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1. U being any function whatever of a variable , if degelops it according
to the powers of , the coefficient of , in this deyghent, will be a function of
x that | will designate by, &/ is that which | have mahgenerating function
of y,. If one multipliesU be a functioh  of , similadgveloped according to
the ascending powers bf , the prodUdt will be a new géngrfunction of a
function ofz , derived from the functiay).  according t@a Wwhich will depend
on the functiorl’ . Iff" is equal t%) —1 ,itis easy to Hes the derivative will
bey,.1 — y., or the finite difference g@f, . We designated gelyerahatever be
T, this derivative byyy, . If one multiplies the prodd¢t?” Bythe derivative
of the product/T? will be a derivative 6f,  similar to ttherivative ofdy, in
y.; one will be able therefore to designatesby, thimed derivative; whence
it is clear generally that’ 7™  will be the generating fiorcof 6"y,..

If one multipliesU by another functiadi  of , similadgveloped according
to the ascending powers of , and if one designates bghtdmacteristicA that
which we have namefl relative to the functionU 2" bdllthe generating
function of A"y,..

One is able to imagin€ as a functionf . By develppis function into
series with respect to the ascending powers of , ohbave an expression of
T of this form

T:A(O)+A(1)Z+A(2)ZQ+...

By multiplying this equation by and passing again from gbkeerating
functions to the coefficients, one will have

Sye = AVy, + AV Ay, + AP A%y, + ...



One sees thus that the same equation, which holds éefiveandZ , holds
between their characteristiécs and , provided thatendevelopment of this
equation according to the powerséof andMf , one suledjtuistead of any
power ¢" , 6"y, ; instead of a powexr’ Ar'y, ; instead of a product asch
O"Ar', 6" Ar'y,; and that one multiplies by,  the terms independentarid A .
Thus, by supposing’ equal tt—1 % =4+ -1, 6y,  wil be the finite
difference ofy, .= varying from unityhy, will be the fiaidifference of),
varying from: ; one has next

Z=0+T) -1,
and, consequently,
7" =1+ T) =1
this which gives
A" = [(1+6) —1]",

provided that after the development one plaggs afterptiveers of the

characteristics. This equation will hold furthermorerbgkingn negative, but
then the differences are changed into integrals. Thesideration of the

generating functions show thus, in the most natural ao&t simple manner, the
analogy of the powers and of the differences. Oneléstabconsider this theory
as the calculus of characteristics.

If one has0O = éy,, one will have an equation in the finitdeddncesU'T
becomes then a polynomial which contains only sonveep® oft smaller than
the highest of i1" . We designate®@y the polynomialtile most general of
this nature; one will have

Q
U= T
The coefficient oft” in the development df  will beetmtegraly, of the
equation) = dy, ; by this reason, | naie  generating functiohi®equation.

If one imagined/ a function of two variables ahd e, tbefficient of the
productt“t* | in the development &f , will be a functionzofind ofz’ that |
designate by, ,, 7' being a function developed in the sanigblest and’ ,
the productUT" will be the generating function of a deneatify,, .-, that | will
designate byby, .. ; and it is easy to conclude from it thdt" will be the
generating function of"y, ..



If one has0 = éy,,», one wil have an equation in the partitef
differences. We represent this equation by the follgwin

0= Yz o + by;r:,;r:’+1 + CYzx'+2 +
+a' Y10+ 0 Y11 o
+ a”yx+1’x, + ...

it is easy to see that the generating function optb@osed equation will be

A+BU +Ct? + + HI" P4 A+ Bt + C'2 4 -+ H't"
atnt!"” + ping™ -1 + a2 R
+ a'tn—1¢m + pn—1pn'—1 4o
+ a'tn—=2¢" 4o

n andn’ being the greatest increases of and of , iprfosed equation in
partial differencesA, B, C, ..., H are some arbitrary functiong;of’, B/,
C', ..., H are some arbitrary functions of . One will determale these
functions by means of the generating functions of

You's Y125 Y2275 -5 Yn—1,2"
Yz, 05 Y215 Yz,25 -5 Yzn/—1.

