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QUATRIÈME SUPPLÉMENT.

Pierre Simon Laplace

1825

1.  being any function whatever of a variable , if one develops it accordingY >
to the powers of , the coefficient of , in this development, will be a function of> >B

B C Y that I will designate by ;  is that which I have named B generating function
of . If one multiplies  be a function  of , similarly developed according toC Y X >B

the ascending powers of , the product  will be a new generating function of a> YX
function of , derived from the function  according to a law which will dependB CB
on the function . If  is equal to , it is easy to see that the derivative willX X  ""

>

be , or the finite difference of . We designated generally, whatever beC  C CB" B B

X C YX X, this derivative by . If one multiplies the product  by , the derivative$ B

of the product  will be a derivative of  similar to the derivative of  inYX C C#
B B$ $

C CB B
#; one will be able therefore to designate by  this second derivative; whence$

it is clear generally that  will be the generating function of YX C Þ8 8
B$

If one multiplies  by another function  of , similarly developed accordingY ^ >
to the ascending powers of , and if one designates by the characteristic  that> ?
which we have named  relative to the function ,  will be the generating$ X Y^8

function of ?8 BC Þ
One is able to imagine  as a function of . By developing this function intoX ^

series with respect to the ascending powers of , one will have an expression of^
X  of this form

X œ E E ^ E ^ âÐ!Ñ Ð"Ñ Ð#Ñ #

By multiplying this equation by  and passing again from the generatingY
functions to the coefficients, one will have

$ ? ?C œ E C  E C  E C âB B B B
Ð!Ñ Ð"Ñ Ð#Ñ #
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One sees thus that the same equation, which holds between  and , holdsX ^
between their characteristics  and , provided that, in the development of this$ ?
equation according to the powers of  and of , one substitutes, instead of any$ ?
power , ; instead of a power , ; instead of a product such as$ $ ? ?< < w w

B BC < < C
$ ? $ ? $ ?< w < w

B B< < C C, ; and that one multiplies by  the terms independent of  and .
Thus, by supposing  equal to ,   will be the finiteX  " ^ œ  "ß C" "

> > B3 $

difference of ,  varying from unity;  will be the finite difference of , C B C C BB B B?
varying from ; one has next3

^ œ Ð"  XÑ  "ß3

and, consequently,

^ œ ÒÐ"  XÑ  "Ó à8 3 8

this which gives

? $8 3 8œ ÒÐ"  Ñ  "Ó ,

provided that after the development one places  after the powers of theCB
characteristics. This equation will hold furthermore by making  negative, but8
then the differences are changed into integrals. The consideration of the
generating functions show thus, in the most natural and most simple manner, the
analogy of the powers and of the differences. One is able to consider this theory
as the calculus of characteristics.

If one has one will have an equation in the finite differences: ! œ C ß YX$ B

becomes then a polynomial which contains only some powers of  smaller than>
the highest of  in . We designate by  the polynomial in  the most general of> X U >
this nature; one will have

Y œ Þ
U

X

The coefficient of  in the development of  will be the integral  of the> Y CB
B

equation ; by this reason, I name  generating function of this equation.! œ C Y$ B

If one imagines  a function of two variables  and , the coefficient of theY > >w

product , in the development of , will be a function of  and of  that I> > Y B BB B ww

designate by ;  being a function developed in the same variables  and ,C X > >BßB
w

w

the product  will be the generating function of a derivative of , that I willYX CBßBw

designate by ; and it is easy to conclude from it that  will be the$C YXBßB
8

w

generating function of $8 BßBC Þw



3

If one has  one will have an equation in the partial finite! œ C ß$ BßBw

differences. We represent this equation by the following

! œ +C  ,C  -C âß

 + C  , C âß

 + C â

âââââââà

BßB BßB " BßB #
w w
B"ßB B"ßB "

ww
B"ßB

w w w

w w

w

it is easy to see that the generating function of the proposed equation will be

E F>  G> âL>  E F >  G > âL >

+> >  ,> >  +> > â

 + > >  , > > â

 + > > â

w w w w w w # w 8"# 8 "

8 w 8 w 8 w8 8 " 8 #

w 8" w w 8" w8 8 "

ww 8# w8

w

w w w

w w

w

Ú ÞÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÜ àâââââß

8 8 B B and  being the greatest increases of  and of , in the proposed equation inw w

partial differences;  are some arbitrary functions of ; Eß Fß Gß á ß L > E ß F ßw w

G ß áß L >w w w are some arbitrary functions of . One will determine all these
functions by means of the generating functions of

C ß C ß C ß á ß C

C ß C ß C ß á ß C
!ßB "ßB #ßB 8"ßB

Bß! Bß" Bß# Bß8 "Þ

w w w wß

w

One of the principal advantages of this manner to integrate the equations in
partial differences consists in this that, the algebraic analysis furnishing diverse
ways to develop the functions, one is able to choose the one which agrees best to
the proposed question. The solution of the following problems, by the count de
Laplace, my son, and the considerations that he has joined will spread a new day
on the calculus of generating functions.

2. A player A draws from an urn, containing some white and black balls, one
ball which he returns after the trial, with the probability  to bring forth a white:
ball and the probability  to extract from it a black; a second player B draws next,;
from another urn, a ball which he returns equally after the drawing, with the
probabilities  of a white ball and  of a black. These two players continue thus: ;w w

to extract alternately, each from their respective urn, one ball which they have
always need to return. If one of the players brings forth a white ball, he counts a
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point; if, on the contrary, he makes a black ball exit, he counts nothing, and the
turn of the player passes simply to the other. The players having settled, by the
conditions of their game, the number of points that each must attain first in order
to win the set, and having commenced to play, there lacks yet to player A the
number  points in order to win, and  to player B; and the turn to play belongsB Bw

to player A. One demands, in this position, what is the probability of each player
to win the set.

