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The phenomena of nature are most often enveloped ohwsh strange
circumstances, a so great number of perturbing causesgyrttrgir influence, that
it is very difficult to understand them. One is able aaive there only by
multiplying the observations or experiences, so thasthange effects coming to
destroy themselves reciprocally, the mean results iseevidence these
phenomena and their diverse elements. The more tleevabisns are numerous
and the less they deviate among themselves, the mmeirerésults approach to
the truth. One fulfills this last condition by the @® of methods, by the
precision of the instruments and by the care thatsete to observe well. Next
one determines through the theory of probabilitiesmbst advantageous results
or those which lay the less open to error. But thiesdoot suffice; it is most
necessary to appreciate the probability that the ®rodrthese results are
contained in some given limits. Without this, one lady an imperfect
knowledge of the degree of exactitude obtained. Some fasnpuéper to this
object are therefore a true perfection of the metHateosciences, and that it is
quite important to add to this method. The analysistti@t require is the most
delicate and the most difficult of the theory of proliads. It is one of the things
that | have had principally in view in my Work, in whi¢ am arrived to some
formulas of this kind, which have the remarkable adgeta be independent of
the law of probabilities of the errors and to contamy some quantities given by
the observations themselves and by their expresdiam. going to recall here
the principles.

Each observation has for analytic expression a fomatf the elements that
one wishes to determine; and, if these elements eadyrknown, this function
becomes a linear function of their corrections. Ryating it to the same



observation, one forms that which one namesetjigation of condition f ond
has a great number of similar equations, one combimes,tin a manner to
obtain as many final equations as there are elenwntghich one determines
next the corrections, in resolving these equations. Bbat is the most
advantageous manner to combine the equations of conditiorder to obtain
the final equations? What is the law of the errora/lith the elements that one
draws from it are yet susceptible? It is this thatttie®ry of probabilities makes
known. The formation of a final equation, by meanstld equations of
condition, return to multiply each of these by an indeieate factor and to
reunite these products; but it is necessary to choessydtem of factors which
give the least error to fear. Now it is clear thhipne multiplies the possible
errors of an element by their respective probalslititne most advantageous
system will be the one in which the sum of these prisdad taken positively, is
a minimum; because a positive or negative error musbhsidered as a loss. By
forming therefore this sum of products, the conditiontled minimum will
determine the system of factors that it is necedsacpoose. One finds thus that
this system is the one of the coefficients of tlements in each equation of
condition, so that one forms a first final equatiormyjtiplying respectively each
equation of condition by its coefficient of the firsement and by reuniting all
these equations thus multiplied. One forms a secondefipadtion by employing
likewise the coefficients of the second element, dng ttonsecutively. In this
manner, the elements and the laws of the phenomemataimed in the
compilation of a great number of observations, is agped with the most
evidence. | have given, in°n 21 of Book Il of riyéorie analytique des
Probabilités the expression of the mean error to fear respeetity element.
This expression gives the probability of the errorgvbich the element is further
susceptible, and which is proportional to the number loithvthe hyperbolic
logarithm is unity, raised to a power equal to the etaken to less and divided
by the square of the double of this expression and byratie of the
circumference to the diameter. The coefficient ofribgative square of the error
in this exponent is able therefore to be consideredhasmodulus of the
probability of the errors, since the error remaihe same, the probability
decreases with rapidity when it increases, so thatebgt obtained weighs, if |
am able to say so, toward the truth, so much mor&issnbdulus is greater. |
will name, for this reason, this modulugight  of the redBit a remarkable
analogy of these weights with those of bodies comparedeir common center
of gravity, it happens that, if a like element is gin®ndiverse systems, each
composed of a great number of observations, the moahtd)eous mean result



of their entirety is the sum of the products of eachigdaesult by its weight, this
sum being divided by the sum of all the weights. Moredivertotal weight of the
diverse systems is the sum of their partial weightghabthe probability of the
mean result of their entirety is proportional to thenber which has unity for
hyperbolic logarithm, raised to a power equal to the sqofatee error, taken to
less and multiplied by the sum of all the weights. Eaelg depends, in truth,
on the law of probability of the errors in each syst and nearly always this law
is unknown; but | am happily arrived to eliminate thedaaevhich contains it, by
means of the sum of the squares of the deviations eoobiservation of the
system, from their mean result. 1t would be thereftredesire, in order to
complete our understanding on the results obtained byothétyt of a great
number of observations, that one wrote beside ealit rthe weight which
corresponds to it. In order to facilitate the calcolatwf these weights, | develop
its analytic expression, when one has no more thae telements to determine.
But, this expression becoming more and more complicatadelasure as the
number of elements increase, | give a quite simple wayder to determine the
weight of a result, whatever be the number of elemé&kiteen one has obtained
thus the exponential which represents the law of pilithabf the errors, one
will have the probability that the error of the réssl contained in the given
limits, by taking, within these limits, the integraf ohe product of this
exponential by the differential of the error and by tiplying it by the square
root of the weight of the result divided by the circurafere of which the
diameter is unity. Thence it follows that, for a lgsobability, the errors of the
results are reciprocals to the square roots of thaghtse this which is able to
serve to compare their relative precision.

In order to apply this method with success, it is necgsto vary the
circumstances of the observations or of the expergenn a manner to avoid the
constant causes of the error. It is necessary beabbservations be numerous
and that they be so much more it as there are mereeats to determine:
because the weights of the mean result increase asittiger of the observations
divided by the number of elements. It is further necgsHaat the elements
follow, in these observations, a different marclgausse, if the march of the two
elements were rigorously the same, this which wouldleeheir coefficients
proportionals in the equations of condition, these eksne/ould form only a
single unknown, and it would be impossible to distinguishmthey these
observations. Finally it is necessary that the oMsg®ns be precise. This
condition, the first of all, increases much the weighthe result, of which the
expression has for divisor the sum of the squares af diegiations from this



result. With these precautions, one will be able t«kemase of the preceding
method and to measure the degree of confidence whigkeshlts deduced from
a great number of observations merit.

