by dwe =V, the term multiplied by/=vV-1 in the



development of the power will become independent of hemproduct; whence
it is easy to conclude that we will have the coedfitiof this term by taking the
integral

1
@) —/dwcoslw(l +2 cosv+ ---2 co&o)".
T
from @ null tow = 7,7 being the semi-circumference 200¢ e the
terms of the integral dependent@n  all becoming nuli@ssame time, and, for
the first time, only within these limits.
Now we have

, cosiww — co$i + 1)w , cosiw sinw
1+2cosw+ -+ 2 coSw = = cofw+ —2——
1 — cosw sin;w
Let iww = t, we will have
. cosiw sinw cos- sin
COSitww + ————— = C0% + ————.
sinicw sin L

The second member of this equation becomes, becaugdioite,

sint
20 —.
t

Moreover, if we make
l= ir\/ﬁ,
we will have
coslw = costy/n.

The function &' ) becomes therefore

(a" @ﬂ/dt cosrty/n (S|Tnt>”

(x

We have, by reducingint  into series,



lo sint\" _ log( 1 1t2+ L t
9\ ) =no 123" " 12345

_ont’ nog

6 180

this which gives

sint\ " wt?_ n g ﬁ( no
_ —e 6 0" T = 61— —1t _)’
( / ) 180

e being the number of which the hyperbolic logarithrangy. The functiond" )
takes then this form

2" G L
(@) P /dtcosm\/ﬁe (1_ o _)

We consider the different terms of this function. Veehfirst, by reducing into
seriescosrty/n and making = ¢,/¢

/dt COS?“t\/ﬁef% — \/E/dt/ 67#2 1— i6t/2 + rt 62t/4 o
n 1.2 1.2.34 '

The integral must be taken froim null#o infinity, Base; being infinite;  or
iww become infinite at the limitz = 7 ; the integral rel&itot’ must therefore be
taken fromt’ null tot’ infinity. In this case, we hawas | have shown in the
Mémoires cités de I'Académie des Sciefimethe year 1778 ,

1

/ dt e = SV
We have next, by integrating by parts,

/ 2ar et = —%t’ e+ % / dt' e ",

By taking the integral fromd null t6 infinity, this s@nd member is reduced to
5.3/ Generally we have, in the same limits,

5 Mémoire sur les probabilité X XII.
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m Y 1.3.5.2m—1)1
/t/Q dt’ e t2: (2777:1 )5\/7’_r

We will have therefore

/dtcosm/ﬁe 0 \/7 \[<1—§ . (%1).% ) \/7 Jre .

The first term of the functiora(" ) becomes thus
(20" 6
2i\/

We consider presently the term

t2n
/nt4dt e o COSrt\/ﬁ.

By integrating by parts, this term becomes

3.2
27’

—3t3e” v cosﬁf +3 / t* costy/n).

But we have

2n 2 d ?n
3/eed(t3 cosrty/n) =9 [ t*dte ¢ costy/n+ 3r d—/t2 dte v costy/n;
r

we have next

t2n 3t t2n 3 t2n
/tht e” s cosrty/n=——e o cost\/n+ —/eﬁd(t cost\/n)
n n

and

t2n t2n d t2n
/eﬁd(t cosrty/n) = /dt costy/ne o + rd—/dtee costy/n
r

By reuniting these values and taking the integral ftom| taul infinity, we will
have

11



t2n 33 3
/nt4 dte” o cosrty/n = o 2:; e (1 —6r" + 3r%).

We can obtain easily from this other way the integra

/ dtcosrt\/nt* e

For this, we will substitute, in place obsrt\/n, its valte 5"

consider first the integral

%/dt ertv/ = 42f 67%;

we put it under this form

% g/dt —§(ty/n=3rV/=1)"y2f

We make

t\/ﬁ— 3r\/j1
V6

=¢

this integral will become
_3,2 |6 P (t’\/é + 3ry/—1)%
e ? — [dt'e ;
n n.

But it must be taken front = —% to infinity. The pajt—""v—"
cosrt/n will give likewise the integral

1o \[/dt e (/6 — 3m/
2

1
2

eWw

from

the integral being taken froth= SV infinity. Thencesieasy to conclude

6
nt*
6

that the integraf dt t*/ cosrt\/ne™s is equal to

12



1 *% \/7/d/ t’2 t/f 37°V
2°¢

the integral being taken fromi= —occ = + oo , or, that whicheréy to
the same, to the real part of the integral

B
nf ’

the integral being taken froth nullto infinity. By kieg 2 f = 4, we have

7,2
/dtt4COS7°t ne % = - — 6%+ 3rt)y /=7 0
nQ\[ 2™

this which coincides with the preceding result.
The function &" ) will be thus reduced into the series eleding according
to the powers of, |,

(20)" 6,

2i/T [
We will have the sum of all the functions containedween — andl , by
observing thatl is the differential 6f ; now this elitntial isidr\/ﬁ ; we can
therefore substitutelr\/ﬁ in the place pr . The sum othall functions of
which there is question is thus, by doubling the integral,

(2i)”\/§/dre b [1_%(1_& 430 4 ]

In order to have the probability that the sum of thelinations will be
contained betweenr! ard , it is necessary to dividetdeeding function by
the number of all the possible combinations, andrthisber is(2i)” . We have
therefore, for this probability,

3
1— 21— ]
20”( 61> +7°)

6 3 3
W= o 21—
7T/dre [ 20”( 6r? 4 3rt) + - }

13



But we have

the limits of the integral are thereforelr/n  amd,/n;  consetjehe
probability that the mean incIination of the orbidl be contained within the
limits 5 5 f and h+ 5 f will be expressed by the preceding integral.