Let  be the probability of second player B, and we represent by  hisD ]BßB BßBw w

probability, if he were the first to play. Player A, by beginning, is able to bring
forth a white ball, and the probability of B becomes ; or the first player]B"ßBw

makes a black ball exit, and then counts nothing, and the probability of the
second is changed into ; but the probability of the first case is , that of the] :BßBw

second ; one will have therefore the equation;

D œ :]  ;] àBßB B"ßB BßBw w w

by a similar reasoning, one will have further that here

] œ : D  ; D àBßB BßB " BßB
w w

w w w

whence one draws

] œ : D  ; D ßB"ßB B"ßB " B"ßB
w w

w w w

and consequently

D œ : : D  ; D  ; : D  ; D Ð ÑBßB B"ßB " B"ßB BßB " BßB
w w w w

w w w w w( ) ( ) 1

or

1 One arrives again to this equation in partial differences by considering the set of two
successive drawings of A and B as one trial, and by examining the different cases which are
able to present themselves after this trial played; now they are in number of four: 1° either the
two players bring forth each one white ball, an event of which the probability is ; then the::w

probability  will be changed into that here ; 2° or the first player extracts a whiteD DBßB B"ßB "w w

ball and the second a black; under this hypothesis, which has for probability ,  will:; Dw
BßBw

become ; 3° or on the contrary the first player makes a black ball exit and the second aDB"ßBw

white; under this hypothesis, which has for probability ,  will become ; 4° or: ; D Dw
BßB BßB "w w

finally each player draws a black ball, an event of which the probability is , and then the;;w

probability  remains the same. One will have therefore, by the known principles ofDBßBw
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D œ D  D  D ß
:; : ; ::

"  ;; "  ;; "  ;;
BßB B"ßB BßB " B"ßB "

w w w

w w w
w w w w

and by making

:; : ; ::

"  ;; "  ;; "  ;;
œ 7ß œ 7 ß œ 8ß

w w w

w w w
w

it will become

D œ 7D 7 D  8D ÞBßB B"ßB BßB " B"ßB "
w

w w w w

The generating function of , in this equation in partial differences, isDBßBw

E E

" 7> 7 >  8>>
ß

w

w w w

E > E > being an arbitrary function of , and  another arbitrary function of ; Iw w

observe first that by attributing to the function  the term independent of  inE >w

the function , the generating function above is able to be set under this formE

E >  E

" 7> 7 >  8>>
ß

" "
w

w w w

E E > >" "
w w and  being new arbitrary functions of  and of  that it is the question to

determine. Now, if one pays attention that  is null, whatever be , theD B!ßB
w

w

probability of player A is changed then to certitude, one sees that the coefficient
of  in the development of the generating function with respect to the powers of>!

> must be null, and one will have

E

" 7 >
œ ! E œ !Þ"

w

w w "
wor

Moreover,  is null when  is zero, and equal to unity when  is either 1 orD B BBß!

2, or 3, , since then the probability of player B is changed into certitude; theá

probabilities, the equation

D œ :: D  :; D  : ;D  ;; D ÞBßB B"ßB " B"ßB BßB " BßB
w w w w

w w w w w

On obtains the generating function of , in this equation in partial differences, byDBßBw

applying to this case the general rule which has just been exposed.
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generating function of  is therefore ; it is the coefficient of  in theD >Bß!
>
">

w!

development of the generating function according to the powers of ; one will>w

have therefore

E > >

" 7> "  >
œ à

"

this which gives

E > œ à
>Ð" 7>Ñ

"  >
"

consequently the generating function of  isDBßBw

( )a
>Ð" 7>Ñ

Ð"  >ÑÐ" 7> 7 >  8>> Ñ
à

w w w

by putting it under this form

> "

"  > "  >ˆ ‰7 8>
"7>

ww

and the development with respect to the powers of , one has>w

> 7  8> 7  8> 7  8>

"  > " 7> " 7> " 7>
"  >  >  > â Þ– —Œ  Œ  Œ w w w

w w w
# $
# $

The coefficient of  in this series is>wB
w

> 7  8>

"  > " 7>
ßŒ w Bw

and the one of  in the development of this last function will be the expression of>B

D >BßB
7 8>
"7>

B
w

w
w

. Now, if one reduces first the expression  into a series orderedˆ ‰
according to the powers of , and if one multiplies it next by the development of>
"
">

B, it is easy to see that the coefficient of  in this product is that which the>

series becomes by making  in it and stopping oneself at the power  of ;> œ " B >
and one will find, for the value of this coefficient or of ,DBßBw
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D œ 7

"    â
B 8 8 8

" 7 "Þ# "Þ#Þ$

B ÐB  "Ñ B ÐB  "ÑÐB  #Ñ B Ð

7 7

BßB
wB

w # $

w

w w w w w w

w w# $

w

w

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

+
B  "ÑâÐB  B  #Ñ

"Þ#Þá ÐB  "Ñ

8

7

 7 "  â
B B 8 8 8

" " 7 "Þ# "Þ#Þá ÐB  #Ñ

B ÐB  "Ñ B ÐB  "ÑâÐB  B  $Ñ

7 7

 7 "
B ÐB  "Ñ

"Þ# " 7

B 8

w w B"

wB"

w w # B#

w

w w w w w

w w# B#

w w
#

w

w

” •
” •

+

â
B ÐB  "ÑâÐB  B  %Ñ

"Þ#Þá ÐB  $Ñ

8

7

ââââââââââââââââââââââââââ

 7
B ÐB  "ÑâÐB  B  #Ñ

"Þ#Þá ÐB  "Ñ

+
w w w B$

wB$

w w w
B"

By designating by  the probability of player A, one will be led, by the sameCBßBw

reasonings, to a similar equation in the partial differences,

C œ 7C 7 C  8C ßBßB B"ßB BßB " B"ßB "
w

w w w w

which gives similarly for the variable  a generating function of the formCBßBw

E >  E

" 7> 7 >  8>>
ß

" "
w

w w w

E E > >" "
w w and  being, as above, some arbitrary functions of  and of  what one will

determine by the same considerations. In effect the generating function of  isC!ßBw
"
"> Bß!w , that of  is unity: one will form therefore the equationsC

E "

" 7 > "  >
œ à"

w

w w w

whence one draws

E œ
" 7 >

"  >"
w

w w

w

and

E >  "

" 7>
œ "à

"

whence one concludes

E > œ 7>Þ"

The generating function of  will be thereforeCBßBw
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( )b
"7 >
">

w w w

w w

w 7>

" 7> 7 >  8>>
ß

which, developed according to the powers of  and of , will give, by the> >w

coefficient of , the expression of  which will be of a form similar to that> > CB wB
BßB

w

w

of , although a little more complicated.DBßBw

By adding the two generating functions ( ) and ( ), their sum is reduced toa b
that here

"

Ð"  >ÑÐ"  > Ñ
ß

w

in which the coefficient of  is unity; thus one has> >B wB
w

C  D œ "àBßB BßBw w

and effectively, the set must be necessarily won by one of the players, because
both are certain to be able to extract each from their urn the determined numbers
of white balls.