One of the principal advantages of this manner to iategihe equations in
partial differences consists in this that, the algebaaalysis furnishing diverse
ways to develop the functions, one is able to chdwse®mne which agrees best to
the proposed question. The solution of the following prableby the count de
Laplace, my son, and the considerations that he eeljovill spread a new day
on the calculus of generating functions.

2. A player A draws from an urn, containing some whité black balls, one
ball which he returns after the trial, with the probey p to bring forth a white
ball and the probability to extract from it a blaeksecond player B draws next,
from another urn, a ball which he returns equally after drawing, with the
probabilitiespy’ of a white ball angl  of a black. These players continue thus
to extract alternately, each from their respective, wne ball which they have
always need to return. If one of the players bringghfarwhite ball, he counts a



point; if, on the contrary, he makes a black ball,éhét counts nothing, and the
turn of the player passes simply to the other. The pdayaving settled, by the
conditions of their game, the number of points thaheagst attain first in order

to win the set, and having commenced to play, theles Iget to player A the

numberz points in order to win, and  to player B; andttine to play belongs

to player A. One demands, in this position, what ispiteability of each player

to win the set.

Let z, .- be the probability of second player B, and we sgebyY, ,, his
probability, if he were the first to play. Player By beginning, is able to bring
forth a white ball, and the probability of B beconiés, ,/; or the first player
makes a black ball exit, and then counts nothing, andptbbability of the
second is changed infg, ., ; but the probability of the Gese isp , that of the
second; ; one will have therefore the equation

Zoa = PYoo1w + QYo
by a similar reasoning, one will have further thatehe
Viw =P 2ea1 + ¢ 20w
whence one draws
Yooiw =0 2101+ ¢ 20100,
and consequently
Zow = PO 2o 101 + @ 2 10) W 2w + 0 2w) ()

or

10ne arrives again to this equation in partial differeniog considering the set of two
successive drawings of A and B as one trial, and by e¥amihe different cases which are
able to present themselves after this trial playeud; tihey are in number of four: 1° either the
two players bring forth each one white ball, an ew#nwhich the probability i9p’ ; then the
probability z, ., will be changed into that hetg_; ,,_; ; 2° or fhist player extracts a white
ball and the second a black; under this hypothesis, wihéshfor probabilitypg’ z, .  will
becomez,_;, ; 3° or on the contrary the first player makétack ball exit and the second a
white; under this hypothesis, which has for probabitity, z, . will becomez, ., ; 4° or
finally each player draws a black ball, an event ofcithe probability is;¢’ , and then the
probability z,,» remains the same. One will have theegfdy the known principles of



and by making

!/ / /

pq pq / pp

1—q¢ " 1—q¢

it will become
Zpa! = MZp_1 2 + mlzm,;r:’fl + NZg—1,2-1-
The generating function af, ,» , in this equation in paditiérences, is

A+ A
1 —mt —m't —ntt'’

A being an arbitrary function of , and’  another arbjtrfanction of¢’ ; |
observe first that by attributing to the functigh  teem independent af in
the functionA , the generating function above is ableetset under this form

At + A
1 —mt —m't —ntt!’

A; and A} being new arbitrary functions ©of andtof thas ihe question to
determine. Now, if one pays attention that, is nulhatever bex’ , the
probability of player A is changed then to certitude, s@es that the coefficient
of t° in the development of the generating function witspect to the powers of

t must be null, and one will have
Al )
e 0 A=

Moreover,z, o is null wher is zero, and equal to unityrnwhaes either 1 or
2, or 3,... , since then the probability of player B isrged into certitude; the

probabilities, the equation
Zra! = pp/za:—l,a:’—l + pq/zar—l,ar’ + p/qzar,ar’—l + qq/zar,ar’-

On obtains the generating function of,, , in this equaiiorpartial differences, by
applying to this case the general rule which has just bgposed.



generating function ot,, s thereforffft . it is the cioifht of ¢ in the
development of the generating function according to theeppwft’ ; one will
have therefore

At ot
1—mt 1-—t’
this which gives
t(1 —mt
At = t1 = mb) 1—¢ );
consequently the generating functiorzof. IS
t(1 —mt)