Ifwe make r? = 52 , this integral becomes

\[/dses[ 3(1_43 +§ )+...]

or

@) % [/ds et — ﬁes{z(?)s —25%) + } )

When the value of to its limit is quite great, thérs e ppr@aches
%\/7? in a way to differ from it less than any given magae, if we increase
indefinitely the number ; moreover, the terms folbgvi—ﬁefs{z(?;s —25%)
become then entirely insensibles. We can therefyréhe increase of , tighten
at the same time the limitst ﬁ and to increase atsdme time the
probability that the mean inclination of the orbitdl fall between the limits
1h + f in a way that the difference from certitude to finsbability and the

interval contained between these limits are less ¢very assignable magnitude.
Whens is quite small, we have, by a convergent series,

1 s 1 s
/dsesZ:s——S——i——S——---

1.23 1235

This series can be employed when does not sur@ass ket ivh
surpasses it, we can make use of the continued frabadm have given in Book

X of theMécanique céleste
€ q
2s | 1+1+H2+7q

1*1? )

/dseSZ = %\[

14



¢ being equal ta;; . The continued fractigp— is reduced, dowas we

stop it at the first, at the second,  terms in tHie\mng fractions, alternatively
greater and smaller than the continued fraction:

1 1+ 2¢ 1+ 5q 1+ 9q + 8¢*
1+q¢° 143¢° 146¢+3¢2" 1+10g+ 15¢%°

1
17
The numerators of these fractions are deduced the one tiie others, by
observing that the numerator of tié  fraction is etpuahe numerator of the

(i — 1)t fraction, plus to the numerator of the— 2)"  multiplied (by- 1)q
The denominators are deduced the one from the oth#rs same manner.

V.
We can now apply our formulas to the observed cometspding use of
the givens of article 1. We have, after these givens

n =97, h = 100°,

rh

2/

= 1%.87763,

this which gives

1G 87763
= 2v/9 \/7 = (0.452731.

1006

We can here make use of the expression of the intg?@rsada*s2 in series, and
then we have

2 / dse™™ = 0.4941.

NG

The probability that the mean inclination must betamed within the limits
50© £ 1€.87663 is, by formula 4" ), equal t®.4933 , of  very nearly; the
probability that this inclination must be below ietéfore! , and the probability
that it must be above § . All these probabilities &o little different frorr%

order that the observed result throws out the hypotbésis equal facility of the
inclinations of the orbits, and so to indicate thestexce of a primitive cause

15



which has influence on these inclinations, a cauaé we can not refrain from
admitting in the inclinations of these planets.

The same thing holds with respect to the sense ofnitreement. The
probability that, on ninety-seven comets, forty-fatemost are retrogrades, is the
sum of the forty-six first terms of the binomial+ ¢)°" vy makingp = ¢ = 1 ;
but the sum of the forty-eight first terms is the luilthe binomial ot ; whence
it is easy to conclude that the sought probability is

1 97.96...50 ( 48 48.47)

2 1234827 \"T50 T 5051

Now we have
97.96...50 1.2.3...97 49

1.2.3...48.29 ~ (1.2.3...49)2 297’

moreover, we have generally, when is a great number,

1
1923 5= g+ o=s./om (1+_ . )

12s

this which gives

12.3...97 49 (83)"ue,
(123..49)2 27~/ gz5 (29)%

We find thus the sought probability equalt@713 , a fractch too great in
order that it can indicate a cause which has favoredhe origin, the direct
movements. Thus the cause which has determined the cktiee movements of
rotation and of revolution of the planets and of theli#@s do not appear to
have influenced on the movement of the comets.

V.
If we neglect the terms of ordet , the integr@;fdse*s2 or

%\/gfdr P expresses the probability that the sum of the mitins of the
orbits will be contained within the limit§ — 5%~ arid+ ;% ; bilis same
probability is, by article 1l, equal to

16



1
I . o
123 n2 [(”J”“\/ﬁ) n(n+ry/n—2)
nin—1)

1.2

—(n—ry/n)" +n(n—ryn—2)"

-]

this function is therefore equal to the preceding intedtalv we have, without
the exclusion of the negative quantities elevated topthser n in the first
member, the following equation:

(n+ryn—4)" —---

n n n(n_l)
(n+ry/n)" —n(n+ry/n—2) +?

=(n+ryn)" —nn+ryn—2)"+--
+(n—ry/n)" —nn—ryn—2)"+-.
The first member is, as we know, equalltd.3...n.2"; the secaprkssion

of the probability becomes thus, by eliminatingn —r\/n)" —
n(n —ry/n —2)" + --- by means of its value given by the preceding equation,

1
s (V) — Ty = 2) - 12302 s

(n+ryn—4)" —---

be equating it to the integral which expresses the gaaiEbility, we will have
this remarkable equation

( 1
[ ) /2
—1
(b)< %(n—l—r n—4)"——123n2"71
= i/cl7° e
\ 27

If, instead of eliminatingn — r\/n)" — n(n —r\/n —2)" +---, we eliminated
(n+ry/n)" —n(n+ry/n—2)"+---, we would have an equation which
would coincide with the preceding, by making negative;ithiis this equation
holds, being positive or negative, the integral mustrbegh r, and the series

17



of differences must stop when the quantity elevated ¢opthwern becomes
negative.
Equation b ) differentiated with respectito  gives

\/ﬁ n—1 n—1 . 3 7%7,2.
1.2.3...(n—1).2n[("+“/ﬁ) —nlntry/n-2) +"']_\/;e ’

by differentiating again, we will have

n

1.2

Bo.(n—2

Jan(nt ry/)" 2 =t ry/n—2)" 2 = = 3y dr e

By continuing to differentiate thus, we will have invery approximate manner
the values of the successive differentials of thé finember of equationb( ),
provided that the number of these differentiations @ry small relative to the
numbern . All these equations hold, being positive or thegaand when- is
null, they become