Now, we suppose  and consequently , one has: œ ! ; œ "

7 œ !ß 7 œ " 8 œ !w and ;

then the expression of  becomes unity; this which is evident, since the playerDBßBw

B, not having more chances to lose, must always end by winning.
If, to the contrary, one supposes  and , that is to say if the first: œ " ; œ !

player A counts a point before each drawing of player B, then

7 œ ; ß 7 œ ! 8 œ :w w wand ;

B B Dw
BßB being greater than  or equal, the expression  is reduced to zero; and, inw

effect, it is evidently impossible that, in this case, player B is able to win the set;
but, when  is greater than , the value of  takes this formB B Dw

BßBw

D œ : "  ;  ; â ; Þ
B B ÐB  "Ñ B ÐB  "ÑâÐB  #Ñ

" "Þ# "Þ#áÐB  B  "Ñ
BßB

w w w wB # BB "
w w w w w

w
w

w w” •
Under this assumption, player B is able to win only as much as he will bring

forth  white balls before  black balls; otherwise, he is anticipated byB B  Bw w

player A who counts a point at each trial: this expression of  is therefore theDBßBw

probability that player B will have drawn  white balls before having extractedBw
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from it  blacks, and, consequently, the probability to win, if he made theB  Bw

wager with player A, who would count then a point with the exit of each black
ball while he counts one of them at the exit of a white, to attain  points beforeBw

his adversary has  of them; this which is the . ( )B  Bw problem of points 2

If one examines with attention the form of the general expression which gives
DBßBw , one will recognize that this problem is able yet to be resolved, and even
with simplicity, by means of the theory of combinations: in effect, let  be the+
number of white balls contained in the urn of player A, and  the one of the,
blacks;  the number of white balls of player B, and  the one of the blacks; by+ ,w w

considering, as one has already done, the collection of two successive drawings
of A and B as one trial,
++w will be the number of combinations in which the players bring forth each

one white ball;
+,w the one of the combinations which will give one white ball to A and one

black to B;

2 The generating function of  is reduced in this case toDBßBw

>Ð"  ; >Ñ

Ð"  >ÑÐ"  ; >  : >> Ñ
ß

w

w w w

and the equation in the corresponding partial differences will be

D œ ; D  : D ßBßB B"ßB B"ßB "
w w

w w w

in which  is a function of  and of  which we will designate by ; if one makesD B B ÐBß B ÑBßB
w w

w 9

B  B œ =w , one will have

9 9ÐBß B Ñ œ Ð=  B ß B Ñßw w w

and, if one represents by  this last function, there results from itD=ßBw

D œ D ß D œ D ß D œ D àBßB =ßB B"ßB ="ßB B"ßB " =ßB "w w w w w w

and the equation in the partial differences is changed into that here

D œ ; D  : D ß=ßB ="ßB =ßB "
w w

w w w

an equation to which the problem of points would lead directly under the conditions enunciated
above. By paying attention that, in consequence of this transformation,  and ,D œ " D œ !=ß! !ßBw

and that  is not able to take place, it is easy to see that the generating function of  will beD D!ß! =ßBw

>Ð"  ; >Ñ

Ð"  >ÑÐ"  ; >  : > Ñ
ß

w

w w w

in the development of which the coefficient of  will be the expression of .> > D= wB
=ßB

w

w
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+ ,w  the one of the combinations which will give, to the contrary, one black
ball to A and one white to B;
,,w the one of the combinations in which one and the other player draw a

black ball;
And the sum  will form the collection of all the++  +,  + ,  ,,w w w w

combinations which are able to take place in a trial. The combinations where the
players bring forth each one black ball bring no change to their position, we are
able to set aside, and then we occupy ourselves only with the trials where there
will be brought forth at least one white ball. It is clear that in  similar trialsB  Bw

one of the players has necessarily won, and the set must be decided: now the
number of all the equally possible combinations, following which these B  Bw

trials are able to be presented, will be

Ð++  +,  + ,Ñ àw w w BBw

the question is reduced therefore to choose in all these combinations those which
make player B win, that is to say those in which this player will have  whiteBw

balls before player A has brought forth  of them. In order to fix the ideas, weB
suppose  greater than ; one is able to form the following hypotheses: eitherB Bw

player B will have won at the  trial, that is to say by drawing withoutBth

interruption a white ball at each trial, and then the number of the preceding
combinations which are returned to this case is evidently

+ ,  +,  + , â
B B ÐB  "Ñ

" "Þ#

 + , Ð++  +,  + ,Ñ à
B ÐB  "ÑâÐB  B  #Ñ

"Þ#áÐB  "Ñ

w B B " # B #B
w w w

w w w
B" B B" w w w B

w w w w

w

”
•

and by dividing it by , the total number of combinations,Ð++  +,  + ,Ñw w w BBw

one will have, for the probability of this hypothesis,

+ , B + B ÐB  "Ñ + B ÐB  "ÑâÐB  B  #Ñ +

Ð++  +,  + ,Ñ " , "Þ# , "Þ#áÐB  "Ñ ,
"   â à

w B w w w # w w w B"B

w w w B # B"

w w

w ” •
or the player B will have won at the ( )  trial, that is to say by havingB  "w st

drawn only a single black ball, for example at the commencement, and then the
number of combinations favorable to this event is
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, + ,  +,  + , â
B B ÐB  "Ñ

" "Þ#

 + , Ð++  +,  + ,Ñ à
B ÐB  "ÑâÐB  B  $Ñ

"Þ#áÐB  #Ñ

w w B B " # B #B
w w w

w w w
B# B B# w w w B"

w w w w

w

”
•

but this number is the same, if the black ball is brought forth in the first trial or in
the second, , or in the  trial; it is necessary therefore to multiply it by  iná B Bth w

order to have all the combinations relative to this hypothesis, of which the
probability is, by this means,

B +, + , B + B ÐB  "Ñ + B ÐB  "ÑâÐB  B  $Ñ +

" Ð++  +,  + ,Ñ " , "Þ# , "Þ#áÐB  #Ñ ,
"   â à

w w w B w w w # w w w B#B

w w w B " # B#

w w

w ” •
or player B will have won at the ( 2)  trial, and one will see in the sameB w nd

manner that the probability of this hypothesis will be

B ÐB  "Ñ + , + , B + B ÐB  "ÑâÐB  B  %Ñ +

"Þ# Ð++  +,  + ,Ñ " , "Þ#áÐB  $Ñ ,
"  â à

w w # w w B w w w w B$# B

w w w B # B$

w w

w ” •
By continuing thus, one will have the probabilities of all the successive

hypotheses which are able to present themselves under the supposition of the
gain of the set by player B, until that where he will win only at the ( )B  B  "w st

trial, an event of which the probability will be

B ÐB  "ÑâÐB  B  #Ñ + , + ,

"Þ#áÐB  "Ñ Ð++  +,  + ,Ñ
à

w w w B" w w BB" B

w w w B B"

w w

w

and effectively, in this case, it is not able to have trials where the players bring
forth at the same time a white ball.