(@) (1—t)(1 —mt —m/t — ntt');

by putting it under this form
t 1

I=t1- (T%’f)t’

and the development with respect to the powers of hase
t m' + nt m +nt\? m' +nt\® 3
— |1 t' t' — ) T+
1—t[+(1—mt> +(1—mt> i 1—mt -
The coefficient of’™ in this series is

t m' +nt\"
1—t\1—mt /)’
and the one of in the development of this last funod be the expression of

z,». Now, if one reduces first the expressdr%)m/ into desevrdered

according to the powers of , and if one multiplies ittrigxthe development of
l%t, it is easy to see that the coefficienttdf  irstproduct is that which the
series becomes by makimg=1  in it and stopping oneséffeapdwerr of ;

and one will find, for the value of this coefficientaf z, .,




1 m/ 1.2 12 1.2.3 13 1.2....(x = 1) m/ 1
x! ¥ n 22 —1) n? (@ — 1) (2 —x+3) no2
+—-—m|l+——+—————"——+ —
1 L m/ 1.2 m 1.2....(x —2) m'e
2y = m/a: .T/(JIQ— 1)m2 |:1 4 Jj‘_/l L. .+3j/(3j/ — 1) . '(.’13/ —x+ 4) na7—3 :l

1 m 12... (x—3) m"?
(@ +1) (2 +x— 2)m3’_1
12... (z— 1)

By designating by, ,» the probability of player A, one Wil led, by the same
reasonings, to a similar equation in the partial diffees,

Yrot = MYz—127 + m/ym,m’fl + NYz—1,2'—1,
which gives similarly for the variablg, ,»  a generatingdtion of the form

At + Al
1 —mt —m't —ntt!’

A; and A} being, as above, some arbitrary functiornts ofl oéii what one will
determine by the same considerations. In effect thergéng function ofy, ., is
L, that ofy, o is unity: one will form therefore the edaas

et
AL 1
L—m/t!  1—¢’

whence one draws

=T
and
At +1 _ 1
1—mt '
whence one concludes
At = —mt.

The generating function af, ,,  will be therefore




Y
1-—m't _mt

(b) =t

1 —mt —m't —ntt!’

which, developed according to the powerstof and’of , gile, by the
coefficient oft"#'™ | the expression 9f ,,  which will beaform similar to that
of z, .+, although a little more complicated.

By adding the two generating functiores ( ) aibd ( ), their gineduced to
that here

1
1—Dl-t)

in which the coefficient of*#'" is unity; thus one has

Yoo + Rya = 1;

and effectively, the set must be necessarily wonngy af the players, because
both are certain to be able to extract each fragm thrn the determined numbers
of white balls.

Now, we supposg = 0 and consequenthy 1 , one has

m=0 m=1 and n=0;

then the expression of ,,  becomes unity; this whiavident, since the player
B, not having more chances to lose, must always endrinmng.

If, to the contrary, one supposgs= 1 ang 0 , that is tofdhg first
player A counts a point before each drawing of playehé&n

m=q, m =0 and n=9p;

«’ being greater tham or equal, the expressjon is redoceerd; and, in
effect, it is evidently impossible that, in this capiyer B is able to win the set;
but, whenr is greater thart , the value:of takes dinis f

/ / / / /
s’ g, 2@ +1) ' (@ 4+ 1) (x—2) v
) = 14+ = S S
et =P ME O T T w—v -1

Under this assumption, player B is able to win onlyrash as he will bring
forth 2’ white balls beforer — 2’ black balls; otherwise 8 anticipated by
player A who counts a point at each trial: this expoessf z, ., is therefore the
probability that player B will have drawri ~ white bdlisfore having extracted



from it x — 2’ blacks, and, consequently, the probability o, W he made the
wager with player A, who would count then a point with #xit of each black
ball while he counts one of them at the exit of ateyho attaine’ points before
his adversary has — 2/ of them; this which is pheblem of points 2 . ()

If one examines with attention the form of the gahexpression which gives
z,.2, One will recognize that this problem is able yetbeoresolved, and even
with simplicity, by means of the theory of combioais: in effect, leix be the
number of white balls contained in the urn of playeraAdb the one of the
blacks;a’ the number of white balls of player B, ahd e dhe of the blacks; by
considering, as one has already done, the collectiawasuccessive drawings
of A and B as one trial,

aa’ will be the number of combinations in which the pleybring forth each
one white ball;

ab’ the one of the combinations which will give one tetball to A and one
black to B;