1.2.3...(n—2)2" |

\/ﬁ [ n-1 n—1 n(n B 1) n—1 ] 3
—n(n -2 S N [ -4
123 m_npr [V =T A T () o
n [ n—2 n—2 |
_ _9 =0
123 2z " —re=T A =0,
ny/n [ n-3 -3 ] 3
n=3 _ — )" o = =342
123 (n_aypr [V T2 o
2 - _
n nnf4 . n(n o 2)7174 4| = 0’

The second members of these equations are zero, Wwhexponent of the
power is of the formn — 2s , this which is easy to seedess by observing that

nanS o n(n o 2)71723 4.
is the half of the series” 2 — n(n — 2)""2* + ... , without the exclusiorhef
negative quantities elevated to the power 2s , a serieshwheing thex™

finite difference of a power less than , is null.
We can, by integrating successively equatibn ( ), obsame analogous
theorems on the differences of the powers superiar tbus; we have by a first
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integration

! ntl n+1
1.2.3... (n+ 1)\/5'2n[(n+r\/ﬁ) —n(n+ry/n—2)" 4 — N

1 3 2 _QTZ
—2r+\/2w//dre ,

the integrals beginning with , ard,  being equal to

(b)

nn+1 o n(n o 2)n+1 4.

In order to determine this function, we will obserkiattwe have

nn+1 o n(n o 2)n+1 4.

_ n n n(n_l) N\
—n[n —n(n —2) +71.2 (n—4) ]
+2n[n—1+rvVn-1)"-(n-1Dn—-1+7"V/n—-1-2)"4--]
by makingr’y/n — 1 = —1. We have next
n" —n(n—2)"+ - =1.2.3...n.2""",

because the first member of this equation is the bflthe series of the
differences, without the exclusion of the negative qtiastielevated to the
powern . Moreover, if we change, in equatibh (n), inte 1 r intor’, and if

we suppose in it next = —ﬁ, we will have very nearly

m=14+rVn-—1)"—(m—Dmn—1+r/n—1-=2)"+...

1 1 3
— N, 1 +1.23.. .0y —1.2"*1[— —]
o v on—1 21V 2z

We will have therefore

-1 i n

2m \/n—l;

N, =2nN,_1 +1.2.3...n.2"

if we make
N, =1.2.3...n.2"6,,

we will have

19



1/3 n
2V 27 \/n—l’

this which gives very nearly, by integrating,

/31
= — — 1 .
(Sn 27T3(7’L+ )\/ﬁ,

it is easy to see that we can neglect here theamptonstant. Therefore

1 3
N, =1.2.3... 12" /n =/ —,
(n+1)2"/n 2/ o
1

n+l n+1
193 n+12”\[ n—i—r\[ n—i—r\[

\/7 —r+\/7//drei.

By integrating anew, we have

1
n+2 n+2
1.2.3...(n +2)2'n [(n+r/n)™ = nn 4 ri/n -

nn+2 + n(n o 2)n+2 . ]

r 12 3 37%7,2
\/ 3 4r+\/2ﬂ///dre .

all the integrals must begin with . But we have

hence

R —n(n — 2" = 1.2.3.. (n+ 2)2”*1%

In effect, we have, as we know,
du n
A"u = (e e — 1)
by applying to the characteristic the exponents ofpbeers of;’—;‘ , In the

development of the second member of this equationqarang the variation of
z. If we makeu = 2”2 , we will have, without exclusion of thewers of the

20



negative quantities,
(z +2n)""? —n(z +2n —a)" ™ + -

2 anx o’n®  o’n
=1.2.3... 2)a" | —
(n+ )a(2—|— 5+ 3 +3.8>’

this which gives without this exclusion, and making- —n and 2 :

"2 p(n— 2" 4. =123, (n+ 2)2"%,

and, with the exclusion of the powers of the negativetjies,

R —n(n — 2" =1.2.3.. (n+ 2)2”*1%

we have therefore

1
1.2.3.. n+22n (2 +7y/n)"2 = n(n4ryn—2)" 4

Ve[

and thus in sequence.

VI.

The problem which we have resolved in article I, theddy to the inclinations,
is the same as the one in which we proposed to detethenprobability that the
mean error of a number of observations will be amed within some given
limits, by supposing that the errors of each obsematam equally be extended
within the intervalh . We are going to consider nowdkeeral case in which the
facilities of the errors follow any law.

We divide the intervah , into an infinite number of fsar+ i’ , the negative
errors can be extended from zero-ta and the positieesefrom zero to’
For each point of the intervdl , we elevate somenatds which express the
facilities of the corresponding errors; we name  tlhenlver of the parts
contained from the ordinate relative to the erronzerthe ordinate of the center
of gravity of the area of the curve formed by thesdinates. This put, we
represent byb(i ;) the probability of the ertor for eabkervation, and we

consider the function
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¢( — >eiw\/_1+¢(ﬂ>e(i1)w\/_l+---

v+ T+
+ o 0 +d 0 -1 e(i’*l)w\/*_l + ¢ 4 ei’w\/jl
T+ T+ T+ ’

By raising this function to the powes , the coeffitienf V=1 in the
development of this power will be the probability thage sum of the errors of
observations will ber , whence it follows that, byliplying the preceding

function bye*qw\/*_1 and elevating the product to the power ctedficient of

¢'=V=1 in the development of this product will be the probihilat the sum of
the errors will be- + nq . This product is

0) [qu(i jr“ . ) e(w)wﬁ]

the sign) ~ must extend from= —i to=14 . If we make

n

r T q q 1 dz

i+i  h' i+4d h’' i+4d h

the function (0) becomes, by reducing the exponentitdsseries,

LR fo(E)ir+ 6+ 10T 25 o( i

h
(i) 2/(96 —4¢) (T "
T2 7 02 gb(h)d“r”'] ’
z is the abscissa of which the ordinategisZ) , the rafi the abscissas

corresponding to the ordinate relative to the erroo;zef is the abscissa
corresponding to the ordinate of the center of gravithe area of the curve; the
integrals must be taken from= =% i0= £ . We have, by thareaif the
center of gravity of the curve,

