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One determines the length of a great arc, on the sudathe Earth, by a
chain of triangles which are supported on a base measitfedxactitude. But,
whatever precision that one brings into the measutkeofngles, their inevitable
errors can, by accumulating, deviate sensibly fromtringh the value of the arc
that one has concluded from a great number of trian@ies. knows therefore
only imperfectly this value, if one is not able tosiga the probability that its
error is contained within some given limits. The dest extend the application
of the Calculus of Probabilities to natural Philosopias made me seek the
formulas proper to this object.

This application consists to draw from the observatitre most probable
results and to determine the probability of the eradra/hich they are always
susceptible. When, these results being known very neardy wishes to correct
them from a great number of observations, the proldemduced to determine
the probability of one or many linear functions ot tpartial errors of the
observations, the law of probability of these ertmemg supposed known. | have
given, in Book Il of myThéorie analytique des Probabilit¢sa method and some
general formulas for this object, and | have applied thentme first Supplement,
to some interesting points of the System of the wolid. questions of
Astronomy, each observation furnishes, in order toeod the elements, an
equation of condition: when these equations are veryfofggrmy formulas give,
at the same time, the most advantageous correcti@gntharprobability that the
errors, after these corrections, will be containadsome assigned limits,
whatever be moreover the law of probability of th@es of each observation. It
is so much the more necessary to render itself indepemdehis law, as the
simplest laws are always infinitely less probablesirge the infinite number of



those which are able to exist in nature. But the unkndaw which the
observations follow of which one makes use introduoés the formulas an
indeterminate which would permit not at all to reducertirenumbers, if one did
not succeed to eliminate it. This is that which Iéawone, by means of the sum
of the squares of the remainders, when one has subdtitoto each equation of
condition, the most probable corrections. The geodpsistions offering not at
all similar equations, it was necessary to seek anatieans to eliminate the
formulas of undetermined probability dependent on the prabability of the
errors of each partial observation. The quantity bigclvthe sum of the angles of
each observed triangle surpasses two right angles plusphiegical excess has
furnished me this means, and | have replaced by the &tim squares of these
guantities the sum of the squares of the remainder® afghations of condition.
Thence, one is able to determine numerically the oitigathat the final result
of a long sequence of geodesic operations does not exgeehaguantity. By
applying these formulas to the measure of a perpendicutiuetmeridian, they
will make estimate the errors, not only of the t@tal, but also of the difference
in longitude of its extreme points, concluded from theircied triangles which
unite them and from the azimuths of the first and efl#ist side of this chain. If
one diminishes, as much as it is possible, the nunflieangles and if one gives
a great precision to the measure of their angles, tivargages that the use of
the repetitive circle and of the reflectors procure way to have the difference
in longitude of the extreme points of the perpendiculdrbgilone of the better of
which one is able to make use.

In order to be assured of the exactitude of a great laichws supported on a
base measured toward one of its extremities, one nesagigecond base toward
the other extremity, and one concluded from one oktheses the length of the
other. If the length thus calculated deviates verglitttm observation, there is
everywhere to believe that the chain of triangleguise nearly exact, thus as the
value of the great arc which results from it. One e next this value, by
modifying the angles of the triangles, in a manner tthatbases calculated accord
themselves with the measured bases, this whichagalile made in an infinity of
ways. Those that one has until the present employetased on some vague
and uncertain considerations. The methods exposed in IBtaaid to some very
simple formulas, in order to have directly the cormectof the total arc which
results from the measures of many bases. These medsawve not only the
advantage to correct the arc, but further to incrdasevthich | have named the
weight of a result, that is to say to render the probabdityits errors more
rapidly decreasing, so that the same errors becomeptedmble with the



multiplication of the bases. | expose here the lawsrobability of the errors that
the addition of new bases give birth to. The measura sécond base serves
similarly to correct the difference in longitude of tlegtreme points of a
perpendicular to the meridian and to increase the weighleovalue of this
difference.

After one brought, in the observations and in theutaions, the exactitude
that one requires now, one considered the sides of thdege triangles as
rectilinear, and one supposed the sum of their angles eqtab right angles.
Legendre has remarked first that the two errors tha oommits thus
compensate themselves mutually, that is to say thagubyracting from each
angle of a triangle the third of the spherical exces®, is able to neglect the
curvature of its sides and to regard them as rectilir@air.the excess of the
three observed angles over two right angles is compdsng gpherical excess
and the sum of the errors of the measure of eachecdngles. The analysis of
the probabilities shows that one must yet subtrach feach angle the third of
this sum, in order to have the law of probability fué £rrors of the results most
rapidly decreasing. Thus, by the equal apportionment oetier of the sum
observed of the three angles of the triangle considesedctilinear, one corrects
at the same time the spherical excess and the esfdise observations. The
weights of the angles thus corrected increase, satibatame errors arrive, by
this correction, less probable. There is therefaleaatage to observe the three
angles of each triangle, and to correct them as osmgubasaid it. Simple good
sense makes a presentiment of this advantage; but khwduSaof probabilities is
able alone to estimate and to show that, by thisection, it becomes the
greatest that it is possible.

The formulas of which | just spoken are related to sfunge observations:
thus, when one applies them to some past observatioessets aside all the
givens that the comparison of these observationslalesto furnish out of the
errors, givens of which one is able to make use when lomows the law of
probability of the errors of the partial observatiolighis law is expressed by a
constant less than unity, of which the exponentasstiuare of the error, then my
formulas agree to the past observations as to the fohservations, and they
satisfy to all the givens of these observationd, leeve shown inth 25 of Book
Il. In the case where the angles are measured by méangpeating circle, each
simple angle is the mean result of a great number o$umes of the same angle
contained in the total arc observed; the error ottigde is therefore the mean of
the errors of all these measures; and, by n 18 of Bioakd probability of this
error is expressed by a constant, of which the expgasegual to the square of



the error. The employment of the repeating circle teartherefore to the benefit
to give a precise measure of the angles the one toligista law of probability of
the errors which satisfies all the givens of theeobetions.

In order to apply with success the formulas of probghi6t the geodesic
observations, it is necessary to return faithfullyttadse that one would admit if
they were isolated, and to reject none of them bystile consideration that it
extended a little from the others. Each angle must mpiely determined by its
measures, without regard to the two other angles otrihegle in which it
belongs; otherwise, the error of the sum of the tlanegles would not be the
simple result of the observations, as the formulgzraability supposes it. This
remark seems to me important, in order to disentangldrtith in the middle
from the slight uncertainties that the observatioesent.

1. We conceive, on a sphere, an arc of great cicled’, A”,... nd a
suppose that one has formed about the chain of triantde€’, CC'C”,
c'ere, cre™o, ..., of which the sideg’C’, C'C”, C"C",... cut this arc
at A, A”, A", ... 1 do not give at all the figure, because it is dasirace it
after these indications. Let  be the angld A’, AW the afgiE A", A2
the angleC”A”A",... Let furtheC be the angeCC’, CV the angle
cc'e”, ¢ the anglee’C”C™, ...  One will have

A+ AV L O —a=m+t,

« being the error of the observed an@let , being thessxof the angles of the
spherical triangleAC' A’ over  which expresses two righteangk the semi-
circumference of which the radius is unity. One wilkdaimilarly

AV 4+ A@ 4 oM — o) = 7 4 ¢

oV being the error of the observed angle’C”, dhd beingxtess of
the angles of the spherical triangléC’ A” over two riglgles One will form
similarly the equations

A 4 AG) L 0@ — @) = 7 4¢P

AB) 4 AW 4 0B — o0 = 7 4¢3

whence one draws easily



A — A+ c0—cW 0@ _ B 4 ... 4 -2 _ o2i-1)

—a+a® @ 4 o® 22 4 2
—t+ t(l) _ t(2) + t(3) — e — t(27372) + t(27ﬁ—1)’
A — Ao+ cW 0@ L oB) — ... oli-2)

La— 04(1) + a(Q) _ 04(3) R 04(27:72)
+t— + + +2) _ 43) 4ot t(%*?);

by supposing thereforé  well known, the error of theed§l is
Q) _ o2 L o) _ 4,

the superior sign having placenif is odd, and the infesigm have place it is
even. The values af t(!), ... are quite small and are able tetsgmined with
precision.