1. A great advantage of this method, which permits tduete from it the
expressions numerically, is, as we have said, to tependent of the law of
probability of the errors of the observations. Taetcbr%"a% , which depends
on this law, has been eliminated from the formulag®®fl9 and 21 of Book II,
by observing that this factor which is the sum of sky@ares of all the possible
errors of the observations, multiplied by their respeqgbrobabilities, and which
expresses thus the true mean of these squares, is wbabjyrequal to the sum
of the squares of the rest of the equations of conditiien one has substituted
the elements determined by the most advantageous méthedmportance of
this method in natural philosophy requires that the uairgytthat it is able to
leave is dissipated, and the only one which remainsyetative to the equality
of which | have just spoken. | will first clarify thielicate point of the theorem
of the probabilties and to show that the preceding daguali able to be
employed without sensible error.

The sum of the squares of the errors of the obsenstad which the number
is 5, being supposed equal#-a®s + a?ry/s , the probability that theeval
is contained within the given limits is, by n 19 cited,

1 /Hd 2
_ 4
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the integral being taken within these limits. We repnéshe general equation of
condition of the elements 2/,... by this

€ being the error of the observation. The elements,... eingbdetermined
by the most advantageous method, we designate, by, ... theyis;ewe

will have, by naming’”)  the rest of the function
when one has substituted farz/, ... their values thus detedlmine

(4)

€ = & 4 iy gy 4.



this which gives
Sei? = &2 L og/ D (pliy 1+ gD + )+ $pDu+ ¢ + ... )2,

the integral sign S being extended to all the valuesfodmi =0 toi =s— 1.
But, by the conditions of the most advantageous methexhas

Sp(i)ef(i) =0, 3](73)5’(7:) =0, ...
one has therefore
Sl — g/ | SpDu+ ¢’ + )% ;

by comparing this value of®’ toits preceding value

one will have
aQT\[ = Se/(i)2 B 2:” as + S(p(i)u + q(i)u’ + )2
We make
u:L u/: V/ u//: VH
we will have
R S(pv 4 gV + )2

s\/s ’
. 2r2

the exponentiat—"+  becomes thus

. . 2
¢ ;
thus the probability of is proportional to this exparan

The analysis ofh 21 of Book Il leads to this generabtem, namely that

the probability of the simultaneous existence of thentiiies u, v/, u”,... is



proportional to the exponential

o~ iz SV v )

the probability of the simultaneous existencetof, v/, v, ...  thisrefore
proportional to

2
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By substituting for“<*s jts value 8" —2t,/s , this exponential idueed,
by neglecting the terms of ordér , in the following fima:

t
1_is

(286/(7?)2)2

. . 2 . .
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2 4a? 5\/s 25¢/(1)
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Now, in order to have the probability that the valfie & contained within some
given limits, it is necessary: 1° to multiply this fuioct by dt dv dv/'... ; 2° to
take the integral of the product, for all the possibleesoft, v/, v”, ... and,
with respect tas , to integrate only within the givienits; 3° to divide the whole
by this same integral, taken with respect to all thesiate values of, v, v/, ...
By regarding 8 @2 as a given from observatibn, varieg bylreason of the
unknown value o%“% , and this value is able to vary fr@rozo infinity;t is

therefore able to vary fro% to negative infinityyda as 892 s of the

order ofs ,t is able to vary from negative infinityagositive value of ordey/s .
The preceding exponential becomes, at this limit of itiiegral taken with
respect tat , of the forrm@*s | and will be able to be supgpaualll, because of
the magnitude ok . Thus one is able to take the integiative tot , from
t = —o0 to t = oco. Similarly the integrals relative tg v .,.  areelb be
taken within the same limits. If one makes
7 1),/ 2
- S(p()y+q(),/ + ) _v
E

the integral relative t¢  will be able to be takethwespect ta’ fromf = —co
tot = .

Thence it is easy to conclude that the probability th&s contained within
the given limits is proportional to the integral
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[S(p(7)]/ —+ q(") 4 -+ . )2] 2 7S(p<i)y+q(i’.)y,+.._)2
/di/dl/, .. {1 + (286/(7:)2)28 c 902

the integral being taken from, v”/,...  equal t&x to their pasitiviinite
values and with respect to  within the given limitsg deing divided by the
same integral extended to the positive and negativeténfiralues ofv, v/,

/!
A

The consideration of the difference which is ablexist betweert"a?s and

S¢'?introduces therefore into the expression of the pilitipads which there is
concern only one term of ordér , an order that | thgse permitted to neglect
in my Work. Thence, the preceding integral becomes

7S(p(i)u+(](i’)l/+...)2
/dvdu'. ..c 25002 .

If one makes

Sq(i)Q )
7“(7) _ 0 q(i)s,a(i)q(i)
1 Sq2
. (1) g¢(4) ¢ (0)
tgz) _ t(7) q : q

the exponential

o S(p(i)y+q(i)y/+r<i)y,/. . .)2
c 25/(1)2

will be able to be taken under this form

(i), (@) i 2 . - L 9
Spy v V2 g2 (g 1 g gl
c . 25(’%'7)2 as/(i)2 (V+ ! ;(iﬂ o ) ‘

By multiplying this quantity bydy’ , and by integrating it finor’ = —oco to

V' = oo, one will have a quantity proportional to

75(}7(177)”“%77)”//“_)2
c 25/(1)2



and in which the variable’ has disappeared. By followliegsame process, one
will make the variables”, v//,... vanish. One will arrive thasan exponential
Vs

of the form ¢ >/ | n being the number of elements. If egsares, instead of
v, its valueu\/E , this exponential becomes

_p,2
CPu’

by making

sSpfj 121

- 2527

u being the error of the value of P, is that whichrahmeweight of this value.
The probability that this error is contained withomse given limits is therefore

[du \/ECP’UZ
ﬁ )

the integral being taken within these limits, and dpdinme circumference of
which the diameter is unity. But it is simpler to appig process of which we
have just made use to the final equations which deterttmeelements, in order
to reduce them to one alone, this which gives an eetiiod to resolve these
equations.