The sum of all these probabilities will give evidently that of player B in order
to win the set.

If one pays attention that

+, + , ; 8

++  +,  + , ++  +,  + , , 7
œ 7ß œ 7 ß œ ß

w w

w w w w w w w
w and

one recovers the expression of .DBßBw
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We imagine presently that there are in the urns some white balls carrying the
n  1, and other balls, of the same color, which carry the n  2; each ballo o

diminishing its numeral, by its exit, the number of points which are lacking yet to
the player to which it is favorable. The problem is no longer susceptible to be
resolved generally by means of combinations, instead that the calculation of the
generating functions will continue to furnish a general expression of which the
development will contain the complete solution of the question and will be able,
in certain cases, to be executed by some laws easy to know, as we will have
occasion to see.

Let  be the probability player A to extract a ball labeled 1,  that to extract: :"
a ball labeled , and  that to bring forth a black ball;  and  the# ; : ß : ;w w w

"

corresponding probabilities for player B; and let always  be the probability ofDBßBw

this last player in order to win the set. By following the same march as above,
one will be led to the equation in partial differences

D œ 7D 7 D 7 D 7 D

 8D  8 D  8 D  8 D

BßB B"ßB " B#ßB BßB " BßB #
w w

"

B"ßB " " B#ßB " B"ßB # B#ßB #
w w

"

w w w w w

w w w w

in which one makes

:; : ; : ; : ;

"  ;; "  ;; "  ;; "  ;;
œ 7ß œ 7 ß œ 7 ß œ 7 ß

:: : : :: : :

"  ;; "  ;; "  ;; "  ;;
œ 8ß œ 8 ß œ 8 ß œ 8 à

w w w w

w w w w

"
"

w w"
"

w w w w

w w w w

" "
"

" "w w
"

the generating function of the variable  given by this equation, will beDBßBw

( )c
E F>  E F >

" 7> 7 > 7 > 7 >  8>>  8 > >  8 >>  8 > >
ß

w w w

" "
# w w w w # w w w # w

" "
w w# # #

E F > E F and  being some arbitrary functions of ,  and  some arbitrary functionsw w

of , which will be determined by means of the generating functions of>w

D ß D ß D ß D!ßB Bß! "ßB Bß"w w

which are themselves it by the conditions of the game.
One finds, as previously, that the generating function of  is zero and thatD!ßDw

of , .DBß!
>
">
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From the general equation, one deduces the equation in finite differences

D œ 7 D 7 D ß"ßB "ßB " "ßB #
w w

"w w w

which holds for all the values of  from  inclusively, and which givesB B œ #w w

consequently, for the generating function of ,D"ßBw

+  ,>

" 7 > 7 >
ß

w

w w w
"
w #

+ , D and  being some constants that one determines by means of the values of "ß!
and ; and as  is equal to unity,  is equal to , and is at the sameD D D 7 7"ß" "ß! "ß"

w w
"

time the coefficient of  in the development of the generating function; there>w

results from it

+ œ " , œ 7and ;"
w

the generating function of  is thereforeD"ßBw

" 7 >

" 7 > 7 >
Þ"

w w

w w w
"
w #

Now, if in the preceding equation one puts  in the place of "  C D ß CBßB BßB BßBw w w

being always the probability of the first player A, it is reformed in the same
manner with respect to this last variable, and one will deduce from it the equation
in the finite differences

C œ 7C 7 C ÞBß" B"ß" " B#ß"

But one will see at the same time that it begins to hold only when  surpasses ;B #
because,  being , one will haveB #

C œ 7C 7 C  8  8 Þ#ß" "ß" " !ß" " "
w

It is necessary therefore to employ it only to depart from , and then theB œ $
generating function of  is of the formCBß"

+  ,>  ->

" 7> 7 >
ß

#

"
#

+ß , - and  being some constants that one will determine, as previously, by means
of the values of ,  and ; now  is unity;  is equal toC C C C C"ß! "ß" "ß# "ß! "ß"

" 7 7 >w w
", and is the coefficient of  in the development of the generating
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function;  has for value, as we have just seen,C#ß"

7Ð" 7 7 Ñ 7  8  8 àw w w
" "" "

this is the coefficient of  in the development of the function. One will conclude>#

from it

+ œ "ß , œ " 77 7 ß - œ 8  8 ßw w w
" ""and

and the generating function of  will be thereforeCBß"

"  " 77 7 >  8  8 >

" 7> 7 >
à

a b a bw w w #
" ""

"
#

consequently that of  isDBß"

" "  " 77 7 >  8  8 >

"  > " 7> 7 >


œ Þ
7 7 >  8  8 >  8  8 >

Ð"  >ÑÐ" 7> 7 > Ñ

a b a b
a b a b a b

w w w #
" ""

"
#

w w w # w $
" " "" "

"
#

We resume actually the generating function ( ); one is able always to restorec
it to this form

E >  F > >  E F >>

" 7> 7 > 7 > 7 >  8>>  8 > >  8 >>  8 > >
ß

" "
# w w w w

" "

" "
# w w w w # w w w # w

" "
w w# # #

E F > E F" " " "
w w and  being the arbitrary functions of ,  and  the arbitrary functions of

> >w !; which one determines easily, by equating first the coefficient of  in the
development of this function to the generating function of  or zero, next theD!ßBw

one of  to the generating function of  or , since the one of  to the> D >w!
Bß!