[5G )i =0

by making
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k:/¢(%)dx, k:’:/(x;Tq/)Q¢(%)dx,

the preceding function becomes thus

!/ n

n k_ N2 2
kz[l 2k(z+z)w+ }

(i + )"
hn

If, conformably to the analysis of article 1V, weultiply the function (o) by
2coslw, the term independent e  in the product will expresspitadability
that the sum of the errors will be eitheqy —1 w@y+17 ; byltiplying this
product bydw , and integrating from nullte= 7 , the integraidgid by~
will express this probability which will be thus, bgjecting the odd powers af
which are multiplied by/—1 and which result from the depelent of the sine
of o and from its multiples in the function (o),

. -/ n n 2 / n
(0) M—/coslw 1- k—(i—l—i’)QwQ + | dw.
hm T 2k
Let presently
(i + i) =t;

we will have

Ko e o " L _ ko
log 1—2k(z+z)w+ } —nlog(l 2krt + =n th + ;
this which gives fofll — £ (i + ') +---]" an expression of this form
67%"’52(1 + Antt 4 .- 0).

The function ¢' ) will become therefore

+d)"Em 2 1 t T
(0" (i 7)"k" 2 /cos ! dte =" (1 + Ant* +--.).

h" S v+

The error of each observation must necessarilyitll the intervah , we have

(i + i)k

=1.
h
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Let - ly = r/n; the preceding expression will become, by haviggne only to

its first term,

— /COSrt n e wnt’ dt,
(i +14')

this which, by integrating from null t6 infinity, bemes, by the analysis of
article I,

2 E i
(i+i)/aV2km®

If we multiply this function bydl , by integrating it we illvhave the
probability that the sum of the errors will be conéal within the limits.g +1 or
nq £ (i +i')r/n; now we have

dl = (i +i")dr/n;
this probability will be therefore

2 ﬁ/ —ar
\/7?\/2]{:/ e~ W dr.

i+ 1 being equal tov , ang can be substitutedgfor , the prectaitsg will
become

ng' + hr/n,

and those of the mean of the errors will be
q £ i

Jn

In the case that we have considered in article/llis null; £ = h, k' = %h; the

preceding expression becomes, by makirg %7“’ in it,
2 3 3,02
- — 757’ d /
1 o
and the limits of the mean of the errorsi'ts“’\/%1 : thisclv is conformed to the
article cited.
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In generalg’ is null when the curve of the facilitidserrors is symmetric on
each side of the ordinate corresponding to the erray. 2érthe law of the
facilities is represented by(1h* — 22),  we will have

A A
k=—h 2k' = —h?
6’ "=

and, consequently,

LA
2k

thus the probability that the mean error of the olz@ns will be contained
within the limits + \7’/—’% will be

2 2
—\/E/elor dr.
N

By applying in this case the method of article I, wé mave the expression
of the same probability by a series of a very greatber of terms, analogous to
that of the finite differences, by which we have dmired the probability in the
case of an equal facility of errors. But this neweserwhich we have given in the
Mémoirescited from I'Académie des Sciencks the year 1778, page 249, is
too complicated to offer for the sake of its comparisath the preceding
expression of the probability of the results which icéerest the geometers.

In the case where the errors can be extended tatyinfime preceding
analysis gives yet the probability that the meanreofoa very great number of
observations will be closed up within the given limitsorder to see how we can
now apply this analysis, we suppose that is the expressithe facility of
errors, the exponent @ must always be negative amddme as regards the
equal errors positives and negatives. By supposing thesguositives, we will

have
/e;dx = p(l — 67%),

by taking the integral from null to = %h . In order to hake entire value of
k, it is necessary to double this quantity, because #gative errors give a
guantity equal to the preceding; by supposing thergfore gneatgh in order

= 10;

6 Mémoire sur les probabilitégIX.
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thate disappears beyond unity, this which holds exattiile casé infinite,
we will have very nearly

k = 2p.

We will find in the same manner, by taking the intedr de o=

, A4
k' = h2’
thus
ko h
2" 4p?’

The probability that the mean error will be contdimgthin the limits + \7"/—’% will
be therefore

2 h 2
/e e dr.
ﬁ2p

Let rh = r'p, the limits becomet T—\/% , and the probability thag thean error
will be contained within the limits becomes

1 1,2
—/e adr’s
VT
then the consideration &f supposed infinite disappears.

VII.

The manner which has led us to equatibn () of articlea¥ves room to
improve a direct method in order to arrive to it; #search is the object of the
following analysis.

We designate by(r,n) the second member of this equatiorhwhi the
question to determine; by differentiating it with respect, it will give

1

123 (n—12” n—i—ﬁ[ n(n—i—?“\/ﬁ—Q)”1+...]:%¢/(T’n)’

¢'(r,n), ¢"(r,n), ... designating the successive differences @f n) , divided
by the corresponding powers@f ; but we have
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n(n —1)

(n+ry/n)" ' —nn+ryn—2""+ ?(n—l—r\/ﬁ—él)"*l —
—n—-1+r"Vn=1D"T—(n=Dmn—=14+7V/n—-1-2)"" 4.
—n=147"Vn=1D""+ (n=Dn—14+r"Vn-1-2"1+...

by making

r'Vn—1=ryn+1, 'v/n—1=nry/n—1.

Equation b ) gives, by changing into—1 init,

1
—1+r7Vn=-1D" 1 —(n-1Dn—-14+7V/n—-1-2)""14...
123 (n-nzi V=T s (= D= L4y o
—n=14+7"Vn-1)" T+ n-Dn-1+7"vVn—-1-2)""1—..]
=o¢(r',n—1)—o(",n—1);
we have therefore this equation in the finite anchitefly small partial differences

(p) ¢(TI7 n— 1) - ¢(TII7 n— 1) - %¢/(Ta 7’L)

We can obtain a second equation in this manner; we hav

(n+ry/n)" —n(n+r n—2)"+%(n+r n—4)" —...