2 The generating function of . isreduced in this case to

t(1—q't)
(1-0)(1—q't—yptt')’

and the equation in the corresponding partial differendébav
Zra! = q/zar—l,ar’ + p/zar—l,ar’—la

in which z, ,» is a function ok and af  which we will dgsate byy(z,z’) ; if one makes
x — ' = s, one will have

p(z,2') = ¢(s +2',2'),
and, if one represents by,,  this last function, theselts from it
Zya! = Zsals RZe—la = Zs—la's Re—lg'—1 = Zsa'—1;
and the equation in the partial differences is changedtiatt here
Zoa = @ Zs- 10 + D Zs w1,

an equation to which the problem of points would lead tyrender the conditions enunciated
above. By paying attention that, in consequence oftthaissformationz,o =1 andy,, =0 ,
and thatz,, is not able to take place, it is easy tdrsgiethe generating function af,r  will be

1 — ¢'t)
(1-t)A—qt—pt)

in the development of which the coefficienttf v the expression of .




a’b the one of the combinations which will give, to tentrary, one black
ball to A and one white to B;

bt' the one of the combinations in which one and theeroplayer draw a
black ball;

And the sumaa’ + ab' +a'b+bb will form the collection of all the
combinations which are able to take place in a ffiaé combinations where the
players bring forth each one black ball bring no chéanggheir position, we are
able to set aside, and then we occupy ourselves orllytiaat trials where there
will be brought forth at least one white ball. Itisar that inz + =’ similar trials
one of the players has necessarily won, and the gst be decided: now the
number of all the equally possible combinations, foltmmwvhich theser + 2’
trials are able to be presented, will be

(aa’ + ab’ + a’b)“x/;

the question is reduced therefore to choose in all t@sbinations those which
make player B win, that is to say those in which gigsyer will havex’ white
balls before player A has brought forth  of them. tdeo to fix the ideas, we
supposer’ greater than ; one is able to form the follpwaypotheses: either
player B will have won at the'™ trial, that is to shy drawing without
interruption a white ball at each trial, and then thenber of the preceding
combinations which are returned to this case is ethden

(' —1)
1.2
(' = 1) (2 —x+2)
1.2, (z—1)

a/;r:’ [bx’ + xT/abx’l + CLbeLQ 4.

amflbm’ﬂrﬁl (CLCLI + ab’ + a/b)x;

and by dividing it by(aa’ + ab’ 4+ a’b)***" |, the total number of combinations
one will have, for the probability of this hypothesis

/l’/bx’

a (2 —1)a® () — 1) () —x+2)a" ]

a
y T 12 T 1.2...(x—1) et |’

x/
1 —
]
or the player B will have won at the’(+ 1 St) trial, thatto say by having
drawn only a single black ball, for example at the cemrement, and then the

number of combinations favorable to this event is

(aa’ + abl + a'b)*

10



'(xf = 1)

/
b 1! bx’ T bx’fl beLQ
a + 1& + 19 a +
(@ —1) (2 —x+3) o N
ba: T+2 / b/ /b r—1,
12.. (z—-2 " (aa’ +ab +ab)™

but this number is the same, if the black ball is brodmtth in the first trial or in
the second,.. , orinthe trial; it is necessaryefoee to multiply it byz’ in
order to have all the combinations relative to thygothesis, of which the
probability is, by this means,

x’ ab'a’” b va 2(x—1)a? (' —1)(2' — 2+ 3)a”?
= | R TR —
1 (ad + ab' + a/b)*'+1 1b 1.2 b2 1.2.. (z —2) b2

or player B will have won at ther(4+ ™) trial, and ondl &&e in the same
manner that the probability of this hypothesis wall b

' (' +1) a2t?a’” b* 14+ z'a T () — 1) () —x+4)a" 7]
1.2 (ad 4 ab' + a'b)¥+2 10 1.2...(x —3) bo=3 |

By continuing thus, one will have the probabilities aiif the successive
hypotheses which are able to present themselves umelesupposition of the
gain of the set by player B, until that where he witi only at the ¢’ +z — 1 %!
trial, an event of which the probability will be

x/(x/ + 1) . .(x/ +x— 2) axflb/xfla/m’bg;’ .
1.2...(x—1) (aa’ + ab' + a'b)*"+2—1’

and effectively, in this case, it is not able to dnanals where the players bring
forth at the same time a white ball.