>
">

generating function of , and finally the one of  to the generating function ofD >"ßB
w

w

DBß", this which will give successively

E œ !ß E œ ß F œ 7 ß F œ ß
" 7> 7 > 7  8  8 >

"  > "  >" " "
w w w

" "
"
# w w w

" "

and, consequently, for the generating function of ,DBßBw

( )d
Ð" 7> 7 > Ñ>  7 >>  8 > >  8 > >

Ð"  >ÑÐ" 7> 7 > 7 > 7 >  8>>  8 > >  8 >>  8 > > Ñ

"
# w w w # w w $ w

" "

" "
# w w w w # w w w # w

" "
w w# # # Þ
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If one supposes  and  null, then one has: :w

7 œ !ß 7 œ !ß 8 œ !ß 8 œ !ß 8 œ !ßw w
" and

and the function ( ) takes this formd

>> Ð7  8 > Ñ >

Ð"  >ÑÐ" 7 > Ñ "  > Ð"  >Ñ "  >
 ß

w w w #
" "

"
# w w7 8 > 7 8 >

"7 > "7 >
# #’ “ ’ “Š ‹ Š ‹" " " "

w w # w w #

" "
# #

under which it is susceptible of the same developments as the function ( ). Therea
is to remark that one will resume the same coefficient for

> > ß > > ß > > ß > > à#< w #<" w #< w #<" w#< #< #< " #< "w w w w

this which is seen , by paying attention that the players count always twoa priori
points at each white ball that they make exit.

We suppose that player A has only some balls labeled 1 and 2, and that the
other player has only some white balls marked 1, or which count to him only one
point on exiting; then

: œ !"
w

and, hence,

7 œ !ß 8 œ !ß 8 œ !à" "
w w w

the function ( ) becomesd

>Ð" 7> 7 > Ñ > "

Ð"  >ÑÐ" 7> 7 > 7 >  8>>  8 > > Ñ "  >
œ à

"  >

"
#

" "
# w w w # w 7 Ð88 >Ñ>

"Ð77 >Ñ>
w’ “w

"

"

by developing it according to the powers of , the coefficient of  will be> >w wB
w

>

Ð"  >Ñ
ß

c d
c d

7  Ð8  8 >Ñ>

"  Ð77 >Ñ>

w
"

"

B

B

w

w

an expression that the concern is to develop with respect to the powers of  in>
order to have the coefficient of ; now this coefficient will be the sum of all the>B

coefficients of the powers of  inferior or equal to , in the development of the> >B"

expression
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c d
c d
7  Ð8  8 >Ñ>

"  Ð77 >Ñ>

w
"

"

B

B

w

w ß

which, by omitting the terms where the powers of  outside the binomials are>
superior to , is able to be put under this form>B"

7

" >  > â
B 8 8 > 8  8 >

" 7 "Þ# 7

B ÐB  "Ñ B ÐB  "ÑâÐB

wB

w
" "

w w

w w w w w#
#

w

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

Œ  Œ   B #Ñ

"Þ#á ÐB  "Ñ 7

8 8 >
>

 Ð77 >Ñ> "  > â >
B B 8  8 > 8  8 >

" " 7 "Þ#áÐB  #Ñ 7

B ÐB  "ÑâÐB  B  $Ñ

 Ð77 >Ñ >
B ÐB  "Ñ

"Þ#

Œ 
– —Œ  Œ 

– —

"

w

B"
B"

w w

"
" "

w w

w w w B#
B#

w w

"
# # " â >

B ÐB  "ÑâÐB  B  %Ñ

"Þ#á ÐB  $Ñ 7

8 8 >

âââââââââââââââââââââââââââââââââ

 Ð77 >Ñ > Þ
B ÐB  "ÑâÐB  B  #Ñ

"Þ#á ÐB  "Ñ

w w w
"

w

B$
B$

w w w

"
B" B"

Œ 

If one rejects further from this series all the powers of  superior to , which> >B"

will result from the developments of the binomials, and if, in that which remains,
one makes , one will have the expression of .> œ " DBßBw

We examine further the case where player A would be certain to extract at
each trial a ball which would count to that player one point, that is to say where
one would have

: œ "ß : œ !ß ; œ !ß"

and consequently

7 œ ; ß 7 œ !ß 7 œ !ß 7 œ !ß

8 œ : ß 8 œ !ß 8 œ : ß 8 œ !Þ

w w w
" "

w w w w
" " "

The generating function of  or the function ( ) would be reduced toDBßBw d

>Ð"  ; >Ñ  : > >

Ð"  >ÑÐ"  ; >  : >>  : >> Ñ
ß

w w # w
"

w w w w
"
w #

and that of  would be, hence,CBßBw
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" >Ð"  ; >Ñ  : > >

Ð"  >ÑÐ"  > Ñ
 ß
Ð"  >ÑÐ"  ; >  : >>  : >> Ñ

œ  Þ
" >>

"  > Ð"  >ÑÐ"  ; >  : >>  : >> Ñ

w w

w w # w
"

w w w w
"

#

w w

w

w w w w
"

#

In this last expression, the first term represents the generating function of ,C!ßBw

which is equal to unity whatever be , and the second will give, by developing itBw

with respect to the powers of  and of , all the other values of ; now the> > Cw
BßBw

coefficient of  will be>B

> Ò;  Ð:  : > Ñ> Ó

#  >
à

w w w w w w B"
"
w

whence it results that, if one rejects from the development of the series

; >  >  > â
ÐB  "Ñ :  : > ÐB  "ÑÐB  #Ñ :  : >

" ; "Þ# ;
w w w wB" # $

w w w w w w
" "

w w

#

– —Œ  Œ 
all the powers of  superior to , and if one made in that which remains ,> > > œ "w w wBw

one will have, by supposing  even and equal to , the coefficient of ,B #<  # > >w B wB
w

or

C œ ;

"   â
ÐB  "Ñ ÐB  "ÑÐB  #Ñ Ð

" ; "Þ# ;

:  : :  :

BßB
wB"

w w w w
" "

w w

#

w

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

Œ  Œ  B  "ÑÐB  #ÑâÐB  <Ñ

"Þ#á< ;

:  :

 "   â
ÐB  "ÑÐB  #ÑâÐB  <  "Ñ Ð<  "Ñ Ð<  "Ñ< Ð<  "Ñ<â#

"Þ#áÐ<  "Ñ " : "Þ# "Þ#á< :

:

; :

: : :