2. We take the general equation of condition, and, forensamplicity, we
limit it to the six elements, 2/, 2”7, 2", 2V, 2¥; it becomes then

(1) 6(71) _ p(i)z + q(i)zl + T(i)zu + t(yﬁ)Z/// + ,y(i)ziv + )\(i)zv o a(i).
By multiplying it by () and reuniting all the products togettmre will have
S\ — L9\ 4/ ) 4 — gl

the integral sign S extending to all the values of mfio=0 toi=s—1,s
being the number of observations employed. By the donditof the most
advantageous method, one has”s) =0 ; the preceding equatiogiveil
therefore



o\ S)‘(i)’y(i) M S)‘(i)t(i) _ S\(i)r(i)

Z = S)(0)2 S92 S\(6)2
S\l S@p) Sl
—F S\2 z S\()2 + S\(1)2

If one substitutes this value into equation (1) and ifroakes

) (@) A/(1)
@) _ iy SAy

49 = 0 _ oS
SA@2
; SA@p(0)
rg’) = ( r ,
SAG2
q(7) _ q(7) (,[) S)\(7)q(’!)
: SYe
(@) ()
@ _ 6 _ ()S)\ p
(@) ()
(OO NG| S\a
o = A S\OERE
one will have
(2) 6(72) _ py)z + qY)Z/ + Tgi)z// + tgi)z/// + ’yy)ziv o Oégi);

by this means, the element  has disappeared from th@icm:waf condition
that equation (2) represents. By multiplying this equat';om% and reuniting all
the products together, in observing next that one has

Syl =0

by virtue of the equations
0= S)\(i)G(i)’ 0= S‘y(i)e(i)
that give the conditions of the most advantageous metmedwill have

0=251"pl" + 75" + 2 50r{) + 2 1 + 2 51 - glal’;



whence one draws

Ziv — —Z”/ Sﬁ}é?) tg”

1 S‘YY/)TY/) Z/ SVY/)QY) — 3/17,)])?) +
)2 7)2 7)2 7)2
S syt s’ sy

If one substitutes this value into equation (2) and ifroakes

() (i

0 = i) o S
)2

Sy

317:) '0457:)
51"

)2 ?
sy’
one will have
(3) ) = pg)z - qéi)z' + rg)z" + tg)z’” - ag).

By continuing thus, one will arrive to an equation @& tbrm
4) € = piz—al?.

There results from® 20 of Book Il that, if the valuezaé determined by this
equation and if. is the error of this value, the prdipalof this error is

/)2 02
S Spg) #SSP(- ) S U
2. ¢ s/t
2Se"\V4

S¢'(? being the sum of the squares of the remainders okdhations of
condition, when one has substituted there the elendetésmined by the most

. : . SSpl02
advantageous method. The weight  of this error is therefqual tog’fw .

10



The concern now is to determinepéﬁé2 . For this, ond wmilltiply
respectively each of the equations of condition reptedelny equation (1) first
by the coefficient of the first element, and onel wake the sum of these
products; next by the coefficient of the second elepaerd one will take the sum
of these products, and thus of the rest. One will hayebserving that by the
conditions of the most advantageous methet'&) =0, ¢V =0, ...,
the six equations following:

(

pa=p? 2+ pq7 +pr 2" +pt 2" + 7 2+ pA 2,
@ +77 2+ ) 2,
ra=1pz+7q 7 +r® 2+t "+ N+ rN Y,
ta=tpz+iqgs +trz2" +t% 2" +17 2V + X 2,
Fa=7pz+7G 7 + 772" + 752" + 4@ 2N 44X 2,
(A =Apz+Ag 2 +Ar 2" + Xt 2"+ 2y 2Y 0@ 2,

n

qa=p72+q? 2 +q 2" +qt 2

"

(A) <

whence one must observe that we suppose
P =52 pr= e 4@ = g2 = g0

If one multiplies similarly the equations of conditipresented by equation
(2) respectively by the coefficients ef and if one atlisse products, next
through the coefficients of’ by adding again these produutd, thus in
succession, one will have the following system of eqoaf by observing that

spied =0, 5@ =0, ..., by the conditions of the most advantageous
method.

(

) - - o L
piog = pg ) 2 +P1q1 2 + i 2+ oty 2+ Py 2V

) o o o
G =piqp 2+ Cﬁ ) 7 +qr 2+t 2+ @ 2,

(B) STl =pim 2 +qir 2 + 7°§2) 2+t 2+ A,

tiog = pity z+ qity 2+ ity 27+ t§2) 2"+t Ziv;
2
+ 17

| ian =D 2+ 2+ T 2+ oy 2 2",

whence one must observe that
_ 7 7 2 7)2
p1q1=5p§)q§), p§)=9p§) ;

By substituting, instead @ﬁ” qii) ... , their preceding values, ltas

11



) SAUpl S\ g

) (@) _
) S)\(7)2

Pg = SPY

or

one has similarly

Thus the coefficients of the system of equations (B)deduced easily from the

coefficients of the system of equations (A).
The equations of condition represented by equation (3piwé similarly the

following system of equations
[ 2 - — —
D2ty = pé )2+ RG24+ Darz 2+ oty 27,

G202 = 2o 2 + Q§2) 2+ qrs 2+ oty 27

(©)

/ 2w , — _m
ToQlg = PoTo 2 + (oTo 2 -|-7“2) 204 1oty 27,

tocy = paty 2z + oty 2/ + 1oty 2" + th) 2

and one has

12



(2) 2 ’Ylp12

Py =D DB
7
__  __ Mpham
P2q2 = pP1G1 — T @)
T
— _—_ NP1
D20y = pr; — )

7
One will have similarly the system of equations

_ 2 _ _
D3z = p:(z, ) 2 + D333 2 + D73 27,

(D) Q303 = P3q3 2 + Q:S,Q) 2 +q@rs 2
r3Qiz = P3r3 2 + qsrs Z/ + 7“:(;’2) Z”,

by making
—
2 (2 Dt
b3 = Do @)
ly
__ ____ polagols

P3q3 = P29z — 2
ly

tops tocrn

p3liz = Parg — 75(72),

one will have again

E) @)

- 2 -
{ P = p\) 2 + g7,
QsOy = Puqaz + qy 2,

by making

13



(2) 2 p37°32

Py =D )
4 3 ng)
____  ___ p3r3qsry
Paga = P393 — 735 >
r3
_____  _____  Ppsr3asTrs
Paxg = P33 — 75 s
r3
Finally one will have
_ 2
(F) s = pi 2,
by making
@ @ D@ DiGa a0
D5 =Py = Ty P5Qs =Dl — Ty
qy 4,
péQ) is the value of @’02 , and the weight  will be
2
Spé )
282
One sees by the sequence of the values®f p\”, pi”, ... that théy go

diminishing without ceasing, and that thus, for the saomber of observations,
the weightP diminishes when the number of elementsase.