The concern is now to have the probability that @mi®r will be contained
within given limits. For this, | will suppose first ththe probability of any errax
is proportional toc " ¢ being the number of which the hyplic logarithm is
unity. This supposition, the most natural and the magplsi of all, results from
the use of the repeating circle in the measure of tigées of the triangles. In
effect, we names(q) the probability of an ergor in theasure of a simple
angle, this probability being supposed the same for théiveosnd for the
negative errors. We suppose further that is the numbeingple angles
contained in all the series that one makes in ordefetermine this angle. The
probability that the error of the mean result orled aaingle concluded from this
series will be+ ﬁ , byt 18 of Book Il, proportional to

07%

k being equal tofdq ¢(q) , the integral being taken from  nulj equal to its
greatest value, that one is always able to supposetdnfiny making ¢(q)
discontinuous and null beyond the limit @f &’/ is equal[t@dq ¢(q) By.
supposing therefore

r:a\/g, h:%,

¢~ will be the probability of the errax . One will et the end of this article,
that the following results always hold, whatever leeghobability of« .



Let 5 andvy be the errors of the two anghs’C antic’ offitsie
triangle ACC’ ; the probability of the three errersG  andill e proportional
to

—ha?=hB%—h+*,
c Y

but the observation of these angles give the sums + eofhttee errors;
because the sum of the three angles must be equal togtwangles plus the
surface of the triangledlC'C’ , if one namés the excesthefthree angles
observed on this quantity, one will have

at+f+y=T;
the preceding exponential becomes thus

o 2(B+50—5T) = (a—3T)* 517
0 being susceptible to all the values fremo  oto ; it@sessary to multiply
this exponential byl and take the integral within thasgs, this which gives
an integral which has for factor

Cf%(ang)LgT‘ﬁ’;

the probability ofo is therefore proportional to tfastor. The value ofx most
probable is evidently that which renders null the quantit- %T; it is necessary
therefore to correct the three angles of each teabglthe third of the exce§s
of their sum observed over two right angles plus the g@th@xcess. This is that
which one does commonly.

We nameax and the quantities— ;77 ahe 7 ; the probability of
will be proportional therefore to

37,2
—5ha )

If one diminishes the anglé’ b§/1“ , that is to saynt employs the

corrected angles of each triangle, by nanﬁhf(l), thathwie angles
Cc, CcW, ... become, by these corrections, one will have
AC) — Ax oV L L _gaa® g® g
A — a4 oo i a® O

The probability that the quantity



a(nfl) _ a(n*Q) — ..+

or the error of the angld™  will be contained in thets =+ r/n, will be, by
n° 18 cited,

2/3h ‘
- /drcghTZ).

J

One is able to observe here the advantage that saswaltion of the three angles
of each triangle produces, by the correction of thesglea. Without this
correction, the error of the angé™  would be

QD _ o2 _ L

and the probability that this error is contained i liimits + r/» would be

—2\/E/d7° ¢
NG

a probability less than the preceding in which the weafthe result is3h |
instead that it is herk

We determine now the value bf . Among the givens obtheervations, the
guantities of which the sums of the angles of eacimgigasurpass two right
angles plus the spherical excess appear to be the mpst poomake known this
value. By that which precedes, the probability of theianeous existence aof
and ofT" is proportional to

C—%T“’—%EZ

By multiplying this exponential bya , and taking the intégram o = —oo to
@ = oo, the integral will have for factor—37" , and this factenll be
proportional to the probability af;  this probability iNde therefore

dTc 57
de 577

the integral of the denominator being taken ffbre= —co  T'te oo It will be
thus proportional to



Here the observed event is that the sum of the angle first triangle, of the
second, of the third, etc. surpass two right angles plesspinerical excess,
respectively, of the quantitieg, 7V, ..., 7"~ 1y  being the number of
triangles; the probability of this event will be tefare proportional to

lh g

3 hp2

3 0*39’
T

92 _ T2 + T(1)2 4t T(nfl)Q.

by making

Now, if one considers the diverse valueshof as caofsdge observed event,
the probability of.  will be, by the principle of thegiability of the causes drawn
from observed events, equal to

hidhc 5%

[hidh 3’
the integral of the denominator being taken for allvaleies ofh |, that is to say
fromh =0 toh = oco. The value ok that it is necessary toad®is evidently

the integral of the products of the valueshof — multipligctheir probabilities;
this value is therefore

n+2 _hp2
Ly

[h'#dhe
[hidhe3®

the integrals being taken from=0 ko= oco . The integral efthmerator is

equal to
3n+2) [0 i
Y /h2dhc 37,

The preceding fraction becomes t#%ﬁl) ; this is theref@ealue of, that it

is necessary to adopt. If one supposes a great numiseralire become very

nearly%; . This quantity is the value bf which rendées abserved event most



probable, the probability of this evert,priori , being proipogl to hzc~ 3¢
By taking forh the quantityl% , the probabillty that thveoe of the angled (™
will be contained within the limitst r\/E [

3\[ o
NG A

the probability that it will be contained in the s+ §9r’ Is therefore

2

u\—\\c

2

2[dr' ¢
ﬁ 9

the integral being taken from  null.

2. We suppose the artA’A”...  perpendicular to the meridian qfdingé
A. Let ¢ be the angle formed by this meridian and byadhe of the extreme
point A | and” the smallest of the angles that thisniestdian makes with the
arcAA’... ; one will have

[ being the latitude of poil . By designating thereforédyndsV the errors
of the anglegp and , one will have

oV sinV
sinl cosp’

5 = —

If one has measured with a great exactitude the andlaghddast side of the
chain of triangles forms at(™  with the meridian okthbint, it is easy to see
that

8V = £ 6AM,

5A™ being the error ofA™ ; the preceding integralrin s éfee the
probability that the errob¢ of the longitude concludeairirthe azimuths
observed at and™  will be contained in the limits} or' -5 —

sinl cosp *
There results from the analysis exposed in Chapter Baak III of the

Mécanique célestthat, if there exists an eccentricity in the tetrial parallels, it
has no sensible influence on the valuepof concludedisnmanner, provided



that the measured arc is of little size. In measurimgyefore, with a great

precision, the angles of the diverse triangles and rniygitades of the extreme
points, one will have quite exactly the differenceoinditude of these points, and
one will be able, by the preceding formula, to estinia¢eprobability of the small

errors to fear respecting this difference.

We determine presently the probability that the eofothe measure of the
line AA’A”... will be contained within some given limits. Riis, we suppose
that in the trianglex" AC’, C'CC”, ... one had corrected the anglesnas
does ordinarily, that is to say by subtracting fromhee third of the quantity of
which the sum of the three observed angles surpassesgittangles plus the
spherical excess. If one lowers the vertice”’, C”.... ofpapendiculars
CI,C'I',C"I",... onto the linekAA’A”... ; one will have, very nearly,

Al = ACcosIAC.
One will have next, quite nearly,
IT' = CC'cosAY
and, generally,
70 7+ — o) o(i+1) oo A i+1)
By supposing therefore that is the characteristib@&trors, one will have

§. 10 pli+1) §.0W 0+ AG+1)

_ SAUHD (i+1)
O — oot 6AN T tanANTY.

One has, by that which precedes,
SAEFY — 5 _ gi-1) + a2 — ...+ Q;
next, one has, in theé { 1 ) triangle,

O o= ginoi+1) =1 o)
snCEHCHICH

oW olitl) —

this which gives

5.00CED 5000

COCED = oPoED + s o= o) gt it ¢i=1) (@)

_ (50(7?*1)C(Hl)c(??)cotc(??*l)C(Hl)c(??);

10



but @? is, by that which precedes, the error of the anglé or
ct-DcW o+ corrected by subtracting from it the third of theeseof the

sum of the three observed angles of the triangle exeright angles. Leﬁm be
the error of the angle~)C+U () | thus correcteda® +3")  will be the
error of the third angle’+) -V @ . One will have therefore
s.chct+l 5. cHot-1)
cOCE) — o1

+ @ + 8")cotc+D cli-D o)
— 3" cotcti-D i+ o).

this which gives, by observing that, in the firsamgle, the sid€(-)C igC
that | supposed measured very exactly.