=m+ryn)[n+ryn)" " —nn+ryn—2"" 4.
+2n[(n4+7ry/n—-2)""1—n—-1)n+ry/n—4)""1 4]
Equation b ) gives, by differentiating it with respeci-to

m[(n +7r n)"*l — 7’L(7’L + T\/ﬁ— 2)”71 + ]

— (% + %) ¢ (r,m),

and the same equation gives, by changing in it as abaw® n — 1 andr into

,,,,// ’
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2n (n=1+7r"Vn—1)""—n—-1n—-1+7"Vn—1-2)""+..]

1.2.3...n.2n"1

1
- ¢(7°//,7’L - 1) + 53
2
therefore
1 n n

Y

DN | —

- (% + %>¢'(r,n) +o(r",n—1)+

substituting this value into equatiom ( ), we will have

(@ (% + %) ¢'(r,n) + 9", n — 1) = 6(r,n).
This equation, combined with equatign ( ), gives
(ql) <_% + %) ¢/(T7 7’L) + ¢(TI7 n— 1) = ¢(T7 n)

We have

QU R S I N
- T - 2
2n  8n? \/ﬁ 2n  8n? ’

Y S W S S G SN A
ro=r N [ . e — J— JR— B
2n  8n? \/ﬁ 2n  8n?

By substituting these values into equatiogs ( ) agid ( ) andebeloping in
series the functionss(r’,n —1) and(r’,n—1) , we see that these two
equations differ only in this that the terms affectée\l}g have contrary signs; we
can therefore equate separately to zero the ternme afevelopment of equation
(q) which have at no poin{/n  for divisor; and then weehan equation of this
form
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(
1
. / _ Ui o 1
5 816/ (r,n = 1) + ¢'(r,n — 1)]
r / /
(r) < :¢(r,n)—¢(r,n—1)—g[¢ (Tan)_¢(ran_1)]
M M
\ + pr) + =t
M, M', ... being some rational and entire functionsrof , muliipley the
differentials ofp(r,n — 1) , and that it is easy to form. Wedfthus
4 2
M = —g¢'(r,n —-1)— %é"(r,n -1)

T 1 v
— - —1)— — —1).
19 (=1 = 526" = 1)

Equation p) gives, by integrating it and designating ¢, n) ithegral
[dr ¢(r,n), beginning with- , and observing that = dr” = dry/n

—1?

a

i m— 1) — (1" n — 1) = %w, ).

By substituting for”” and” their preceding values and devejapiiseries the
functionsg,(r’,n — 1) and,(r”,n — 1) , we have an equation of this form

( \/%[¢(T7 n) - ¢(T7 n— 1)]
1 / /!
r) g ZWBW (rin—=1)+¢"(r,n —1)]
TR
\ n2y/n—1 n3y/n—-1 ’

N, N', ... being some functions of the same natur@fas\i’, ... and \vhich
is easy to form in the same manner; we find thus

4 + 3r2
—;4T ¢"(r,m—1)

VY, 1 v
— — 1)+ — —-1).
+ 159" (= 1)+ 5" (rn = 1)

3
N = gﬁ(r,n— 1)+
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If we substitute into equatiornr (), instead @fr,n) — ¢(r,n — 1), its value
given by equationr( ), we will have

(1
%[37a¢/(7a7 n— 1) + ¢//(T7 n— 1)]
r d
- = _1 Ui _1
© 1 = fare(rn 1)+ ¢ (rn - 1)
JMAN M4 N r AN _r dN'_
. n? n3 n3 dr  n* dr ’

In order to integrate this equation, we suppose

I(r) | I(r)
—1N=v S VA T AT
O(ron—1) = W(r) + = = = 4o
by substituting this expression into the preceding equasiod,comparing the
coefficients of the descending powers:wof , we will hgngefollowing equations

0=3r¥'(r)+0"(r),
/ " _ 1 d
3ril'(r) + 11" (r) = 2rd7°[
M andN being that which/ amdl  become when we chafnge: — 1) it in
into ¥(r). Be continuing thus we will have the equationsessary to determine
I'(r) and the following functions.
The first equation gives, by integrating it,

3,2

U (r) = Ae 2,

3rW' (r) + 0" (r)] + 3(M + N),

A being an arbitrary constant. In order to integrages#gcond, we must observe
that the preceding expressionsidf  andvof  give

— 34 : _ 3A ‘
M = Tr(l - 7"2)67%7,2, N = —2—070(1 - 7"2)67%7,2.
The equation inl’(r) becomes thus
36A .
3rIl'(r) + 11" (r) = %(7‘ — 7“3)67%7,2’

by multiplying it bye%TZ and integrating, we will have
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34
I'(r) = Be ?" + == (6r* — 3r")e ",

20
B being a second arbitrary. We will have in the saraemarl”(r), ..., and we
will obtain thuse(r,n — 1).
In order to determine the arbitrarids B, ..., we will obsetivat, if we

integratef dr ¢'(r,n —1) from nulte = ,/n , that which returns to takeit

r infinity, because we can neglect the terms multipligdHe exponentiat—2" |
on account of the magnitude supposedhin , we will havahisrintegral a

guantity that we will designate l:iS/,/ , L  being a linear fuorcinf A, %, e

but, whenr = f , the first member of equatidn ( ) becomdwtever ben |,
equal tol ; we have therefore

3

3_1
2n  2°

By equating to zero in this equation the coefficientshefsuccessive powers of
%, we will have as many equations which will determtime arbitrariesA, B, ... ;
thus¢’(r,n — 1) being, by that which precedes, equal to

B 52 3A ;)
A _ .. —ar N — 2
( +—+ > + 5 (6r° = 3r1)e ST

we have, by integrating from null to infinity,

equating this quantity té and comparing the poweéls of hawe

A
A= _3’ B:——3 ’ -
2 20
that which gives
3 s, 3
! —1)=4/—e 2" [1— —(1—
¢'(r,n—1) 5 ¢ 2" [ 20n( 6r? 4 3rt) + -

By changingn into: + 1 and neglecting the quantities of o;jalewe will have
the expression od’(r,n) which results from articles lltlary for we see, by
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article V, thatp(r,n) must be a half of the probabilitgttive have determined in
article 1V, and of which the half is equal to the gr& of dr multiplied by this
expression 0§’ (r,n) .