If one considers the sequence of equations which detefaug, one sees
that this function, developed according to the coeffisienf the system of
equations (A), is of the form

pa + Mga+ Nra + -+,

the coefficient ofpa  being unity. It follows thenceathf one resolves equations
(A), by leaving pa ,qa ,7a ,... as indeterminatepésg will bg, \ortue of
equation (F), the coefficient gl in the expressiorr oSimilarly, ﬁ will be
the coefficient ofga in the expression df ﬁ will tiee coefficient ofra in
the expression of” ; and thus of the resf; this whiglesga simple means to

obtainp§2) ,q§2) ... ; butitis simpler yet to determine thénst

14



First equation (F) gives the value pf) and of . If ie thystem of
equations (E) one eliminates in placeof , one willeha single equation i
of the form

- (2) /.
505 = (5 23

by making
D141 P10

qs = 4y @) ° g5 Q5 = qu0ly — 2)
Y2 py

If in the system of equations (D) one eliminates teiad ofz” , in order to
conserve at the end of the calculation orfly onbhailrer?) by changing in

the sequence of equations which, departing from thisreysteterminq;g) , the
letter p into the letter , and reciprocally. One Wéve thus

—2
(2) (2) _ P3”3
T T
b3
—____  ____  D3g3psrs
444 = 7343 — 2
b3
2 (2 p3q32
4, =43 — (2) °
b3
=2
(2) (2)  DPaqs
T T

4,

In order to havet?) , one will depart from the systemeqtiations (C), by
changing, in the sequence of the valpég)s D303, -- -, r§2), B3, - the letter
p into the lettert , and reciprocally.

One will have similarly the value o;ff) , by departingnfradhe system of
equations (B) and changing in the sequence of vaIUﬁg)oﬁ?:g?), cery € lettier
p into the lettery , and reciprocally.

Finally, one will have the value 01(52) by changing,he sequence of values
of pf), p§2) ..., the letterp into the lettex , and reciprocally.

Y
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3. The error of which the value of is susceptible dpeinits probability is,
as one has seen,

\/EC’PUZ

By multiplying it by v du and taking the integral from null toinfinite, one
will have

1
2,/m\/P

for the mean error to fear to more respecting thaevalf z . This expression
affected with the sign — will be the mean error tor fem less respecting this
value. | have given in°n 21 of Book Il the analytic esgien of these mean
errors, whatever be the number of elements One alle therefore, by
comparing it to the preceding, the value®f , and it &/ da recognize the
identity of these expressions. One finds thus, in #se of a single element

2802
If one makes generally, for any number of elementdsoexer,
__s 4
- 286/(7?)2 B’

one finds, for two elements,
A=p?q? —p,
B = q(2).

By applying these results to the equations (E), onehaile the value of
relative to the element
One finds, for three elements,

A= p(Q)q(Q)T(Q) _ p(Q)WQ _ q(2)p—7~2 _ T(Q)WQ + pq pr qr,
B = q(2)7~(2) _ WQ-

These results applied to the equations (D) will give tileevofP relative to the
elementz .

16



By continuing thus, one will have, whatever be the remds elements, the
weight relative to the first element . By changingsrexpressiop intg angd
into p, one will have the weight relative to the setelement’ . By changing, in
the expression of the weight of the first elementito + andr intop , one will
have the weight relative to the third elemefit , angs tim succession. But,
when the number of elements surpasses three, it is simpler to make use of
the method of the previous section.

We will observe here that the mean error to feapeeting each element
being, by A 20 and 21 of Book II, smaller in the systenfacfors which
constitute the most advantageous method than in evesy gystem, the value of
P is the greatest possible. Thus, for a like error oflament in this method, the
probability is smaller than in every other methodis tiwhich assures its
superiority.

4. All my analysis rests on the hypothesis that #uditly of the errors is the
same for the positive errors and for the negativergrtbis which renders null
the integral of the product of the error by its proligiéind by its differential, the
integral being taken in all the extent of the limifslee errors, and the origin of
the errors being in the middle of the interval whieparates these limits. But, if
the law of facility is different for the positive ens and for the negative errors,
then the preceding integral becomes null only in the easere this origin is at
the point of the abscissa through where passes theatedni the center of
gravity of the curve, of which the ordinates represbatlaw of facility of the
errors represented themselves by the abscissasvéigraher point, the mean
error of the observation is this integral divided by ititerval of the limits; and, if
one has a great number of observations, the mearneofetrors of these
observations will be, by that which one has seddoaok I, equal very nearly to
this quotient. By making therefore so that the sum efetrors is null, one will
be able to suppose null the integral of which we havespsken, and then all my
analysis subsists and becomes independent of the hyisodhes equal facility
of positive errors and of negative errors. One is ableays to obtain this
advantage by adding to the equations of condition an indigisgie element of
which the coefficient is unity. It is this which takplace of itself in the equations
of condition relative to the movement of the planatfongitude; because the
correction of the epoch has unity there for coefficiBut, the addition of a
weakening element, as we have said, the probabilitheferrors of the other
elements, a probability which, for the same numbeoladervations, diminishes
when the number of elements which are supported on thegreater, it is

17



necessary to recur to this addition that when onéle ta fear that a constant
cause favors rather the errors of one sign than tbibaecontrary sign. Besides,
one will be assured from it easily, by making the surthefpositive remainders
and that of the negative remainders of the equatioesmadition, when one will
have substituted the values of the elements determindtbyost advantageous
method, without the addition of which one has just spa@hby seeing if the
excess of one of these sums over the other indieatesstant cause.

In order to leave no doubt on this object, | am goinggply the calculus.
There results from®n 22 of Book Il that the probabilitstt the sum of the errors
of the observations equals

ak’
—Ss+ary/s

k

is proportional to the exponential

k202
c 2k —K2)

This sumis 89 , and, byn 1, one has

S = &/ 4 gpiy 4 ¢/ +-.0).