ÐB 

Œ 
– —

w w
"

w

<

w<"

w w<" #
" " "
w w w

w w

# <

<

"ÑÐB  #ÑâÐB  <  #Ñ Ð<  #Ñ Ð<  #ÑÐ<  "Ñ<â%

"Þ#áÐ<  #Ñ " : "Þ#á Ð<  "Ñ

:

; :
"  â

: :

ââââââââââââââââââââââââââââââââââ


ÐB  "ÑÐB

w<#

w w<# <"
" "
w w

w

<"– —
 #ÑâÐB  #<  "Ñ

"Þ#á Ð#<  "Ñ

:

;

w#<"

w#<"

and, in the case of  odd or equal to ,B #<  "w
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C œ ;

"   â
ÐB  "Ñ ÐB  "ÑÐB  #Ñ ÐB  "ÑÐB  #ÑâÐB  <Ñ

" ; "Þ# ; "

:  : :  :

BßB
wB"

w w w w
" "

w w

#

w

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

Œ  Œ 
Þ#á< ;

:  :

 "   â
ÐB  "ÑÐB  #ÑâÐB  <  "Ñ Ð<  "Ñ Ð<  "Ñ< Ð<  "Ñ<â$

"Þ#áÐ<  "Ñ " : "Þ# "Þ#á Ð<  "Ñ

:

; : :

: : :


ÐB  "ÑÐB  #Ñâ

Œ 
– —

w w
"

w

<

w<"

w w w<" # <"
" " "
w w w

w

# <"

ÐB  <  #Ñ Ð<  #Ñ Ð<  #ÑÐ<  "Ñ<â&

"Þ#áÐ<  #Ñ " : "Þ#á Ð<  #Ñ

:

; :
"  â

: :

ââââââââââââââââââââââââââââââââââ


ÐB  "ÑÐB  #ÑâÐB  #

w<#

w w<# <#
" "
w w

w

<#– —
<Ñ

"Þ#á#<

:

;

w#<

w#<

It is clear that player B is able to expect to only as long as  is greater thanB
<  " B #<  # #<  ", or that  equal  or ; and effectively, beyond this supposition,w

the preceding values of  become all equals to unity.CBßBw

We will make also remark that player A has necessarily won the set when
player B will have drawn  black balls before having attained  points;B  <  " Bw

but this last player is able yet to have lost before having drawn the totality of this
number of black balls, that which makes that this question is not at all susceptible
to return into that which is treated in the analytic Theory, after from the problem
of points, as previously a similar supposition has led us to this last problem.

3. The problem of points having been the object of the researches of two
great geometers of the XVII  century ( ), and to some extent the first of thisth 3

kind subject to some analytic methods, one will be perhaps curious to see how
this same problem is deduced again, as corollary, of another question of
probability, of which the solution will offer besides a new application of the
method of generating functions.

One draws successively from an urn, which contains a determined quantity of
white and black balls, a ball that one does not return after the trial, and one
demands, after a certain number of known drawings, what is the probability to
complete the drawing of such given number of white balls before that of such
other number, given equally of black balls.

Let  and  be the numbers of white and black balls contained originally in+ +w

the urn,  the number of white balls that one is proposed to attain before having8
extracted another number  of black balls; and we suppose that after having8w

3 Pascal and Fermat.
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drawn successively from the urn a ball without returning it, one has brought forth
8  B 8  B B B white balls and  black balls,  and  being then the number ofw w w

white and black balls that there remain to make exit in order to decide the
question. We represent by  the probability to bring forth in the followingCBßBw

drawings  white balls before  black balls, or to attain the totality of  whiteB B 8w

balls before having extracted  blacks; one will have, according to the known8w

rules of probabilities, the equation

C œ C  C Þ
+  8  B +  8  B

+  +  8  8  B  B +  +  8  8  B  B
BßB B"ßB BßB "w w w w w w

w w w

w w w

We make

+  8  B œ =ß +  8  B œ = C œ ? àw w w w
BßB =ß=and w w

the preceding equation becomes

? œ ?  ? ß
= =

=  = =  =
=ß= ="ß= =ß= "w w

w

w w w

and, by supposing

? œ D ß
"Þ#Þ$á=Þ"Þ#Þ$á=

"Þ#Þ$áÐ=  = Ñ

w

w =ß=w

it is restored to this form

D œ D  D ß=ß= ="ß= =ß= "w w w

an equation in the partial differences with constant coefficients, which must hold
for all the entire and positive values of  and of , by departing from = = = œ +  8w

and from , and gives consequently for the generating function of = œ +  8 Dw w w
=ß=w

> > ß
E  E

"  >  >
+8 w+ 8

w

w

w w

E > E > being an arbitrary function of , and  an arbitrary function of . One is ablew w

always to transform this expression into that here

> > ß
E  E >

"  >  >
+8 w+ 8 " "

w w

w

w w

in which  and  are new arbitrary functions of  and of . In order toE E > >" "
w w
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determine them, we will observe that,  not being able to hold and  beingC C!ß! Bß!

equal to zero, whatever be the entire and positive values of , one will haveB

! œ ? œ D à
"Þ#Þ$á=Þ"Þ#Þ$áÐ+  8 Ñ

"Þ#Þ$áÐ+  8  =Ñ
=ß+ 8 =ß+ 8

w w

w w
w w w w

consequently the generating function of  will be null, this which givesD=ß+ 8w w

> > œ !ß E œ !Þ
E

"  >
+8 w+ 8 "

"

w w

and hence

Moreover,  being equal to unity for all the values of  from , one willC B B œ "!ßB
w w

w

have similarly

" œ ? œ D à
"Þ#Þ$áÐ+  8ÑÞ"Þ#Þ$á=

"Þ#Þ$áÐ+  8  = Ñ
+8ß= +8ß=

w

w
w w

whence one draws, for the value of  or the coefficient of  in theD > >+8ß=
+8 w=

w

w

development of its generating function,

D œ ß
Ð+  8  "ÑÐ+  8  #ÑâÐ+  8  = Ñ

"Þ#Þ$á=
+8ß=

w

w
w

this which gives

> > œ > >
E > Ð+  8  "ÑâÐ+  +  8  8  "Ñ

"  > "Þ#Þ$áÐ+  8  "Ñ

‚

>  â
Ð+  +  8  8  #Ñ>

+  8  #


Ð+  +  8  8  #ÑâÐ+  + 

+8 w +8 w+ 8 + 8"
w w w w

w w w

w
w w w#

w w

w w w

w w w w

Ô ×Ö ÙÖ ÙÖ Ù
Õ Ø8  8  B Ñ>

Ð+  8  #ÑâÐ+  8  B Ñ
â

w w wB

w w w w w

w

The second member of this equation multiplied by  will be therefore the"
" >

">w

generating function of ; by developing it with respect to the powers of  andD >=ß=w

next with respect to those of , it is easy to see that the coefficient of  or of> >w =