VIII.

We can reduce equationg ( ) argl ( ) to a single equatiomeimftinitely
small and finite differences. In effect, if in equatig) we increase b% ; then

r’" is changed inte’ , and we have

(\}ﬁ + T+n‘%)¢’<r+ %n) +¢(r',n—1)= ¢<r+ %n)
By subtracting from this equation the equatigh ( ), merblgenember, we have
% [¢' (r + % n) + ¢(r',n)
= ¢<7‘ + %,n) — o(r,n).

Let s = ry/n, and we designatg(r,n) Bys) , that which gives
dr ¢'(r,n) = ds¥'(s)

r+%

+— ¢'<r+%,n>—%¢'(r,n)

and, consequently,

¢(r,n) = /n¥'(s);
the preceding equation will become
s+2

(s +2)+ 0 (s) = U(s+2) — U(s) — \I!'(s—l-Z)—l-%\I!'(s).

By differentiating, we will have

n—1

V(s +2) + W(s) = [U(s +2) = W(s)]—
) 542 °
\If”(S + 2) + 5\11”(8).

n
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This equation is susceptible to the general method whieve presented in
Mémoires de I'Académie des Scienémsthe year 1782, page 44. | make
therefore, conforming to this method, and by employiegdosine in the place of
the exponentials,

U'(s) = /COSStH(t) dt.

The question is to determine the functid(x) and thedioiitthe integral. For
this, we will substitute this integral, in place uf(s) nta equationX ), and we
will make the coefficientss +2 and of this equation disapgsameans of
integration by parts; we will have thus

0= %sin(s + 1)t sintTI(E)
)

+ /Sin(s + 1)t [(t cos — sin)II(t) — @H’(t) dt.

n

Following the method cited, we determifigt) by equatingfuhetion under
the integral sign to zero, that which gives

0 = (tcost — sin)II(t) — TH’(t),

whence we deduce, by integrating,

and, consequently,
' (s) = A/COSSt(SITnt> dt = A/ cosﬁ/ﬁ(?) dt,

A being an arbitrary constant. We will have nextih®y same method, the limits
of this last integral by equating to zero the part outsidae [ sign in equation
(y); now, this part is null whem is null and when rifinity, becausdl(t)
becomes null then. We can therefore take0 tarchbo feetlmits. This
expression ofl’(s) is of the same form as that whichheae found in article

7 Mémoire sur les approximations des formules qui sont fonctions de &edsgnombres
§ XV.
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IV, for the probability that the sum of the inclirati of the orbits ofz comets

will be 4 + Thf; and, by treating it by the method of thecitcited, we will
arrive, in order to determing(r,n) , to the same formulashwve just gave.

IX.
We can extend the preceding researches to the differesicdéractional
powers. For this, we consider the function

m—i)n—i—1)(n—i—2)(f—)2" [(n+ryn)"" —n(n+ryn—i""
n.n —1

RN |

i being any whole or fractional number very smalltreddy to n, andf being the
number immediately superior to . By designating this fomcby ¢(r,n), we

will have first, by following the preceding analysigjuation ). We will have
next, in place of equatiom( ), this one

& (% * %) ¢'(r,n) + %W?ﬂan —1) = ¢(r,n).

n—1
By combining these two equations and reducing to sesesh@ve, we will have,
by neglecting the powers superior%lto
0=23r¢ (r,n—1)+¢"(r,n—1)+ 3ig(r,n — 1),
and, by changing — 1 inta,
(u) 0=3r¢'(r,n) + ¢"(r,n) + 3ig(r,n).
We satisfy this equation when is a whole number yimga
di-le—5r
dri-1 7

A being an arbitrary constant and the differential @ti@risticd must be
changed into the integral sigh ,iif-1 is negative, anch thhe obtain the
preceding results; but, if is fractional, the integmatad equation ) presents
more difficulties. We can obtain it then by definieigrals.

o(r,n) = A
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We consider the case of= 1 ; we will have for the iraegf equation )
1 T2
= | —=e ¢ (acos b sinx)d
o(r,n) /\/Ee (acosrx + b sirz)de,
a andb being two arbitrary constants, and the integriagttaken fromx  null to

x infinity. In effect, if, conformably to the methazkhibited on pages 49 and the
following of Mémoires de I'Académie des Scienfceshe year 1782, we make

o(r,n) = /COSmc U (x)dr;
by substituting this value into the differential equati@), and making the
coefficient vanish in this equation by means ofgné¢ion by parts, we will
have

0 = 3z cosrz ¥ (z) + / Co3w [(g - x2>dx\11(x) —3d.x¥(x)|.

Following the method cited, we determidg ) by equatingeim zhe part
under the[ sign, and we have

0= (g _ x2>dx\11(x) — 3d.a0(x),

an equation which, integrated, gives

We determine next the limits of the integral by equptio zero the part
3z cosrz ¥ (x) under the integral sign. This part becomes

1.2
3a\/xCcoOSrxe

and it is null withz ( nujl and when is infinity. Thusetintegral
/ dx _ 1.2
—=CoSrx e 6"
Nz

8 Mémoire sur les approximations des formules qui sont fonctions de &édsgnombres
§XVII.
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must be taken within these limits. If, in place of ittegral
/COSmc U (zx)dr,

we had considered this one
/Sinmc U (x)dr,

we would have found fo¥ (x)

The reunion of these two integrals is therefore thapiete integral of equation
(u).