By the nature of the final equations, one he§'s= 0 ; andlrerefore
% : .
%s +ary/s = S(p(“)u + ¢’ + ).
If one makes, as in this sectian= ﬁ, u = \”—[;, e one will have thus

:——f—i— S V+q)1//+"')-

Thus’% is of order%g, and its square is of oréer one is thigle=fore to

neglect it, having regard t% . The probability of thewianeous existence of
r, v, V', ... is thus proportional to the exponential

2 SpWutgl)/ 42

_k
¢ 95¢/(1)2

c V"
By multiplying it by dr, dv/, ..., and integrating it with respect tov/, v/,
.., from negative infinity to positive infinity, one wilhave a quantity
proportional to the probability af . By multiplying théoee this quantity bylv
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and by taking the integral within some given limits,dbyiding next by this same
integral taken fromv = —© te@ = + oo , one will have the probapiitat the
value ofr is contained within these limits. One s&@s$ the consideration of the
values that:’ is able to have and on which depends tleeedite of probability
of the positive and negative errors has no sensiileente on the results of the
general method exposed here above.

5. We apply now this method to an example. For thigviehprofited from
the immense work that Bouvard has just finished on tbeements of Jupiter
and of Saturn, of which he has constructed some vegrspr@ables. He has
made use of all the oppositions observed by Bradley atlebgstronomers who
have followed him: he has discussed them anew and Wétlyreatest care, this
which has given to him 126 equations of condition formleement of Jupiter in
longitude and 129 equations for the movement of Saturnebetlast equations,
Bouvard has made enter the mass of Uranus as indetexntiere are the final
equations that he has concluded by the most advantagethaesime

7212”600 = 795938z — 127293982’
+ 6788,22" — 1959, 02" + 696, 132" + 26022,
—738297", 800 = —127293982 + 4248657297
— 153106, 52" — 39749, 12" — 54592V + 57222,
237", 782 = 6788,2z — 153106, 52’
+71,87202" — 3,22522" + 11,2484z + 1,33712",
—40",335 = —1959, 02 — 39749, 12/
—3,22522" 4+ 57,19112" + 3,6213v" + 1,11282",
—343", 455 = 696, 13z — 54592/
+1,24842" + 3,62132" + 21, 5432" + 46, 3102,
—1002",900 = 2602z + 57222
+1,33712" +1,11282" + 46,3102" + 1292,

In these equations, the mass of Uranus is suppg%d adeahJupiter

is supposed% 2" is the product of the equation of the cdaytehe

correction of the perihelion employed first by Bouvar(; is the correction of
the equation of the centerY s the secular corredtidhe mean movement!
is the correction of the epoch of the longitude at libginning of 1750. The
second of the decimal degree is taken for unity.
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By means of the preceding equations contained in themsygd), | have
concluded the following, contained in the system (B):
27441",68 = 743454z — 128448147/
+ 6761232 — 1981, 452" — 237,972V,
—693812",58 = —12844814~ + 4246119202
— 153165, 812" — 39798, 462" — 7513,152",
248" 1772 = 6761, 232 — 153165, 817’
+71,85812" — 3,23672" + 0, 76842",
—31",6836 = —1981,45z — 39798, 462’
— 3,23672" + 57,18152" + 3,22182",
16”,5783 = —237,97z — 7513,152
+0,76842" 4 3,22182" 4 4,91812".
From these equations, | have drawn the following foontained in the
system (C),

28243". 85 = 731939, 5z — 13283502 + 6798,412" — 1825, 562",
—668486", 70 = —13283502 + 4131344322’ — 15199202" — 34876, 72",
245" 5870 = 6798, 41z — 151992, — 2/ + 71,73812" — 3,74012",

—42" 5434 = —1825,562 — 34876, 72 — 3,74012" + 55,07102";

these last equations give the following, containederstfstem (D),

26833, 55 = 671414, 7z — 143645412’ + 6674, 432",
—695430",0 = —143645412 + 3910468612’ — 154360, 62",
242", 6977 = 6674, 432 — 154360, 62 + 71,4841%".

Finally, 1 have concluded from there the following twquations, contained in
the system (E):

4172",95 = 484422 + 480202/, —171455",2 = 48020z + 577252277

| stop myself at this system, because it is easytelade from it the values
of the weightP relative to the two elements ahd t thesired particularly to
know. The formulas ofh 3 give, far
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s (48020)?
P=—" (48442 - —
2S¢/ (1) [ 57725227}
and, forz’,
s (48020)?
= — 25227 — ~————
2S¢/ (12 [577 S TIVT }

The number of the observations is here 129 and Bouvarfbhad
sV — 31096:
one has therefore, far ,
log P = 2,0013595

and, forz’,
log P = 5,0778624.
The preceding equations give
2 = —0,00305,
z = 0,08916.

The mass of Jupiter im(l +Z'). By substituting fdr  its preceding
value, this mass becomqm. The mass of the Sun is fakemity. The

probability that the error of is contained withie thmits + U is, by A 1,

@/ducPUZ,
NG

the integral being taken from= —U 0= U . One finds thus tlubdability
that the mass of Jupiter is contained within the dimit
1 n 1 1
1070,35 ~ 100 1067,09°

equal to1i3030%;  so that there are odds one million very yeayinst one that

the valuem is not in error of a hundredth of its vature that which returns

to quite nearly the same, that after a century of abservations, added to the
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previous, and discussed in the same manner, the new wdbualbt differ from
the previous by a hundredth of its value.

Newton had found, by the observations of Pound, on ldmgations of the
satellites of Jupiter, the mass of this planet equtie¢dl06¥" part of that of the
Sun, this which differs very little from the resultBduvard.

The mass of Uranus % By substituting for its previgalsie, this
mass becom% . The probability that this value isamoed within the limits

o rt
17907~ 4 19504’

is equal to222 | and the probability that this mass ig¢ained within the limits

2509
o1
17907 ~ 5 19504

is equal 2120

The perturbations that Uranus produces in the moveme®atoin being of
little importance, one must not yet expect observatmiithis movement a great
precision in the value of its mass. But, after a cgnbfinew observations, added
to the previous and discussed in the same manner, treofd? will increase in
a manner to give this mass with a great probabildy its value will be contained
within some narrow limits; this which will be mucheferable to the use of the
elongations of the satellites of Uranus, becauseeoflifficulty to observe these
elongations.