5'0(1')0(1'-&-1)
C @) i+1)

the sign S serving to express the sum of all the questitat it contains from
i = 0 to 7 inclusively. One will have therefore thus thdueaof 5.1) 10+, By
reuniting all these values, one will have, for therergrror of their sum or of the
measured line, an expression of this form

= —S[(a(i) + B(i))cotc(m)c(i—l)g(i) + B(z’) Cotc(i—l)c(i+1)c(i)]’

(0) v+ g8 + pVah 4 03V 4 ...

The probability of the simultaneous values@f andsof, by that which
precedes, proportional to

1 N2 -
072h<ﬁ+%0¢) f%hoﬁ.

By making

-1 1
p+za= ig\/g,

the preceding exponential becomes
—3ha® -3 ha?

c )

thus the laws of probability of the values @f andaofire the same. The
function (o) takes then this form

(O') ra + T(l)a + T(Q)g(l) + 7“(3)5(1) 4o



The probability that the error of this function, armhsequently of the function
(0), is contained in the limitst s , by’ n 20 of Book I,

2[dt c
ﬁ bl

the integral being taken from nullto equal to

3h
s 2
72+ 2 4 P22 4 ...

One has evidently

I 1\ 1
pa+qf = (p— §q>a+ iqg\/g;

this which gives, by equating it tax + rMa

1 1
r=g0v3, "=p-g

the value ot will be therefore, by substituting forts \ialueé%,

3s n
20\ p* — pg +q* + pV? — plglh + ¢ 4.

The length of the measured arc makes known that ofstwating radius of
the surface at the poiat  of departure. Let u be the rablasn from the
center of gravity of the Earth at its surface, benynction of the longitude
and of the latitude, the semi-axis of the Earth beahkgn for unity; if one names
Rthe osculating radius of this point, in the sersé’ , willehave, by the
Chapter cited from Book Il of thilécanique céleste,

R+1+wu— (d—u>tanl+ (%)-

dl cos !’

and if the name the length of the measured A" , dhéave, quite
nearly,

12



€ 1 9
= 1—= rtl:
R ( 36 ta l),

this which gives, quite nearly,

Oe €0p

of = #cosl  ¢2 cos’

but one has, by that which precedes,

de=pa—+qB+--,
56 — T 5AM _ + (@ —al) +a? _...)’

sin/ sinl

the inferior sign having place i is even, and the sapeign if n is odd. By
making therefore

P - € 7= q
¢cosl  ¢? sin co$’ ¢ cok
(1) _ p(l) :F € 6(1) _ q(l)

¢cosl  ¢? sin cog’ ¢ cok

s AR RN

D=

p

the probability that the errétR ~ will be containedhe limits + s will be
2fdte "
VA
the integral being taken from null to
_3s n
20\ P2 —pg+ 2 +pM2 —plg® 4.7

The difference in latitude of the extreme points of pleependicular depend, by
the Chapter cited from th&lécanique céleste, on the eccentricity lodé t
terrestrial parallels, which introduce into its expi@sshe quantity

U _¢[(Z—Z>tanl+ (552)}

the part of this expression which is independent of #isentricity is

t

13



proportional to¢? ; thus the small error of whigh isceptible has not at all
sensible influence on the difference in latitude. Bgesbing therefore with a
great care this difference, the eccentricity of tegestrial parallels must be
manifest, as little as it is sensible.

If the geodesic line has been traced in the sendeeaheridian, the azimuth,
at the extremity of the measured arc, will make knolag éccentricity of the
terrestrial parallels, and it is remarkable that #agnuth is the functionu( ), by
changinge in the difference in latitude of the extrematgmf the measured arc
and by multiplying it by the sine of the latitude divided thye square of the
cosine of the latitude at the origin of the arc.

The arc measured in the sense of the meridian will mail@vn the
osculating radius of the Earth in this sense, and, éythceding formulas, one
will have the probability of the errors of which #talue is susceptible.

One will obtain more precision in all the resultsfiaing toward the middle
of the measured arc the origin of the angles; becaesetlle superior powers of
these angles, that one neglects, becomes much smaller.

3. We suppose that, in order to verify the operations, measures, toward
the extremityA™ of the arelA’A”... , a second base. The esipresf the
error of this base, concluded from the chain of tiengtes and from the base
measured at the poidt , will be, by that which precedliethie form

) i@ +mp +1Wa + mOFY 4.

let A be this error which will be known by the dir@etasure of the second base.
If in the function p ) one makes, as previously

1 _ 1
6 + Ea - 2Q\/§7
it takes this form
f@ + f(l)a + f(Q)g(l) + f(3)a(1) +

By designating by the value of the functiam ( ) or sfeiquivalent ¢' ) and
observing that the probabilities of and ®f followe tkame law and are
proportionals ta:—3"2" and~2"®" | the probability of the precedingfion will
be proportional to

e ah(@*+a?+a P ale )

14



By supposing the function equalxo , this exponential besom

. N2 [ D)2 2
C*%h{@’ff) +(OﬁfT) +"'+A?]
)

F expressing the sum of the squafésr f(V? + f>2 1...  The most probable
values ofa,@,a!),... are evidently those which render the expoogthis
exponential a minimum, this which gives
S __f(l))\ (1)_f(2))\
a = F ’ o= F ) o - F ’ v

If one observes next that one has, by that whicbegies,

1 1
f=gmv3, fY=i-om,
- 1 1_
p= ig\/g — 3%
one will have
g:(l—%m))\’ B:(m—%l))\’
F F
(1 — 101
a® = g0 — %m(l))%’ 30— (m7 = 5l )A,

and " will become
2 —ml4m? 4+ 15?2 — W M2

If one substitutes these values in the function ( ), wiiehave the correction
resulting from the measure of a second base, by affeittwith a contrary sign.
But one is able to arrive to this result directly,8y21 of Book Il, according to
which one sees thag  being the value of the funct@n its probability is
proportional to

3, (. s
Eh(“ Az
(2 (s ()2

c Sr Sf("')Z

the sign S extending to all the valuesiof , from 0 ineglg. The most
probable value of is that which renders null the expboéc, this which gives

15



Sl £
S=A\——— )
Sf(z)Q

it is necessary therefore to subtract from the measarcAA™M ... A this
value ofs ; and, if one names the error of the awns ttorrected, the probability
of u will be proportional to

%th

(iy2_ (5502
c S 5702

One sees by this expression that the weight of thdtris increased by virtue of
the measure of the second base; because, after thgimaethe coefficient of
—s% was, by the preceding section,

3
sh
Sr(i)2?
and, by this measure, the coefficient-af? becomes

3

sh

; Sr(i) fliy2
Sp(i)2 _ %

The same error becomes therefore less probable ibymbasure and by the
preceding correction of this arc.
One is able to observe here that the preceding vafuesrd’, f and f(V)
give
) =p? —pg + ¢,
24 W2 =12 —ml 4+ m?,

1 1
rf+rW D =1i(p— ~q) +m(qg— =p).

2 2
One will be able therefore to form easily'®  and)$?)  nimans of the
coefficients ofx ,3 @), ... inthe functions ad ( ) angl ( ).

If one had measured some other bases, one would hatle bByalysis ofth
21 of Book ll, the corrections which it would be necegda make to the
measured arc, and the law of its errors.

The measure of a new base is able to serve to tonaconly the measured
arc, but also the difference in longitude of its extrgmoimts or the anglel(™ . It

16



will suffice to substitute into the functioo ( ) thatrée
+ (a_a(l) +a(2) _ )

which expresses the error 4f”) | the superior sign halace ifn is odd, and
the inferior ifn is even. Then one has

p==+1, ¢=0, pY==1, ¢Y=0 ..

thence it is easy to conclude that, in order to cortee angleA™ | it is
necessary to add to it the quantity

FA=1D 1) — .. — %m—l— %m(l) — )
2 —ml+m2+102 —mM) 402 4.0

The probability that the error of(™  thus corrected ighiw the limits + « will
be

2fdt et
ﬁ )

the integral being taken from null to

I
ﬁ‘
>

t =

\/ (=IO — Ly ) .. y2
n P—ml+m2+1)2—...