In order to determine the constamts @&nd , we obgéate if we make
/ . T2 .
r=/nandz = o the integral ﬁe*?(a cosrz + b sinrz)dz  becomes

2

1 dx’' , gy e
— [ —=(acosz’ + b sin’)e 6.
niJ

/2
Whenn is a very great number, we can suppose the factorequal to
unity, in every extent of the integral taken frafm  molk’ infinity, because then
this factor begins to deviate sensibly from unity omhenz’ is of the orde{/ﬁ ,
and the integral, taken from a value of this orderafoto 2’ infinity, can be
neglected relatively to the entire integral. Now weehas | have shown in Book
VIII of the Journal de I'Ecole Polytechniqupage 248,

/ dz' cosz’ dz’ sine’ 1

= =4/ =

Va! Va! 2

The preceding integral is reduced therefore to

i2a+b.
VT

Y

this is the expression @fr,n) when we make \/n init. Therhave
9 Mémoire sur divers points d'analys¢V Cabhier, T. VIII; 1809.
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B 2" nel nt , n(n—1)
orn) = 35 ey |V MY 1.2

(n—2)"> _]

The formula (” ) on page 82 of thdémoires de I'Académie des Sciencegor
the year 1782 gives, by having regard only to its firghter

1 1 1 2
" —p(n—1)"e = —1.35... (2n— 1)/ =
n n(n—1) o (2n =1/~

we have therefore

a+b 1

2 N ni\/;r
If we make next inp(r,n) r = —f this function becomes null; hee
consequently
dr 2 .
0= NG o (a coszy/n + b sincy/n).
x
or

— /d%(aco%’ +b sint’),
:C/

that which gives

Therefore

and, consequently,

(cosrz + sinvz)

o(r,n) nuf/ \[e &

10 Mémoire sur les approximations des formules qui sont fonctions de tadslsgr
nombres 8XXVIII.
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or

dz(9+ 2 : 22
o(r,n) = \[/ z( + %’ Slnmc.ef?, 1
n4

the integrals being taken fram nullto infinity.

The same analysis leads us to determine generally:), ewvdrabe the
number: . By supposing it less than unity, we will satik# differential equation
(u) in ¢(r,n) by the assumption of

22

o(r,n) = /;1: (acosrx + b sivz)de,

a andb being some constants that we will determine thus.
By supposing: = \/n , we will have
Ansnfl
(1—i)(2—1)-(n—1)
s increasing from unity and being null at the origin. Falar(.”) of page 82 of

the Mémoires de I'Académie des Scientmsthe year 1782 gives, by considering
in it only its first term,

¢(T7 n) -

A" = (1 —4)(2 =) (n—z)w,

we have therefore, in the caserof \/n

2i
¢(T7 n) - E
If we make next, in the preceding expressiongéf,n) r = \/n and

&
T = it becomes

11 This formula is false, because, fo= 0 , the second reefsbmade void without that it
be likewise of the first. The exact formula is

222 + 3

o(r,n)

sinrz.e” v ( Gx) d—f (Note of editor)
€T?2

“w]

12 Mémoire sur les approximations des formules qui sont fonctions de ta@slsgr
nombres 8XXVIII.
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1 2 .
—i/Ti)eﬁ”(a cosz’ + b sim’)dx’;
n?2 X )

now we have, by the formulas of the Volume cited @ dburnal de I'Ecole
Polytechniquepage 2563

1 'da! — ko am
iy cose/da’ = cos,

1 ., .,k am
/Wsm.ﬁ dr’ = 25"’]5,

k being the integral dt e~'i  taken from null to infinity; b3king therefore

for unity the factore & , as for it we can when iseygreat number, the
expression of(r,n) becomes

k ( i ) i7r>
| acos— + b sin— |.
m2 2 2

By equating it to2-, we will have

i AT 7.2
aCOS— + b Sin— = —.
2 2 kn2

By making nextr = —\/n ing(r,n) , it is reduced to zero; but thenijtsn
expression as definite integrainrz  is changed inginz /1 . Gdnénis easy
to conclude that we have

% AT
0 =acos— — b SIn—
R 9

consequently
7.2 7.2

Q= "7 ., b=
2kn>cos

2kn? SNz’

We have therefore

13 Mémoire sur divers points d'analyséV Cahier, T. VIII; 1809.
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. 22
7.2" AT T e sdx

¢(ryn) = ———— [ | sSin— cosz + cos—- sinz -
knzsinir 2 2 xt

or

¢(T7 n) -

knzsinir

2 )
7.2 /e'e Sin(m + %)dx

xl-i

X.
We can obtain quite simply all the results which predegléhe following
analysis.

We consider generally the integrifk—=%  taken from  nullztnfinity,
n — i being equal ta’ + %, i’ expressing a whole number positive @ Byr
integrating by parts, from =« te infinity, we have

-1 i —sa ) 1 i'—1 1 1 i'—2
( )6 [81__8_+_(_+1>8 + ...