Bouvard, by applying the previous method to the 126 equatiocsnalition
which the observations of Jupiter have given to hichlansupposing the mass of
Saturn equal taz; 755, has found

z =0, 00620
and
log P = 4, 8856829.
These values give the mass of Saturn equ%l%g% , anddhelylity that this

mass is contained within the limits
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1 1 1
3512,3 100 3534, 08

is equal tol1221.

Newton had found, by the observations of Pound on thetegeelongation
of the fourth satellite of Saturn, the mass of thaet equal t% , this which
surpasses by a sixth the preceding result. There are dddlllians of milions
against one that the one of Newton is in error, arewall not at all be surprised
if one consider the difficulty to observe the greatdshgations of the satellites
of Saturn. The facility to observe those of the b of Jupiter has rendered, as
one has seen, much more exact the value that Newit®redncluded from the

observations of Pound.

On the probability of judgments.
1816

| have compared, in°n 50 of Book IlI, the judgment of autvéd which
pronounces between two contradictory opinions to theltref the testimonies
of many witnesses with the extraction of a numbemfran urn which contains
only two numbers. There are however between thesecases this difference,
namely, that the probability of the testimony is ipeledent of the nature of the
thing attested, because one supposes that the withessohd®en able to
deceive on this thing; instead an object in litigat®mble to be surrounded by
such obscurities, that the judges, in their supposing elgtiod faith desirable,
are able to be however of contrary opinions. Theineabf the affair which is
subject to them must therefore influence on their judgmiemil make this
consideration enter into the following researchesagplying it to the judgments
in criminal matter.

In order to condemn an accused, without doubt the stropgest of his
offense is necessary to the judges. But a moral prawdvsr but a probability,
and experience has only too well made known the eobvghich the criminal
judgments, even those which appear to be most just,edrsugceptible. The
possibility to repair these errors is the most salgliment of the philosophers
who have wished to proscribe the pain of death. We ghihvairefore abstain
ourselves from judgment, if it was necessary we expathematical evidence.
But, when the proofs have such a force that the produbecrror to fear by its
feeble probability is inferior to the danger which wbuésult from the impunity
of the crime, the judgment is commanded by the inteséshe society. This
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judgment is reduced, if | do not deceive myself, to thetswi of the following
question: Has the proof of the offense of the accusedhiph degree of
probability necessary in order that the citizens Hess to fear the errors of the
tribunals, if he is innocent and condemned, than ixsatéempts and those of the
unhappy who the example of his impunity would emboldene iiMas culpable
and absolved? The solution of this question depends on slaments very
difficult to know. Such is the imminence of danger whiabuld menace society
if the accused criminal remained unpunished. Sometimissgdaiger is so great
that the magistrate is seen obliged to renounce the prtaters established for
the certainty of innocence. But that which rendemlgealways the question of
which the concern is insoluble is the impossibility appreciate exactly the
probability of the offense, and to fix that whicmscessary for the condemnation
of the accused. Each judge, in this regard, is forceditg himself back to his
proper feeling. He forms his opinion by comparing therdiwavitnesses and the
circumstances of which the offense is accompanied h® results of his
reflections and of his experience; and, under this ioelata long habit of
interrogating and judging the accused gives much advantageeintorknow the
truth in the midst of often contradictory indices.

The preceding question depends further on the magnitude péitighment
applied to the offense; because one requires naturallgrder to pronounce
death, proofs much stronger than to inflict a detentiosome months. This is a
reason to proportion the punishment to the offenseagegounishment applied
to a light offense having inevitably to render absurd moicguilt. The product
of the probability of the offense by its gravity bgithe measure of the danger
that absolution of the accused is able to make soeigigrience, one would be
able to think that the punishment must depend on this piliypaThis is that
which one does indirectly in the tribunals where ogi®ins during some times
the accused against which are raised some very stroofspboit insufficient to
condemn. In the view to acquire new understanding, oneedelim it not at all
immediately into the midst of his fellow citizens, evtwould review it not
without some lively alarms. But the arbitrarinessto$ measure and the abuse
that one is able to make of it has caused to rejenttite country where one
attaches a very great price to individual liberty.

Now, what is the probability that the decision ofriaunal which is able to
condemn only by a given majority will be just, thatassay, conformed to the
true solution of the question posed above? This impoptartiem well resolved
will give the means to compare the diverse tribunalsrgnthem. The majority
of a single voice in a numerous tribunal indicates thataffair of which there is
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concern is nearly doubtful; the condemnation of thessed would be therefore
then contrary to the principles of humanity, protectofsinnocence. The
unanimity of the judges would give a very great probabditya just decision;

but, by being obliged, too many guilty persons would beleddolt is necessary
therefore either to limit the number of judges, if amishes that they were
unanimous, or to increase the majority necessargnoemn, when the tribunal
becomes more numerous. | am going to test by applyingdloalus to this

object, persuaded that the applications of this kind, \ilrenare well conducted
and based on some data that good sense suggests to lwagsepeeferable to

the most specious reasonings.

The probability that the opinion of each judge is justeenas principal
element in this calculation. This probability is evith relative to each affair. If,
in a tribunal of one thousand and one judges, five hundredao@ of one
opinion, and five hundred are of a contrary opiniors tléar that the probability
of the opinion of each judge surpasses quite Igtle ; becdws supposing it
sensibly greater, a single voice of difference woulcibeunlikely event. But, if
the judges are unanimous, this indicates in the proafsi#gree of force which
enters the conviction. The probability of the opinmineach judge is therefore
then very near to unity or of certitude; not unless esgrassions or some
common prejudgments mislead all the judges. Beyond thess, dag ratio of
the voice for or against the accused must alone detrthia probability. |
suppose thus that it is able to vary frém to unity, that it is not able to be
below % . If this were not, the decision of the tribuwauld be insignificant as
the lot: it has value only as much as the opiniorhefjidge has more tendency
to the truth than to the error. It is next by théoraf the numbers of voices
favorable or contrary to the accused that | deterrttee probability of this
opinion.