4. We are arrived to the preceding results starting fremaw of probability
of the errora proportional te~" | and we have proved tha law of
probability is able to be admitted by regarding it of &ingles measured with the
repeating circle. We have shown here that these sdsolli generally, whatever
be the law of probability of erroit . Lei(a) be thisvlawe will suppose it
such that the same positive and negative errors arelyequabable. We will
suppose, moreover, that(«) extends fram= —oo de= + oo . this
supposition is always permitted; because, if the probab#icomes null beyond
certain limits, the functiow(«) is then discontinued aalillveyond these limits.
We seek now the probability of the values of the famctip) of ® 1. This
function has been calculated in correcting the anglesdt triangle by a third of
the observed sum of their errors. We suppose generatlyiththe first triangle,

17



one corrects the errar  fy+ 3)T" , the erfor (of+ )" , andsequently
the third error of({ — i — ;)T , in designating by apd the erwrand 3

thus corrected, one will have
a=a+(i+ )T, B=0+(1+ )T

By designating similarly byr)  ang  the erras) &l
corrected fron(i) + 1T (i1 + 171 | one will have

ol =W 4 (G 4+ %)T(l), B = Q(l) + (Z-gl) + %)T(l)’
and thus consecutively. The functian ( ) is, By n 1, etyual
v+ g8 + pVa® 4 ¢0gY + ...

next, one has

this which gives

one has similarly
B=0+aT, aV=ab 44T,
The function (0) becomes thus
pa+qf+palV + VY + -+ S(pi+ gin)T,
S(pi + qiy )T designating the sum

(pi + qi))T + (pMiV) + q(l)igl))T(l) + -

respEy

The correction of the function (o) relative to thalues ofi, iy, i), ... is

therefore

and then this function thus corrected becomes
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(€) pa +qB + ptY WM Ja® ..

In order to have the probability of the values of ths function, we will observe
that the probability of the simultaneous existencthefvalues ofy, 3 and is

dadp dT¢(a)¢(B)o(T — o — 5)
J [ JdadBdT¢(e)s(B)e(T — a - B)’

the integrals of the denominator being taken in tinfimiie positive and negative
limits. We designate by the integrflag(a) , taken withiaskh limits; it is

easy to see that this denominator will be equak*o he preceding fraction
becomes thus

dadBdT
kS

the probability of the simultaneous existence of thleies ofa, 3 and”  will be
therefore

P()¢(B)o(T — o = B);

dadpBdT o o L
5 dlat i+ 3108 + (i + 3Tl — i~ )T —a — ]
T being supposed to be able to be varied frosn  +too, ohdavie the

probability of the simultaneous values @f ghd by irdeag the preceding

function with respect t@’ , within the infinite limits8Ve name—=— d“dﬁ Y(a, B) this

integral. One sees, by n 20 of Book I, that by desiggéty s the value of the
function ), the probability o will be proportiona t

//dad/w B)cogpa + qB)w
(H) /dw B //da g McogpMa® +¢VpM)w (7

the integral relative tav  being taken fram= —7  #o= = and ithegrals
relative toa and3 being taken within their infiniteniis. We develop into a

series, ordered with respect to the powersvof , thetitmcontained in the
parenthesis. The logarithm ¢ff do d 5 (., B)cogpa + ¢B)w  is equal to
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§/[dadBile Hlrated)’ _
[ [dadB(a, B)

Iog//dgdﬁtb(g,@ -

Now one has

[ [aadsita.n

— [ [ [aaasarsla+ i+ molg+ i+ 1Dlol(y —i - )T - o~ Bl
The integrals being taken within their infinite limité is easy to see, by the

known theory of multiple integrals, that the second nendd this equation is
equal to

[ [ [aatsar oo

T' being equal td” — o — 3 ; it is therefore equalktd
One has next

[ [dadsitas)we+apy
(u)
= [ [ [daasars@o@orrma+ sy

by substituting fora and3 their values w,3 , affd in the njtya
(pa + ¢B3)*. Now it follows from that which precedes that one ha

2 1 1

Q=(§—i)a—(i+§)5—(i+§)T/,
B=C B~ (i+3)a— (i +3)T.

By substituting these values into the quantjie + ¢6)*> , one hailte, in its
development, to neglect the terms dependent on the prodgectaT”, 517,
because the triple integral

0 [ [ [dadsar s@oo@me +

being taken within its infinite limits, and the funatig(«) being supposed the
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same for the valuest « anda , it is clear that the elesnef this integral
depending on+ o will be destroyed by the negative elememsndeng on
—af. If one observes next that by designatfngf da ¢(a) kby , @seh

/ / / o*dadBdT'¢(c)p(B)p(T") = kK",

the function ¢ ) will become

K k‘”[ (p° — pg + ¢*) + 3(pi + qi1)];

the logarithm of

| [dadsita seospa +qsy

being thus

"

k . .
Iogk:?’—%w [=(p* — pg + ¢*) + 3(pi + qi1)*] — -+

By passing again from logarithms to the numbers and riegleconsistently
with the analysis ofth 20 of Book II, the powersuof  sigreo the square, the
integral (H) will take this form

K /dwc swy/~1- MZ[ S(p* —pg+q*)+3 S pi+qi1)?]

Y

S(p* — pq + ¢?) representing the sum of the quantities
2= pa+ g+ pM2 = pMgM 4
S(pi + qiy)? representing the sum of the quantities
(pi + qi1)2 + (p(l)i(l) + q(l)i(l))Q 4+

andn being the number of triangles. We give to the pregentiegral this form
k3 /dw Q(w+5") *Tz

Q@ being equal to
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k,//
o |
The integral must be taken from= —7  to=x , and one has sedhe

section cited from Book Il, that it is able to be ended fromw = —occ to
w = oo; then the preceding integral, or the probability of ecdmes

S(p* — pg + ¢°) + 39pi + ¢ir)?]

proportional to ¢ or to

o 3k32
c s —pa+a2)+9 Spitqir)?]

It is necessary now to determine the valu%i—,of Fentie make, as above,

use of the observed valuesBf T, T®), ... When these values great
number, the sum of their squares divided by their numbidebeayiquite nearly, by
that which we have established in Book II, the mealues of 7% ; by making
therefore

92 — T2 + T(1)2 + T(2)2 + -

21—2 will be this mean value. Now one has this value bjtiplying each possible
value of 72 by its probability and by taking the sum ofthése products; the
expression of the mean valuelof  will be therefore

JJ[dodBdT . T?¢(c)$(B)$(T — o — 3)
J[JdadBdT¢(e)p(B)¢(T —a—p)

the integrals being taken within their infinite limitset, as above,
T =T —oa—

the preceding fraction will become

JIJ(T" —a—B)* dadBdT"¢(c)$(B)p(T")
J [ JdadBdT'¢(c)(B)6(T") ’

all these integrals being taken again within theinitgilimits. It is easy to see, by
the preceding analysis, that the numerator of thigidraés equal tB%*%k” , and
that its denominator is equal k&3 ; the fraction becothas®s";: by equating it

k‘ )
2 .
to £, one will have
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B0
E 3n’
the probability ofs is therefore proportional to

_ 9ns?
c A0S’ —pata?)+9 Spitqir)?]

It is clear that the values @f and®f , which rendhgs probability the most
rapidly decreasing are those which g+ giy =0  ; and then theegirey
correction of the measured arc becomes null. The ehseand:; nulls give
therefore the law of probabilty of the geodesic esrothe most rapidly
decreasing, a law which must be evidently adopted.

Thence, it is easy to conclude that the probabiligg the value ot will be
contained within the limitst s is equal to

2fdte "
ﬁ )

the integral being taken from null to

3s n

t = ,
20\ S(p? — pq + ¢*)

this which is conformed to that which we have deduced®inl from the
particular law of probability of the errors proportibth*h‘*Z.