The sum of all these probabilities will give eviderithat of player B in order
to win the set.

If one pays attention that

ab’ a'b ,

aa’—i—ab’—i—a’b:m’ ad +abl +a'b m'’

one recovers the expressionpf;

11



We imagine presently that there are in the urns sohiie Wwalls carrying the
n° 1, and other balls, of the same color, which cdahgy ¥ 2; each ball
diminishing its numeral, by its exit, the number of pewhich are lacking yet to
the player to which it is favorable. The problem dslanger susceptible to be
resolved generally by means of combinations, insteatithe calculation of the
generating functions will continue to furnish a genergression of which the
development will contain the complete solution of thestjoa and will be able,
in certain cases, to be executed by some laws eakyaw, as we will have
occasion to see.

Let p be the probability player A to extract a bdlided 1,p, that to extract
a ball labeled2 , and; that to bring forth a black ball;p; and ¢’ the
corresponding probabilities for player B; and let always be the probability of
this last player in order to win the set. By follogithe same march as above,
one will be led to the equation in partial differences

/ /
Zpa = MZp_12 + mize—2.a +m Zra'—1 + My Ze -2

/ /
FN2Zp10-1 FN12p24—1 N 2102 + N 2242

in which one makes

!/ /

pq md o PO e
1—qq¢  1-gqq " 1-gqq " 1-gq¢ "
pp i my . PPy o o
l-—q¢ =~ l—q¢ 7 1-q¢ = 1l-q¢ Y

the generating function of the variable,,  given by égaation, will be
A+ Bt'+ A"+ B't
1 —mt —myt2 — m/t — mit'* — ntt! — n 12t — n/tt’* — 124’

(©)

A andB being some arbitrary functionstofd’,  d@id  sorbierary functions
of ¢/, which will be determined by means of the genegafiinctions of

202"y Rx0y  Ala’s  Rxd

which are themselves it by the conditions of the game
One finds, as previously, that the generating functiog ofis zero and that
of Zx,09 ﬁ .

12



From the general equation, one deduces the equatiorténdifierences
20 =M 21 A+ My 21,

which holds for all the values of froml =2 inclusivebnd which gives
consequently, for the generating functiorepf

a + bt’
1—m't — m’lt’Q’

a andb being some constants that one determines bysroédime values of;
andz;; ; and as; o is equal to unity,; is equaktot+ m} , and eagdame
time the coefficient ot’ in the development of the egating function; there
results from it

a=1 and b=m);
the generating function af .,  is therefore

1+mit
1—m't — m’lt’Q'

Now, if in the preceding equation one puts y,, ./ in the place of y, ./
being always the probability of the first player A,ist reformed in the same
manner with respect to this last variable, and otfledaduce from it the equation
in the finite differences

Yel = MYp—11 + M1Yz—21-

But one will see at the same time that it beginsdid bnly whenr surpasses ;
becauser being , one will have

Yo = myi1 +miyo1 +ny +nj.

It is necessary therefore to employ it only to defiann = = 3, and then the
generating function aof, ; is of the form

a + bt + ct?
1 —mt —myt?’

a, b andc being some constants that one will determinpreagously, by means
of the values ofy,o ,y11 and;s ; now;, is unity; is equal to
1—m’ —mj, and is the coefficient of in the development of gemerating

13



function;y, ; has for value, as we have just seen,
m(1 —m' —m}) +my +nq + ni;

this is the coefficient of* in the development of flaaction. One will conclude
from it

a=1, b=1—-m-m'—m}, and c=n;+nj,
and the generating functiongf;  will be therefore

14+ (1 —m—m' —m))t+ (ng +n))t*

Y

1 —mt — myt?
consequently that of, ; is

1 14+ (1 —m—m'—m))t+ (ng +n))t?
1—1 1 —mt — myt?
_ (M m)t+ (n )+ (n 40

(1 —1t)(1 — mt — myt?)