These data suffice in order to have the general express$ithe probability
that the decision of the tribunal judging in a given mBjas just. In our special
tribunals composed of eight judges, five voices are nages®r the
condemnation of an accused: the probability of theraodear respecting the
justness of the decision surpasses t{}len If the tribuesg reduced to six
members which would condemn only with the plurality obirf voices, the
probability of the error to fear would be then beldwthere would be therefore
for the accused an advantage to this reduction of thentl. In one and the
other case, the majority required is the same and equaéva. Thus, this
majority remaining constant, the probability of theoe increases with the
number of judges. This is general, whatever be the ityaj@quired, provided
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that it remains the same. By taking therefore for thke arithmetic ratio, the
accused is found in a position less and less advantageausasure as the
tribunal becomes more numerous. This ratio is followethe Chamber of the
peers of England. One requires for the condemnationaityaf twelve voices,
whatever be the number of judges. If one has beli¢f tha voices opposed are
destroying reciprocally, the twelve remaining voicgaesent the unanimity of a
jury of twelve members, required in the same countrgfercondemnation of an
accused, one has been in a great error. Good sense shatvthere is a
difference between the tribunal of two hundred twelve jadgé whom one
hundred twelve condemn the accused, while one hundred @lisoly and that
of a tribunal of twelve judges unanimous for condemnationhe first case, the
one hundred voices favorable to the accused permit tgitkext the proofs are
far from attaining the degree of force which draw tbawction. In the second
case, the unanimity of the judges carry to believe they have attained this
degree. But simple good sense does not suffice to estineagxtreme difference
of the probability of error in these two casesslhécessary then to recur to the
calculus, and one finds very nea%ly for the probabdityhe error in the first
case, and onlgﬁ for this probability in the secondecasprobability which is
not ﬁ of the first. This is a confirmation of the raiple that the arithmetic
ratio is unfavorable to the accused when the numbgrdges increases. To the
contrary, if one takes for rule the geometric rati® probability of the error of
the decision diminishes when the number of the judgesrnsased. For example,
in the tribunals which would be able to condemn onlgh@ plurality of the two
thirds of voices, the probability of the error torfémnearly; if the number of
judges is six: it is beIov% if this number is raisedwelve. Thus one must be
ruled neither on the arithmetic ratio, nor on the getimratio, if one sees that
the probability of error is never above nor belodetermined fraction.

But to what fraction must one be fixed? It is heret ttfze arbitrary
commences, and the tribunals offer in this regard graaeties. In the special
tribunals, where five voices out of eight suffice ftwetcondemnation of the
accused, the probability of the error to fear respgctive goodness of the
judgment is2>  or below. The magnitude of this fractioiigdtening; but this
which must reassure a little is the consideration, timaist often, the judge who
absolves an accused regards him not as innocent. Heymwes only that it is
not attained by some proofs sufficient in order thatisheondemned. One is
especially reassured by the pity that nature has putthe@deart of man, and
which disposes the spirit to see with difficulty a guittgrson in the accused
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submitted to his judgment. This sentiment, more quick ase¢hwvho have not at
all the habit of criminal judgments, outweigh the incamence attached to the
inexperience of juries. In a jury of twelve membefghe plurality required for
the condemnation is of eight voices out of twelve,girabability of error to fear
is 933 or a little less thag : it is neary if thizupdlity is of nine voices. In the
cases of unanimity, the probability of error to fisag%, that is to say more than
one thousand times less than in our juries.

The solution of the problem that we have just consttlelees not suffice to
fix the convenient majority, in a tribunal of any rogn of judges whatsoever. It
is necessary, for this, to know the probability & tiffense beneath of which an
accused is not able to be condemned, without whic tiers have more to
doubt the errors of the tribunals, than the attempishaivould be born of the
impunity of a culpable absolved. It is necessary nextetermine the probability
of the offense resulting from the decision of theumdd and to fix the majority in
a manner that these probabilities are equals. Butinipsssible to obtain them.
The first is, as we have said, relative to the pmsitn which society is found, a
variable position, very difficult to define well and ays too complicated in
order to be submitted to the calculus. The second dependstlung entirely
unknown, the law of probability of the opinion of egalge in the estimation
that he makes of the probability of the offense. I8geur ignorance of these two
elements of the calculus, what is more reasonable tbadepart from the
solution of the single problem that we may resolvehis manner, the one of the
probability of the error of the decision of a tribihdlhis probability appears to
me too strong in our tribunals, and | think that in thegard it agrees to
approach itself from the English jury where it is 0@553. In fixing it at the
fraction ﬁ and in determining the majority necessargttain it, one places the
accused in the position where he would be vis-a-visjafyaof nine members, of
which one would require unanimity; this which appears ® tom guarantee
sufficiently the innocence of the errors of theunhls, and society of the pains
that impunity of the guilty persons would produce. It muséXieemely rare then
that an accused is condemned with a probability lessttie which is necessary
in his condemnation; because the majority who condeimndeclare that the
probability of his offense is at least equal to thecessary probability: the
minority who absolve him declare that the first loése probabilities appears to
him inferior to the second; but it is natural to bediethat this inferiority is
inconsiderable. It must rarely arrive that the meabability which results from
the totality of the judgments of the members of tligutval is inferior to the
probability required for the condemnation of the accugeohe reduces, by a
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convenient majority, the probability of the errorfear respecting the justice of
the decision, to the fractioqwt}2—4 . The analysis furrsshe order to have this
majority, some formulas which | will expose here ahdttit is easy to reduce
into a Table dependent on the number of the judges. Butadlepdable will
appear too arbitrary to the common men who will prefesays one or the other
of the arithmetic and geometric ratios which theyadble to imagine easily.