>+8B is
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>
Ð+  8  "ÑâÐ+  +  8  8  "Ñ

"Þ#Þ$áÐ+  8  "Ñ

‚ >  > â
Ð+  +  8  8  #Ñ

+  8  #

‚ "  >  > â >
B BÐB  "Ñ BÐB  "ÑâÐB  B  #Ñ

" "Þ# "Þ#áÐB  "Ñ

w+ 8
w w

w w

w w
w w

w w

#

w w w# B
w

w

w w

w

” •
” •"

â ,

and the one of , or of  in this last expression, or , is equal to> > Dw w= + 8 B
=ß=

w w w w

w

Ð+  8  "ÑâÐ+  +  8  8  "Ñ

"Þ#Þ$áÐ+  8  "Ñ

‚
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
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 #ÑâÐ+  +  8  8  B Ñ
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Now, by multiplying this value of  byD=ß=w

"Þ#Þ$áÐ+  8  B Ñ

Ð+  8  B  "ÑâÐ+  +  8  8  B  B Ñ
ß

w w w

w w w w w

one will have, after all the reductions, for the expression of C ßBßBw

C œ
Ð+  8 BÑâÐ+  8 "Ñ

Ð+  +  8 8  B  B ÑâÐ+  +  8 8  B  "Ñ

‚

"  
B +  8  B

" +  +  8 8  B "Þ# Ð+  +  8

BÐB  "Ñ Ð+  8  B ÑÐ+  8  B  "Ñ

BßB w w w w w

w w w

w w w w

w w w w w w

w
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â


BÐB  "ÑâÐB  B  #Ñ Ð+  8  B ÑâÐ+  8  #Ñ

"Þ#á ÐB  "Ñ Ð+  +  8 8  B ÑÐ+  +  8 8 "Ñ
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We imagine actually  and  in the ratio of  to , so that one has+  8 +  8 : ;w w

+  8 œ :5 +  8 œ ;5 5 and , and we imagine that  becomes a very greatw w

number or infinity; it is clear that the probability of the exit of a white ball or of a
black ball in the successive drawings will become constant and will be  for a:

:;

white ball and  for a black, and the probability  will be reduced to this;
:; BßBC w

expression
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C œ "   â
: B ; BÐB  "Ñ ;

:  ; " :  ; "Þ# :  ;

 à
BÐB  "ÑâÐB  B  #Ñ ;

"Þ#áÐB  "Ñ :  ;

BßB

B #

w

w

B "

w

w

Œ  Œ –
—Œ 

such is the formula to which the  leads, and effectively weproblem of points
return to the conditions of this problem by the supposition of  infinite.5

If one supposes  equal to  and  equal to ,  will express then the8 + 8 + Cw w
BßBw

probability of the exit of all the white balls remaining in the urn before all the
blacks had been depleted, and its expression will be changed into that here

"Þ#Þ$áB B BÐB  "Ñ BÐB  "ÑâÐB  B  #Ñ

ÐB  B ÑâÐB  "Ñ " "Þ# "Þ#áÐB  "Ñ
"   â ß

w w w

w” •
which is reduced itself to

B

B  B
Þ

w

w

The probability of extraction from the urn the totality of the white balls
before that of the blacks is therefore in probability contrary in inverse ratio of the
number of white balls to the one of the blacks.

One arrives to this last result, in an extremely simple manner, by means of
combinations; in effect, the probability of the exit of all the balls from the urn, in
any order, by color, will be

BÐB  "Ñâ#Þ" B ÐB  "Ñâ#Þ" "Þ#Þ$âB

ÐB  B ÑÐB  B  "Ñâ$Þ#Þ" ÐB  "ÑâÐB  B Ñ
œ Þ

w w w

w w w

But, in order that the white balls exit in totality first, it is necessary
necessarily that a ball of the color black exit last: by combining  withB  "w

B  " B  B  "w w the  ranks of exit which are found before the last, one will form
as many different rankings for the balls of the color black, and as many orders of
exit by color, which will comprehend all those where one black ball exits in last
place; now the number of these combinations is

ÐB  B  "ÑÐB  B  #ÑâÐB  "Ñ

"Þ#áÐB  "Ñ
ß

w w

w
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and by multiplying them by the probability common to each order of exit by
color, one will have the sought probability equal to

"Þ#Þ$âB ÐB  "ÑâÐB  B  "Ñ B

ÐB  "ÑâÐB  B Ñ "Þ#Þ$áÐB  "Ñ B  B
œ Þ

w w w

w w w

Remarks on generating functions.

4. Let  be a generating function in one or many variables; each equation?
between this function and its variables, linear with respect to , rational with?
respect to the variables, will subsist still if one passes from the generating
functions to the coefficients, among these same coefficients, and will give place
to an equation in the partial differences; but if, in this equation in partial
differences, one passes again from the coefficients to the generating functions,
one will no longer arrive to an equation rigorously exact, at least if one restores
at the same time the functions of the variables which have been able to vanish in
the first passage. Thus, in one of the questions that we have treated above, the
equation in the partial differences

D œ 7D 7 D  8DBßB B"ßB BßB " B"ßB "
w

w w w w

will give, by going up again simply from the coefficients to the generating
functions, that here

? œ 7?> 7 ?>  8?>> ßw w w

which is not at all exact; because it is easy to see that, according to the conditions
of the problem, it would be necessary to add to the second member the
generating function of  less this same function multiplied by . This functionD 7Bß!

of , which it is necessary to restore in the second member of the equation in>
order to complete it, is precisely the arbitrary function that we have had to
determine in the solution of this question. In general, the functions to add in
order to have still one equation in the passage from the coefficients to the
generating functions are the same as the arbitrary functions which form the
numerator of the generating function integral before it is developed.