We express, as ifn 2, the error of a new base concfrmia the first by the
function

i@ +mpB +1Va + mW3Y 4 ...
By making, as previously,

a=a—il, B=F-ul, a=aV M7V

s ERN

the correction of this function, relative to theues ofi, i;, i), ... will be
—S(li + miy )T, and the error of the new base thus correctedevill b

(N la+mB+1Va® +mWph 4 ...

Let s’ be the value of this function; the probabilitytbé simultaneous existence
of the values of and of the functiors () and ( ) bél by § 21 of Book II,
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proportional to
//dwdwlcsw —1—s'w'\/—1—-Qu*—2Q 1w/ —Qauw'*

the integrals being taken from td equaHoo wto wto  legua- co.
One sees next, by the analysis of the section ¢iatione has

Qu? + 2Q,ww’ + Qow'”
_ 3S[[[ dadpdT' $(a)¢(B)(T")[(pa + gB)w + (la + mB)w']*
a [[] dadBdT ¢(a)p(B)d(T") ’

the integrals relative ta, 5 aril’  being taken withinrtidinite limits; this
which gives, by substituting fer amtl  their previous vglue

k/,//
Q= 31807 — pa + )+ Spi + 0ir )7,
1 k"
Q1 = g?{s[(p— g)l'f‘ (q — g)m] + gs((pi'i‘qil)(li‘i‘mil)},
1 k,//

Q> [S(I? — ml +m?) + gS(li + miy)?);

T3k
whence one concludes, by the analysis of the secitieah, that the probability of
the simultaneous existence of the values of and ofprojgortional to

o (Q23272les/+(}s/2)
L2y o Dt )
C 4(QQZ*Q1)

or

Q-G
Ci 4(QQZ*Q1) 7@
The measure of the second base determines the vailieaafl, by namings as

above, the probability of will be proportional to

Qals- )2

Ci 4(QQZ*Q1)

The most probable value of is that which rendersthallexponent of ; this
which gives
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s:)\&'

Q2
by making therefore

s:)\&—i-u,

Q2

u will be the error of the arc measured and diminishe@éyand the probability
of this error will be proportional to

o Q2112
C 4(QQZ*Q1)

The values ofi, i;,3"),... must be determined by the condition that
coefficient ofu? , in this exponential, is a maximume wee therefore what are
the values of these quantities of these quantities whiuther the fraction

Q2

QQ2 — Q7

a maximum. If one name&g’  that which the expressiap bécomes when one
diminishes the finite integral (i + ¢i1)> by the elemépt + ¢i;)> , wiile
have

r 3 k/l// . . 2
If one names similarly); that which the expressiorefbecomes when one
diminishes the finite integral (Bi + qi1)(li + miy) by the element
(pi + qi1)(li +miy) , one will have

Q) =Q1— 5?(1% + qiy)(li + miy).

Finally, if one nameg), that whidQ, becomes when dinénishes the finite
integral §li + mi;)? by the elemefti +mi;)?> , one will have
/ _ 3 k/l// . . 2
Ry =Qs — 5% (li +miy)”.

The fraction
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@

QQy —Q?

surpasses the fraction
Q2
QQy — Q7'

because, by substituting into the first, instead)of )} @hdtheir values,
and reducing to the same denominator its excess oveetosd, the numerator
of this excess becomes

3 k,//

S [Qa(pi+ gin) — (ti 4+ miy)].

We name furthe)” that whic’ becomes when one suibtfeam it
2L (p(11) +¢Wit")2: and, consequently, that which the expressiongof
becomes when one diminishes the integr@ki $ qi; )? by the dlements
(pi + qi1)? + (pViV + ¢Wi)2. We name similarlyQ!  that whichQ),
becomes when one subtracts from it

3 k"

2k

finally, we name?; that whic)), becomes when one agtdrfrom it
3 k"

2k

one will see, by the same process, that the fraction

(p(l)l-(l) + q(l)igl))(l(l)i(l) n m(l)z‘§1));

. (1
(1(1)2(1) + m(l)lg ))2.

Y

"
2

Q"Qy — QY*
surpasses the fraction
Q.
Q'Qy - Qi

and, consequently, the fraction
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Q@2

QQr — Q7
By continuing thus, one sees that this last fracteeomes to its maximum when
the finite integrals &i + qi1)? , (@i + qi1)(li +miy) andiB+miy)?  are null
in the expressions @@, ), angh, , that which returns to sppolsthe values

of 4, iy, i1, ...; this supposition gives therefore the law of proliglof the
most rapidly decreasing values@f , and then one has

2

Q=g S’ —pa+a),
o= Ze{lo- D1 o- 2]
Qo = %S(l2 —ml +m?).

The weight of the errou  becomes thus
_9n
462

S(p—4)i+(g—2)m)*
S(p? — pq + ¢?) — - %@;Eimﬁ) }

It is easy to see that this result coincides withat@ogous result oPn 3.

On the probability of the results deduced, by some processes whateer,
great number of observations.

The true march of the natural sciences consistsdw,stinrough the path of
induction, from the phenomena to the laws and froniaWe to the forces. One
comes down next from these forces to the completeicakph of the
phenomena as far as into their smallest details.alteative inspection of a great
assembly of observations and their comparisons matlipfiake presentiment the
laws that it conceals. The analytic expression es¢hlaws depend on constant
coefficients that one namelements . One determines, by ttheory of
probabilities, the most probable values of these elesnand if, by substituting
them into the analytic expressions, these expressmisy all the observations,
within the limits of the possible errors, one wi# bure that these laws are those
of nature, or at least they are very little differéntn them. One sees thence how
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much the application of the Calculus of Probabiltiesugeful to natural
Philosophy, and how much it is essential to have soetdods in order to draw
from observations the most advantageous results. Tlesséts are evidently
those with which one like error is less probable twih each other result. Thus
the condition that it is necessary to fulffill in tblkoice of a result is that the law
of probability of its errors is most rapidly decreasiBgfore the application of
the Calculus of Probabilities to this object, eaclsudator subjected the results
of the observations to the conditions which to hppeared to be most natural.
Now if one has certain formulas in order to obtaim tfiost advantageous result,
it is no longer necessary to have uncertainty in tégard, at least when one
makes use of the factors. One is able, not only terchate this result, but
further to assign the probability of the errors of tkeults obtained by some
other processes and to compare these processes toostteadvantageous
method. The excessive length of the calculationsttiistmethod requires, when
one employs a very great number of observations, dategenmit then to make
use of them. But, by grouping conveniently the equationsoatlition and by
applying this method to the equations which result frooh e these groups,
one is able at the same time to simplify consideraidy calculations and to
conserve a part of the advantages which are attachibdrtp as one will see it in
the following. Whatever be the process of which oradens use, it is very useful
to have a means to determine the probability of &selts to which one arrives,
especially when there is a question of the importaemehts. One will have
easily this probability by the following method.

1. We consider first a quite simple case, the one ohtlgdes measured by
means of a repeating circle. We suppose that at the erehah partial
observation one reads the corresponding division o€itbk; one will have, by
departing from the point of departure, a sequence of teirmbich the first will
be the angle itself, the second will be the doubléisfangle, the third will be the
triple of it, and thus consecutively. We designate Ay A,, ..., A, ese¢h
different terms, and by, as,..., a, the partial angles succegsmeasured.
One will have

Alzala

Ay = as + aq,

A3 =CL3+CLQ+CL1,
. e se s 00 0 s .--.;

and, if one nameg the simple true angle, one will Héne sequence of
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equations

y_a1+x1:07
y—ag+$2:0,
(a) y—az+x3 =0,

y_an+xn:07

x1, T9, T3,... being the errors of the angles, as, as, ... One will have, %y n
20 of Book I, the most advantageous result by multiplyingituyy each of the
preceding equations and by adding them, this which gives
art+ay+---+a, n 1+ 2o+ -+ 2y,

n n i

By supposinge;, x2, ... null, one will have the result of the nambtantageous
method, and the error of this result will Be~*% By designy byu this
error, one sees, by the section cited, that the pildpaf « is proportional to
c*%, k being equalt tofdz ¢(x) and” being equal fa*dx ¢(z), ¢(z)
being the law of probability of the errois of thet@drobservations, this law
being supposed the same for the positive and negatives amdrbeing able to be
extended to infinityr is always the number of whibk hyperbolic logarithm is
unity.