1. A judge must not, in order to condemn an accused, expect t
mathematical evidence that it is impossible to atiaimoral things. But, when
the probability of the offense is such that the etz had more to dread the
attempts which would be able to be born of his imputhign the errors of the
tribunals, the interest of society requires the cona@eiom of the accused. | name
a this degree of probability, and | suppose that the judge eadmalemns an
accused pronounces thence that the probability of feias# is at least . | name
x the probability of this opinion of the judge, a prolgbihat | will suppose
equal or superior té , and varying by some infinitely Isdegrees, equal to
and equally probabla priori . | suppose further that the tribsnadmposed of
p+ ¢ judges, of whomp condemn the accused gnd absolve him. Th
probability that the opinion of the tribunal is justllwbe proportional to
zP(1 — x)?, and the probability that it is not it will be witle proportional to
(1 — z)Px?; the probability of the goodness of the judgment wiltherefore, by
n° 1 of Book I,

xP(1 — x)?
xP(1 —z)?1+ (1 — x)Pxt’

(@)

It is necessary to multiply this quantity by the proligof the value ofr , taken
from the observed event. This event is that theiabis itself divided into two
parts of which the one, composed of judges, condemncihesed, and of
which the other, formed of judges, absolve him. Thebabdity of = is
therefore the functionr?(1 — x)?+ (1 — x)?z? divided by the sum of all the
similar functions relative to all the values of ,frar =1 tox=1; it is

2
consequently

[P (1 — x)? 4 (1 — x)Pzi]dx
[xrdz(1 — x) '

the integral of the denominator being taken from 0  xte 1 By multiplying
this function by the functiora( ), one will have
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xP(1 — x)ldx
[xrdz(1 — x)

for the probability of the goodness of the judgment ikedato = . The same
probability relative to all the values of is thenefo

[xPdz(1 — x)

(b) [xrdz(1 — x)?’

the integral of the numerator being taken frore ; zte 1  d tmat of the
denominator being taken from=0 to=1 . It follows thentattthe
probability of the error to fear respecting the goodmddte judgment is again
expressed by formuldb( ), provided that one takes the altefjthe numerator
fromz =0 tox = % . One finds thus this last probability equal to

ptqg+1 (p+q+1)(p+Q)+(p+q+1)((p+q)(p+q—1)
© 1 1 1.2 1.2.3
areet) L pra+ D+ )lptg—1)-(p+2)
1.2.3...q

1+

If one requires unanimity; is null, and this expresbiecome%.

2. We determine presently the probability of the etoofear respecting the
justice of the decision of the tribunal, when @nd lamge numbers; this which
renders the formulac( ) very difficult to evaluate in nensb It is necessary to
distinguish here two cases, one in which ¢ is consiterdie other in which
p — q is rather small. In the first case, one will make agformula ¢ ) of A 28
of Book Il which gives, for the probability of error,

3
(p+q)rtota L pta  [(p+9)”—13pg]
2t prtagtta (p — q) /7 ’

(p—q)? 12pq(p + q)
7 being the circumference of which the diameter is unity
In the second case, wheve- ¢ is a small number relative one will find
easily, by the analysis ofn 19 of Book Il, the proligtnf error to fear equal to

[dte "
f ;
() NG

the integral being taken from

(€)
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(r—q)?*(p+q)

t? =
8pq

to infinity.

In order to give an example of each of these formwassuppose a tribunal
formed of 144 judges, and th;at IS necessary for condemraftitne accused.
Then one has

p=90, q =54,

and formula ¢ ) give% for the probability of the ertorfear respecting the
goodness of the decision of the tribunal. In the cdsenanimity of a jury of
eight members, the probability of the error to f&%l% ; the accused is therefore
then in a more favorable position than vis-a-vigvalar jury.

We suppose the tribunal formed of 212 judges and that a maybtivelve
voices suffices for condemnation. In this case

pt+q=212, p—q=12,

and formula{ ) give% for the probability of the ertorfear.

On a disposition of the Code of criminal instruction.
15 November 1816

Article 351 of the Code of criminal instruction is thusceived:

“If nevertheless the accused is declared guilty only bginagple
majority, the judges will deliberate among them on thmes point:
and if the opinion of the minority of the jurors is atled by the
majority of the judges, so that by reuniting the numlenaes, this
number exceeds the one of the majority of the jurows @f the
minority of the judges, the opinion favorable to theused will
prevail.”

After this article, seven jurors declaring the accuseltygamd five declaring
him not guilty, the accused is condemned when three albtiee five judges of
the Assize Court are reunited to the minority of thers. This appears to shock
at the same time the rules of common sense and theipals of humanity,
protectors of innocence. The Assize Court intervémem twith justice, because
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the offense of the accused is not sufficiently esthéll by a simple majority of
the jury, this which the Calculus of Probabilities denindubitable. But, when
the opinion of the Assize Court annuls the one ofrtlagority of the jurors, far
from confirming it, when the difference of the twois&s, which gave to this
majority only an insufficient preponderance, is reduced tngle voice, by the
addition of the judges of whom the state and the wise imsgite confidenck , is
it not unjust to condemn the accused?
| propose therefore to reform thus the article cited:

“If nevertheless the accused is declared culpable onlg bimple
majority, the judges will deliberate among them on #®es point;
and if the opinion of the minority of jurors is adoptsgdtibe majority
of the judges, this opinion will prevail.”

If this reform appeared just, the indispensable duty togate promptly all
that which is able to compromise the innocence doepermit to await, in order
to convert by law, the general revision of the anmhiCode, a revision which
demands much reflection and time. It is in order tollfthits duty as much as it is
possible to me that | publish this writing.

© 2006 Richard J. Pulskamp
All rights reserved.

1 The difference of one voice gives to the majoritgraponderance so much less as the
number of judges is more considerable: simple good semses sh without the help of the
calculus. In the present question, the preponderance ohafmity of the jurors diminishes
thus not only by the reduction of the two voices t@,obut further by the increase of the
number of voters, which is raised from twelve to séwen. Generally, a constant difference
between the majority and the minority below of whible accused is not able to be condemned
to him is so much less favorable as the number of jutdgeseater: on the contrary, the
constant ratio of the voices of the majority to dboof the minority become to him more
favorable, in measure as the number of judges increfisesiatio2 , adopted by the Chamber
of Peers of France, is very favorable to the accbséate a tribunal so numerous. (One is able
to see, on this object, the Supplement toThgorie analytique des Probabilités , anthihe
edition of myEssai philosophique sur les Probabilitgs
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