N 5
ﬁ(ﬁ‘l‘l)(iﬁ-?)---(n—z)a% 2f « 2f\2f o
1 /1 1
)Y = =41)--(n—3i ]
+ ( )2f(2f+> (n Z)Oﬂ’
(—1)f+1gi+1 [ due™
227
+L L 19 .
I Ry
We have generally
A"e' =0,
anfc

when we suppose infinitely small; because, if we develd® into a series

ordered with respect to the powers sof , all the powérs mferior to n
become null in the functioi” g;’i , and all the powers equal o superior are

null by the supposition of  infinitely small. It follathence that\" [ <=& s
equal to
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(_1)7?’+1An( i +1f ”Tda:)
%(% + 1)---(71—@)
the integral being taken from nullio infinity; novewave
AR e dx  [e (e —1)'dx
pn—it+l - pn—it+l ’
by making next: = £ , we have
/es“"dx 11/em’dx’
1 = s 1 5
T2f x'2f

the two integrals being taken from amtd  nulls to thelues infinities; we
have therefore

Y

NI+l AR n—i [ e Tda
/esx(ex_l)ndx ( 1) A"s f Tl2f

—i+1 - .
it %(%-l-l)(n—l)

Y

this which gives

T —z 177
By 1 1 . f n—i+1
Anéﬂ%:ﬁ( f—|-1> (n—1)(—1 7+1fg—T;d+a:’

x'2f

an equation which is the same as formutd)( MéMmoires de I'Académie des
Sciencesfor the year 1782% as it is easy to convince ourselves
We supposei’ =n—1 angd a positive whole number. If we make

)"z \will become

§=—2 i , the mtegrafonim
/eﬂmﬁdx 67% — G% "

2
We makez = 2z'y/—1, and then this last integral is transformeéd the
following

14 Mémoire sur les approximations des formules qui sont fonctions de tadslsgr
nombres 8XXIX.
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—1)"2, ey (cosra’\/n++/ — 1 sz’ /n)

2/ 1) J
we have therefore
(

) 1 1 2
Ansmz_( 1)...<n- 2Vl

(2 2f
) \/7

—1 sinz’\/n) (%f"’,)ndx

e~ *'dx’
1

\ Y

the integrals being taken fromh  nulltb= =+ oc.

We suppose firsf  infinity; we have generafly = 1
of order 3
have

f logk = log(1 + q),

that which gives

2f logk.

This put, the preceding equation becomes

1 1
2n—1+ﬁ Ansn—l-‘rﬁ

by netjlgcthe terms

57; because if we make: =1+¢ , by taking the logarittwesyvil

@ _ Mgn/(\/——lcosml\/ﬁ sinz’\/n) (Smx ) z;

2f

now we have, with the exclusion of the powers ofrtbgative quantities,

2" ARy = 1 [(n + r\/ﬁ)"*H‘A’Lf —n(n+ryn—2)

n71+2if + .. ]

—(— 1) [(n /) T —n(n e/ — 2)" T ] .

177 is susceptible o2f values of which a single one i aed equal to unity.

We obtain these values by observing that
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1 = cos2iw + / —1 sirklm,
and that thus

1 21 2w
1% = (cos2im + v/ —1 sirklm)? 3 = 005277T +v -1 sm27

| being a positive whole number which can be extended fre 1 tol =2f. In
order to have the real value t# , It is necessamyite to!/ its greatest value
2f. Then the imaginary part of the preceding expressionﬁ%"*H%f IS
produced by the parts affected (o#l)‘ff This last quantity kasvise 2 f
values represented b}bS @ 1 +v -1 smM [, can again be extended from
l=1tol=2f. But, havmg choseh=2f in order to have , we must
likewise choose this value df in order to deternﬁnel)%f and then the
imaginary part of—1)> becomeg—1 sin (4'f2}1)” ; and, in the casg of nitipfi

it becomes-+/—1 75 ; this which gives, by neglecting the tesfarder

ﬂ\/i[n-l—r\[ n(n+ry/n—2)""1+-,

for the imaginary part of the preceding expression of
2n71+%fAnSnfl+2Lf.

By equating to the imaginary part of the expression dweaquationZ ), we will
have

(n+r n(n+ryn—2)""14... 1 sing’
\[ ) = —/COSMU'\/E( /x >dx'.
s x

1.2.3...(n—1)2"

The second member of this equation being integratedeboyméthod of article Ill,
will have the same results as those above.

We suppose now, in equatiox ()= 1 , we will have, by clmangi it = to
— 2" in the numerator of the second member, and obserkagthe integral
i \};e*x dz’ of the numerator is equal tg'r,
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- ; NN\ "
Ansnfl L. 325n 1(\/7;77( 1 i/ \/7 COS?“-%”[_ vV —1 Sinﬂx”\/ﬁ)(szf > dz".

Here the integrals must be taken frarh null at6 infinkVe have, by
excluding the powers of the negative quantities,

2"IATS T = (n— r\/ﬁ)nfé —n(n—ry/n— 2)"*% +---
—\/jl[(n + r\/ﬁ)"% —n(n+ry/n— 2)"7% + -

By substituting this value into the preceding equation akliljugal’—\‘é’_1 in the

place of(—l)% , we will have, by comparing the real quastite the reals and
the imaginaries to the imaginaries, the double equation

(n+ T\/ﬁ)nfé —n(n+ rf — 2)"*% + ...

1.35...(2n — 1)

\/%/\/7 (cosrz”\/n + sina”/n) (smx > da”.

If we reduce into serieZ",  and if we maKe= ﬁ , we will have

t2
1 — —
6n T
2 . i,
we could therefore substitute s in the place(#)" , and thersecond

member of the preceding equation becomes

! / ! (cosrt + sint) %dt
T —F T (& 5
niy/2m \/%

that which coincides with the results of the precedmigle.
By generalizing this analysis, we will arrive easdythis rigorous expression,
i being less than unity and the powers of the negativetijeameing excluded,
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1
(1—0)(2 i) (n—i)2n—

[(n +ry/n)" —n(n+ry/n—2)""

nn—1)(n—2)
1.2

7.2 1 . im [ sinz\"
= ]{,‘Siniﬂ'/.ﬁli Sln(mc\/ﬁ—i- 5) (—x > dzx,
the integral being taken from null to  infinity, aid eiry the integral

[e~*idxz taken within the same limits. We will have, by somaccessive
differentiations, the values relativeto greater thaity.

(n+ryn—4)""—...
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