Svangerg, in his excellent Work on the degree of Laplexigoses, in order
to determiney , a new process founded on the followingiderations. Each
term of the sequencd,, A,,... is able to give its value, wisichble to be
equally determined by the difference, — A, of any two terrhateoever of
this sequences’ being greater than . This differenciledibys’ — s, gives a
value ofy so much more exact as this divisor is gredgr multiplying it
therefore by this divisor, one will render it preponaderdy reason of its
exactitude. If one makes next a sum of these product$ and divides it by the
number of simple angles that it contains, one willehavvalue ofy which,
concluded from all the combinations of the quantitigs A,,... y gling to
each of these combinations the influence that it nhast, seems to have to
approach to the truth the nearest that it is posdibis. would be just, in effect,
if all these values af were independent. But their mutapendence makes that
the same simple angles are employed many times andliffer@nt manner for
each of them, this which must change the respectiveapiities of the values of
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y and, consequently, the probability of the mean valbés i§ a new example of
the illusions to which one is exposed in these deliczgdearches.

The process of which there is question returns to fdren sum of the
differencesA, — A, s being greater than and having withcihiglition to be
extended from¥’ =1 t¢' =n $ must be extended from 0 ston—1 )
and one must maké, = 0 . By dividing next this sum by the numbsimple
angles that it contains, one has the valug of .dasy to see that this value is

. nSAn — 288471,1
T= n(n+1)(n+2) )
1.2.3

SA, expressing the sum of the quantitigs A,, ..., A, ASS is the sum of
the quantities

A17
Al +A27
Ay + Ay + Az,

A+ A+ + Ay

the anglea; is contained —i+1 times il it is contaif&e )gﬂiﬂ)
times in the function S&,_; ; it is therefore contai 717;*}2) times in the

1.2.3

preceding expression gf . Thence it follows that theecess returns to multiply
the equationsa ) respectively by the factors

n 2(n—1) 3(n—2) .
n(n+1)(n+2) ’ n(n+1)(n+2) ’ n(n+1)(n+2) 7
[ [ [

and then one finds, byyn 20 from Book I, that the prdibabf the erroru in
the preceding expressiongf is proportional to

_ ok u?
K" s
c i

M; being here equal t§”~=L. : the integral®  having to comprehthe
6
values ofM? from =1 ta =n inclusively. One has thus

SMQ—Q n? + 2n + 2
s nn+1)(n+2°
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n being supposed very great, this value df’S is reduced earjymo%; the
probability of the error, is therefore proportional to

2

C*%%nu
One has just seen that, in the most advantageous métkgatobability of a
parallel error of the result is proportional to

7km12
c W,

Thus, in order that the same errors become equally lplmbite observations
must be, in the process of Svanberg, more numerougnthiaa ordinary process,
following the ratio of six to five.

One would be able to believe that, the result obtamedhe process of
Svanberg being a new given from the observationsgatabination with the
result of the ordinary method must give a more exadcitresd of which the law
of probability of the errors is more rapidly decreasiBgt the analysis proves
that this is not. We consider, in effect, the systémquations

py—a; +x; =0,
D2y — ay +x2 =0,

R

pny_an+xn:0>

x1,x2,... being, as above, the errors of the observations.ndst advantageous
method prescribes to multiply these equations, respegtiweb;, p», ... and to
add them, this which gives

_ Spia; iz

I
the sign S comprehending, as above, all the valuedt thatcede, fromi =1 to
i = n inclusively. The first term of this expression Viaé the value of given by
the most advantageous method, and its error w%pée designating it by
its probability will be, by A 20 of Book II, proportiorim

k_,2Q2
o u”Sp; X

If one multiplies the equations (b) respectivelyrhy, ms, ms, ..., irtkem
will give
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Sm;p; Sn;p; '

Srmiai S‘mm@
y =

The first term of this expression will be the valdeyaelative to the system of
factorsmy, my, ... , andg==  will be the error of this value, aroethat we

will designate by’ . If one makes
| = Spiz;, 1= Smx;,

the probability of the simultaneous existencd of ahd will be, by r? 21 of
Book II, proportional to

Ciﬁ(Fan?*QH, sni,er,Z 3712)
)

E being equal to®? 1% — ( 8p;)>. Now one has
I =uSp?, 1 = Snp;;
the simultaneous existencewf and:.of is thereforpgtimnal to

sp?
e 5 W EH(d —u)* (Smip:)*]

Let e be the difference of the preceding values from e; luas
o Spia; Sﬂiai.

e = —

Sp? Sn;p;’

the equality of these values, corrected respectivelyanf errorsu anad’ , give
e=u—u;
the preceding exponential becomes thus

oSt [ue St ]

e is a quantity given by the observations; the valua:, ofhich renders this
exponential a maximum is evidently= 0 ; thus the consideraif the result
given by the system of factors,, mo, ...  add no correctiorméorésult of the
most advantageous method and changes not at all thef lamlmability of its

erroru , which remains always proportional to

ko 2g 2
c v Sl%
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If the very great number of equations of condition dop®nit to apply this
method to them, there will be always advantage to appty some equations
resulting from groups of these equations. We suppose thahame groups,
each formed froms equations, so thatrs ; one will hdnee following
equations

Py—-A + X, =0,
Pyy— Ay + Xy =0,
(V) S

Py—A. +X,=0,
and one has

Pr=p +p+-+ps,
Ai=a1+as + -+ as,
Xi =21+ 4+ + x5,

P2 = Ps+1 +ps+2 + - 4 Dos,

By applying to the equations (V) the process of the radsaintageous method,
one has

)= SPA;  SPX;.

SPtQ - SPtQ ’
the sign S embraces all the quantities which it precddas ¢t =1 tot =r
inclusively. g is the error of the valu%’.% taken for y;designating this
error byu , its probability will be, by’n 20 of Book Proportional to

ko

2k’” Sm? .
c i;

my, ma, ... being the coefficients af,, =, ... in the expression:of d #me
integral Sn? being extended from=0 to=n  inclusively. Novsieasy to
see that one has
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Py Py Py

my = ——5 meo = my =
SPtQ’ $27 Y S g??
P2 PQ
mg+1 ey W’ ............’ ...’ ng f— @’
t t

_ B ,
m2§+1—§’ ............’ ...’ ...............’
t

thence it is easy to conclude that one has

S n
Sn? = = = ——;
'SP  rSP¥

the probability ofu is therefore proportional to

_k r,2gp2
072k” nt SR .

If one reunited all the equations of a single group, theaiitty of « would be
proportional to

b2
C*W%(Spiy .
)

because then would become uniy,  would becomels, P;, ... weuld b
nulls. The weight of the result or the coefficient-ofi> would be therefore, in
the first case,

k_r
2k" n

SP?,

and, in the second case, it would be

k
2k"n

(51071)2
Now the first of these quantities surpasses the segoatlect,
(Sp)’ =P+ P+ + D)

If, in the development of this last square, one subssfuhstead of the product
2P, P, its value P} + P; — (P, — P»)? , and thus of the other products, one
sees that this square is equartd®’’S |, less a positiveityuémgre is therefore
advantage to partition the equations of condition intayngaoups to which one
applies the most advantageous method.
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One sees further that there is advantage to augmemiuthieer of groups;
because, if one supposes even and equatto , the weitet &fsult relative
to the number/ of groups will be proportional to

(P + P)? + (P + P4)2 + o+ (Pypgr + p2r/)2];
and the weight of the result relative2d  groups wilpbportional to
2r' (P} + Py + -+ P3)).
This last quantity surpasses the preceding, as one s$geshserving that
2(PE+P3) > (P + P)%.

If the equations of condition contain many unknown etgsey, v/, ... there
will be always advantage to partition them into groupsermher to apply to the
equations resulting from these groups the most advantagexthednThe more
one will multiply these groups, the more one will augmigat weight of the
results.