For lack of having regard to these functions, one is able to fall into some
grave errors, by serving oneself in this manner in order to integrate the equations
in the partial differences. For this same reason, the march followed in the solution
of problems n  8 and 10 of Book II of the  isos Théorie analytique des Probabilités
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not is by no means rigorous, and seems to implicate contradiction in this that it
established a liaison among the variables which are and must be always
independent. Without entering into the particular considerations which have been
able to make it pass here, and that it is easy to know, we will show that the
method of integration exposed at the beginning of this  is appliedSupplément
equally to these questions, and resolves them with no less simplicity.

In the problem of n  8, one is proposed to determine the lot of a number  ofo 8
players A, B, C,  of which ,  represent the respective probabilities,á :ß ;ß < á
that is to say their probabilities to win a trial when, in order to win the set, there
lacks  trials to player A,  trials to player B,  trials to player C, etc. ByB B Bw ww

naming the probability of player A to win the set, one has the equationCBßB ß B ßáw ww

in partial differences

C œ :C  "C  <C âßBßB ß B ßá B"ßB ß B ßá BßB "ß B ßá BßB ß B "ßáw ww w ww w ww w ww

which gives for  this generating functionCBßB ß B ßáw ww

T UV â

" :>  ;>  <> â
ß

w ww

in which  are as many arbitrary functions of the variables T ß Uß Vß á >ß > ß > ßw ww

á > > as there are of these variables, by comprehending not at all  in the first,  inw

the second,  in the third, etc. Now, this function is able to be set under this>ww

form

T U >  V >>  W >> > â

"  :>  ;>  <>  => â
ß

w w w w w w ww

w ww www

T ß U ß V ß áw w w being, as above, of the arbitrary functions, the first of all the
variables with the exception of , the second of all the variables of it excepting ,> >w

the third equally of all the variables except , and thus consecutively. In order to>ww

determine them, we will observe that, in , two of the indices C Bß B ß B ßBßB ß B ßá
w ww

w ww

áor a greater number are not able to be nulls at the same time, since the set
ceases when one of the players has attained his points; moreover,  isC!ßB ß B ßáw ww

equal to unity, whatever be  the generating function of thisB ß B ß á àw ww

expression, or that which gives unity for the coefficient of any product
whatsoever , is> > > áw ww wwwB B Bw ww www

> > >

"  > "  > "  >
âà

w ww www

w ww www
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consequently, one will have

T œ âÐ"  ;>  <>  => âÑÞ
> > >

"  > "  > "  >
w w ww www

w ww www

w ww www

Each value of  in which another index than  is null being equal toC BBßB ß B ßáw ww

zero, the corresponding generating function becomes null also; one will have
therefore successively

U œ !ß V œ !ß W œ !ß áw w w

Hence, the generating function of  will beCBßB ß B ßáw ww

> > "  ;>  <> â

"  > "  > "  :>  ;>  <> â
â ß

w ww w ww

w ww w ww

and the coefficient of , in the development of this function with respect to the>B

powers of ,>

> > :

"  > "  > Ð"  ;>  <> âÑ
â à

w ww B

w ww w ww B

whence it is easy to draw the coefficient of , or> > áw wwB Bw ww

C œ : ß

"  Ð;  < âÑ
B

"

 Ð;  < âÑ
BÐB  "Ñ

"Þ#

 Ð;  < âÑ
BÐB  "ÑÐB  #Ñ

"Þ#Þ$
âââââââââââ

BßB ß B ßá
B

#

$

w ww

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à
in having need to reject the terms in which the power of  surpasses , those; B  "w

in which the power of  surpasses ,< B  " áww

In the problem of n  10, one considers two players A and B of whom theo

skills are  and , and of whom the first has  tokens and the second  tokens;: ; + ,
and one supposes that at each trial, the one who loses gives a token to his
adversary, and that the set finishes only when one of the players will have lost all
his tokens. One demands the probability that one of the players, A for example,
will win the set before or at the  trial.8th
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By representing by  the probability of this player in order to win the setCBßBw

when he has  tokens and when he has no more than  trials to play in order toB Bw

attain the  trials, one will arrive, by the first principles of the probabilities, to the8
equation in the partial differences

< œ :C  ;C ßBßB B"ßB " B"ßC "w w w

which gives, for the generating function of C ßBßBw

E E F >

;> >  >  :>
ß

w w

# w w

E > E F > being an arbitrary function of ,  and  two arbitrary functions of . Inw w w

order to determine them more commodiously, we will transform this generating
function into that here

E >  E F >>

;> >  >  :>
ß

" " "
w w w

# w w

in which  and  are, as above, some arbitrary functions of  and of .E ß E F > >" " "
w w w

Now  is the coefficient of  in the development of the function with respect toE
:>

!"
w

w >

the powers of , or the generating function of ; but, by the conditions of the> C!ßBw

problem,  is null whatever be ; consequently its generating function is alsoC B!ßB
w

w

it;  is therefore equal to zero.E"
w

The coefficient of , in the development of the generating function with>w!

respect to , is , this which is at the same time the generating function of> Ew
"

C BBß!, a quantity which is null so long as  is less than the sum of the tokens or
+  , B œ +  , E >, and which becomes unity when ;  is therefore a function of "

which has for factor , and of which one is able to take no account in the>+,

numerator of the generating function, because it must give only some powers of >
superior to , and we have seen of it only to have a generating function>+,

composed of the powers inferior to , since  is able to be extended only from> B
B œ ! B œ +  , to .

The generating function of  thus limited between these values, isC ßBßBw

reduced therefore to

F >>

;> >  >  :>
ß"

w w

# w w

which one is able to put easily under this form
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whence one draws, for the coefficient of , the expression>+,
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But this coefficient is the generating function of , a quantity which is equalC+,ßBw

to unity; because it is certain that player A has won the set when he has won all
the tokens of B: moreover,  must be here zero or an even number, since theBw

number of trials in which A is able to win the set is equal to  plus an even,
number; and, in effect, he must win all the tokens of B, and again win again each
token that he has lost, this which requires two trials. The series

C >  C >  C > âß+,ß! +,ß# +,ß%
w w w! # %

which represents the coefficient of , is therefore equal to , and one>+, "
">w#

concluded from it
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Now the coefficient of , drawn from the development of the function ( ),>+ C
always with respect to the powers of , will be>
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,

and by substituting for  its value, one will have this coefficient or theF
:
"
w
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generating function of  equal toCBßBw
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this which is formula ( ) of the .o Théorie analytique
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