But, from whatever manner that one has obtained tre=séts, one will be
able always to determine, by the following theorehe probability of their
errors. If one has, by any process whatsoever, dfesvn the equations of
condition the equation —a = 0 , it is clear that one has pligtd the equations

of condition, respectively, by some factoid,, M,y, Ms;, ... such et
unknowns have disappeared, with the exceptiom of whishuhay for factor.
The erroru of the resulf = a is evidently,z, + Myxy 4+ --- ; the probgpbili

of this error will be therefore, by’n 20 of Book Il gportional to

112

k

the sign S being extended to all the values of fieml i =ton, n being the
number of observations. All is reduced therefore tordebe, in the process that
one has followed, the factoid,, Mo, ...

If, for example, the equations of condition contain twiknownsy and/
and if, in order to form the final two equations, ordelsa together all these
equations: 1° by changing the signs of the equations ichwhhas the sign-
2° by changing the signs of the equations in which  hassign — , one will
obtain, by this process of which one has often madetu® equations that we
will represent by the following:
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Py+ Ry — A=0,
Piy+ Ry — A =0.

In multiplying the first of these equations by

_
PR, — PR
and the second by
R
PR, — PR’
one will have, by adding them,
AR - AR 0
7" PR -PR

In the equations of condition,  has been multipliedtby the;sign— having
place if, in order to form the final equations, one tiz@nged the signs of thé
equation. Thence it is easy to conclude that, if onga@es by the number of
equations of condition in which the coefficientgjoindafy’ have the same sign,
one will have

2 $(Ri—R)*+ (n—s)(Ry + R)?

N =
SM; (PR, — P R)?

One will simplify the calculation by preparing the equagi@f condition in a
manner that in each the coefficientyof has the signOne will form next a first
final equation by adding the equations in which the @efit ofy/ has the sign
+. One will form a second final equation by adding the s 8OOSR in
which the coefficient off has the sigh . Let be

fy+gy —h=0,
fiv+ gy —h1 =0

these two equations. By multiplying the first % and dezond by

_ 9 .
fai+fig’ one will have
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hgi +hig
y— AT
for+ fig

Y

and it is easy to see that

SM? — 39% + (n — 3)92

Y (o + fi9)?
These values of and ofi®  coincide with the preceding,ig®asy to see it
by observing that one has
P=f+fi, R=g—gq, A=h+h,
P=f-fi, Ri=g+gq, Ai=h-h.

The equations of condition being represented generatlyebipllowing
0= —a; +piy+ay,

if one multiplies them respectively by, m,, ...  and if one adwasrt, one will
have the final equation

0 = Sm;z; — Snia; +ySnip +y Bnig;;

if one multiplies next the same equations, respectivgly,, ns, ..., one will
have, by adding them, the final equation

0= Sn;z; — Sva; +y Sup + 9 Big.
By multiplying the first of these equations B§%  and theosd by— %% T
being equal to
Smipi Sviqi — Supi I,q;,
one will have

Smia; Siq; — Svia; ;g Sux; Bigi — B 18
B I + I '

0=y

This last term is the error of the value that on&iobk fory , by supposing nulls
T1, Lo, .... ONe has therefore then

m;Sniq; — n; 3717617

M; =
2 I Y
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whence it is easy to conclude

by making
H = Sm?(Suq)? —2Snin; g B, + 8;( 8,q:)%,

a result which coincides with the one ¢f n 21 of Bogkiilwhich we have
proved that the maximum of the coefficient ofu? in #mponential has place
when one supposes generally = p;, n; = q;; this supposition gives therefo
the most advantageous result or the one of which tightvie a maximum.

One will determine the value gjk; by means of the squaféhe remainders
which have place when one substitutes into the equatiotsndition the values
determined fory ang’ . By designatingdyy  this remainddrai” equation of
condition

0=z —a; +piy+ay,
and designating by and the errors of these valuesyithtave

!/

0=z +¢ —pu—qu;
this which gives
Se? = Su? — 2u Yz — 2u' Fiwi +ud B+ 2wl Bg+u &.
One has, byth 19 of Book II,

Sac? = %n;
next, the values, and cease to be probable, wherstinpgiss the quantities
of order ﬁ . The values ofisr; andy; 5 cease to be probdi@a whey

surpass some quantities of orq;i(ﬁ ; the values @ty p;z;S -add’ ¢z; S
cease therefore to be probable when they cease ob ddinite order,n being
supposed infinitely great.z8 p%; and?S being of order véhees of
u?Sp?, 2uu’ g, uw'> §? cease to be probable when they cease taitse fi
guantities. One is able therefore to neglect all tlipsntities and to suppose,
what ever be the process of which one makes use,
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i ?7%
this which gives
ko n
2k" — 252

2. The preceding methods are reduced to multiplying each eqguatio
condition by a factor and to adding all these productsderoto form a final
equation. But one is able to employ some other considiesan order to obtain
the result sought: for example, one is able to chobae df the equations of
condition which must most approach to the truth. Thege®that | have given
in n° 40 of Book Il of theMécanique célesteis of this kind. By supposing th
equationsly ) of the previous section prepared in a mahagey,, py, p3,... are
positive and that the valugs, 7=, ...  of , givens by these emsatinder the
supposition ofzy, o, ... nulls, form a decreasing sequence, the gwomie
which there is question consists in choosing the equatio™ condition, such
that one has

prtptt P <PrtPryi ot o
prtpet -t P> Pt Pt D

and in supposing

ay
y=_—.

Pr
This value ofy renders a minimum a sum of all the diewiatfrom the other
values, taken positively; because by namingzx,, ... these amsat,, z-,
..., xy,—1 Wil be positive andz,.{, ,.9, ..., x, Wil be negative. If one
increases the preceding valueyof by the infinitelyllsqueantity 6y, the sum of
the positive deviations;, x», ..., x,_; Wil diminish by the quantity

dbyim +po+ -+ po);

but the sum of the negative deviations, taken with idne - , will increase by
the quantity

Sy(pr + Pri1 + -+ + Po);
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the deviationz, will becomep.6y. The sum of the deviatioteken all
positively, will be therefore increased by the quantity

6Y(Dre1 + Drya+ o+ Dy = D1 — P2 — = Pro1);
by the conditions to which the choice of tHeé  equaisosubject, this quantity

is positive. One will see, in the same manner, ifrate diminishes% byy , the
sum of the deviations taken positively will be increblsg the positive quantity

oy(pr + 2+ + D — Dyt — Pry2 — - — Dp)-

Thus, in the two cases of an increase and of a dirmmuofi the valué;—: by , the
sum of the deviations, taken positively, is increasédis ¢onsideration seems to
give a great advantage to the preceding valug of , whiblenvihere is a
guestion to choose a middle among the results of an oddenwhbbservations,
becomes the result equidistant from the extremes. Bat Ghlculus of
probabilities is able alone to estimate this advanthgen going therefore to
apply it to this delicate question.
The sole givens of which we will make use are thaetngation of condition

Ozxr_ar+pry

gives, setting aside the errors, a valueyof smallan tfher — 1 anterior
equations and greater than the- r posterior equations; aindrté has

prtptt P <PrtPryn ot o
prtpet -t P> Pt Pt D

One has

this which gives
T a a, T,
1 1

2B VR .
ay i 1 i i Tro1
Thus, ! surpassmg, m surpas%es . It is of it the sarﬁ? (%JF, .. to o=t

One will see in the same manner tlﬁait, %, s are less thafihus,

the sole conditions to which we subject the errotsthe equations of condition
are the following:
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Y Y

{ s>, s <,
Ty Xy Ty X
kps pT’ ps pT

prtp2t -t D1 < Prt Pyt Dy

prtpet -t P> Pt Pt Do

It is uniquely after these givens of the observatidmst twe are going to
determine the probability of the errof . We will haaesides no regard to the
order that the first — 1 equations of condition andithe » st ddbserve among
them, nor to the values of the quantitigsa., ..., a,.

We represent, as above, byr) the law of probabilittheferrorz of the
observations and, in order to express this probalslithe same for the positive
and negative errors, we suppaege) a functiar? of

Now, if one supposes, positive, the probability that |l :wirpassm%
will be

1 3 [dzé(x)

2k
the integral [dx ¢(z) being taken from =0 t@:plg akd  being, as
above, this integral taken from null to  infinity. &tprobability that the
quantities?: ,* ... ;== wil be all greater thgn is therefproportional to

’pZ Dr—1
the product of the — 1 factors

Jdwo@) | [dw o)

1 -
k,’ 7 k,’ ) )
the integral of the first factor being taken fram=0 ate- pl%; the integral of
the second factor being taken fram=0 ate- pg% ; and thus catigely.
Similarly, all the quantitie%, ﬁ, ..., 3= being supposed smaller than

one sees, by the same reasoning, that the probadbilithis supposition is
proportional to the product of the— »  factors

Jdz (x) Jdz $(x)
e e

the integral of the first factor being taken fram=0 ate= pTH%, that of the

9 ey
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second factor being taken from=0  io= pHQ% , and thus consetutive

The probability of the error,, iB(z,); thus the probabifgat the error of the
" observation will ber, and that the valugyof giverihgr™" equation will be
smaller than the values given by the preceding equatanaswill surpass the
values given by the following equations, this probability say, will be
proportional to the product of the— 1 preceding factors angl.of).

x being supposed very small, one has, in the quantitieoheaderz? ,

[z ota) = 26(0) + 326 0),

¢'(0) being that which%f) becomes when is null. In the pregeestion,
¢(z) being a function of? , one ha$(0) =0 , and then one has

[t ota) = 600),

The preceding factors will become thus, by mal%ipg: ¢

1 _pIC@7
1 _pQC@7
1 _pT1C@7
1 +%+1C@a
1 —I—pﬂ“@.

If one designates by’ (0) the valuefléﬁa;ﬂ when is ;)  obexs
1 /!
9(0) + 5P %9 (0).

The sum of the hyperbolic logarithms of all thesedegis, in the quantities near
of order¢? , by dividing the factas(z,) hy0) |,
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¢(0)

_C—kﬁ (p1+p2+-.-—|—p7,71—pr+1—p7,+2_..._pn)
G 9(0)]
~ 5| PPt A+ Py 4o+ D)

cef e, [40])

The probability of¢ is therefore proportional to thasbéc of the hyperbolic
logarithms, elevated to a power of which the exporetite preceding function.
One must observe that by virtue of the conditions hichvthe choice of the™
equation is subject, the quantity + ps + -+ pr—1 — D1 — Pry2 — -+ — Dn
iS, setting aside the sign, a quantity less than , atdhbs, by supposing of
order ﬁ , the numbem  of the observations being quite grat term

depending on the first power ¢f , in the preceding funci®of orderﬁ ; one

is able therefore to neglect it, thus as the lasintef this function. By
designating therefore bypS  the entire sum

pi+ D5+ D
the probability off will be proportional to

21400 2
5% st

Y

C

¢ or ;— being the error of the vaIng given fpor by tHeequation. The value
given by the most advantageous method is, by the precsefitign,

y = Spia;
Sp?

and the probability of an err@r in this result is pndjomal to
Cfﬁc“’Sp%’

k" being always the integrglz? dz¢(x) , taken fram nullato  ifinThe
result of the method that we just examined, and thatvilename method of
situation will be preferable to the one of the most advantageuethod, if the
coefficient of—¢? , which is relative to it, surpasshe toefficient relative to the
most advantageous method, because then the law of pitgluglihe errors will
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be more rapidly decreasing there. Thus, the method ohtisih must be
preferred if one has

k

ZON
k" ’

in the contrary case, the most advantageous methodfesadrle. If one has, for

example,

d(a) = e,

k becomesQ—\/\/é and” becom h\/ﬂﬁ ; this which gifies= 2h. The quantity

2
[@] becomes ; or one ha& >4 ; the most advantageous method mus

therefore then be preferred.

By combining the results of these two methods, oméls to obtain a result
of which the law of probability of the errors is reaiapidly decreasing. We name
always(¢ the error of the result of the method of sibma and we designate iy
the error of the result of the most advantageous mefhaalfirst of these results
is, as one has seeﬁ , and the seco%}rs . If orgnde=s B,z; by SpZ

will be the error of thls Iast result; thus one Wilvel = ¢’ $?. The probability
of the simultaneous existencelof and of is, by n 2Raafk Il, proportional
to

/dw clw\/—l¢(prg“)cpr<w\/_l/dxé(x)cpl‘“”\/_l/dxé(x)cp”w\/_l- -

the integral relative tav being taken fromm= —n  #wo0=7n . Theegral

relative tox , in the factorf dxé(x)cplmw\/: , must be taken, by thdiich
precedes, fromr = p;( ta = oo . In developing this factor accordnghe
powers ofr , it becomes

[dwot@) + mov/=T [adeotw) - 5 / 2 ()

By taken the integral in the preceding limits, one lrashe quantities near of
order(?,
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/ ded(z) = k — pi((0).

By neglecting similarly the quantities of the ordéts (3w? ..., one has
2 k"
prLw/ —1/xdx¢(x) =Epwy —1, %uﬁ/x?dyw(x) = —7plw2

k' being the integral zdz¢(x) taken from=0 to infinity. The tfacof
which there is question becomes therefore, by neagecti, conformably to the
analysis of the section cited from Book II,

k— p1C¢ +kp1w\/ _p1w

Its hyperbolic logarithm is

$(0) K R o0 PE[00) K ’
pi¢ TV ol oepiwt — ¢ . oV -1 + logk.

By changingp; successively ini®, ps, ..., p,_1 , one will have the fibigas
of the factors following, to the factor relative o ;.

In the factor [dz¢(z) cpr+1~”““\/_ the integral must be taken frore —oco
tox = p,11¢; then[zdz(z) becomesk:’ , the logarithm of this factor is

0
MHCM - _pr+1w\/ 2kp7’+1w

pr+1 [ @ — k—/w\/jl} +logk.

k

One will have the logarithms of the factors followirby changingp,.
successively int@,.o, pyi3, ..., pp. The factajn(prg“)cpr@“\/*_1 is equal to

900+ 2| 97 0)er T,

and its logarithm is

29"(0)

|
0] + p,Cwy/—1 + log (0

2C
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Now, if one reassembles all these logarithms, if comesiders next the conditions
(c) to which ther™ equation is subject, finally if onespas again from the
logarithms to the numbers, one finds, by neglecting\ilinth it is permissible to
neglect, that the probability of the simultaneous erst of/ and off is
proportional to

2 2.9
/d¢ Cflw\/f_lf{[ﬁwf%w\/f_l} +k]’7t,w2} S%

By making therefore

o ﬁsﬁ%}

By the analysis ofh 21 of Book Il, the integral relattow is able to be taken
from w=—-o00 to w=o00, and then the preceding probabilty becomes
proportional to

2

2oalon)2 KR o,
7781)17 [T} - Y 3)1
c 2(i¢-2)

an expression that one is able to set yet underaims f

30)_1]?
2<k” 1% ) i

T

—n P Spp- K
C
If one names the excess of the valueyof given byntbst advantageous

method over that which the method of situation gives will have( = (' — e .
We suppose
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the probability ofu  will be proportional to

the result of the most advantageous method must thetefodeninished by the
guantity

9(0) [¢(0) &
€T [T - k_]
k k2 o0  w]?
BT T [T - k_]
and the probabilty of the erron , in this result thosrrected, will be

proportional to the preceding exponential. The weighthefriew result will be
augmented, if@ — ,’j— is not null; there is therefore advantageorrect thus
the result of the most advantageous method. Ignoranceswhe is of the law
of probability of the errors of the observation resddis correction impractical;

but it is remarkable that, in the case where this giitity is proportional to
¢" | that is to say where one hagr) = ¢ | the quadiily— £ is null
Then the result of the most advantageous method reasivesrrection of the

result of the method of situation, and the law of prdibabf errors remains the
same.
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