We resume actually the generating function ( ); oneles @twvays to restore
it to this form

At + Bit*t + A} + Bt
1 —mt —mqt2 — m/t — mit'* — ntt! — n 12t — n/tt’* — 124

A; andB; being the arbitrary functionsiofd}  a@Bd  thetlyi functions of
'; which one determines easily, by equating first theffimient of t° in the
development of this function to the generating functiba,g. or zero, next the
one oft’’ to the generating function of @% , Since dhe oft to the
generating function of; ,» , and finally the onetof to gemerating function of
2.1, this which will give successively

, 1 —mt —mt?

mh +n' +nlt
A1=0, Alz 1_t s ;

1-1 ’

/ /

and, consequently, for the generating function,qf ,

(1 — mt — myt®)t + mitt’ + n/t2t + nj 3t
1— (1 —mt — mqyt2 — m/t' — m/ "> — ntt! — nyt2t — n/tt’> — n/12t"?) "
1 1

(d)

14



If one supposes and null, then one has
m=0, m =0, n=0, n =0, and n =0,
and the functiond ) takes this form
tt'(m} + njt?) t

(1= 6)(1 = mue2)[1 = (7)o Ty 1 (e )e?]
1 1*7711152 17m1t2

under which it is susceptible of the same developmeritseasinction & ). There
is to remark that one will resume the same coeftid@n

r2r' r2r’ 2r' =1

tQT’t , t27’71t , tQT’t , t27’71t/2r,71.

this which is seea priori , by paying attention that thegskygount always two
points at each white ball that they make exit.

We suppose that player A has only some balls labeled 2 aand that the
other player has only some white balls marked 1, octwbount to him only one
point on exiting; then

and, hence,

the function ¢ ) becomes

t(1 — mt — mqt?) ot 1 '
(1—t) (1 —mt —mt2 — m't' — ntt’ —ngt2t')  1—tq_ [m’+(n+n1t)t}t/7
1—(m-+mat)t

by developing it according to the powers’of , the cdefficof+'™ will be

tm’ + (n + nyt)t]"
(1—)[1 - (m+mt)t]”

/)

an expression that the concern is to develop with cespethe powers of in
order to have the coefficient 6f ; now this coeéidi will be the sum of all the
coefficients of the powers of inferior or equakto! in the development of the
expression

15



[m' + (n+ nit)t]”
[1— (m+mt)t]"

which, by omitting the terms where the powerst of idetshe binomials are
superior tot*~! | is able to be put under this form

1+x_’ n+nit (= 1) (n+nt 2t2+m+x’(x’—l)---(a:’—x+2) n+nit m_lta,_l
m/ 1.2 m' 1.2...(x = 1) m'

1

x! ' (n+nt (@ —1) (@ —x+3) (n+mt\ ",
= |1+ = tt e o2
o (m At mt) +1< m’ ) et 1.2.. (z —2) m’
(' +1) 9.9 d@ = 1)@ —z4+4) (n+mt\
—_— )t |1+ - 3
g Al L 1.2... (x —3) m’

! — 1) (2 — 2 ‘ ‘
x(x 12) ((xx_ 1)$—|- )(m—let)a’_ltl_l.

If one rejects further from this series all the pcesveft superior ta*~! , which
will result from the developments of the binomialsd @&nin that which remains,
one makes = 1 , one will have the expression,qf

We examine further the case where player A would beioeto extract at
each trial a ball which would count to that player poeit, that is to say where
one would have

b= 17 b1 = 07 q= 07
and consequently
m=q, m =0, m =0 mj=0,
n=p, n =0 n=p, nji=0
The generating function af, .,  or the functiah ( ) would éduced to
t(1 — q't) + pit*t
(1—t)(1 — q't — p'tt' — pltt’*)’

and that of/, ., would be, hence,

16
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1 t(1 —q't) + pit*t
(=01 =) Q—t)1—qt—ptt —pitt?)
1 tt'
= / + / 2\ "
11—t (1—t)(1—q't—ptt — p,tt'?)

In this last expression, the first term represengsgénerating function af, ./

which is equal to unity whatever bé

with respect to the powers of andtbf
coefficient oft* will be

g + (' + pit)]" !

2t ’

whence it results that, if one rejects from the dgwelent of the series

(e

all the powers of’ superior 10"

(x —1)(z—2)
1.2

p+ it
q/

(z—1)
1

P+ it
q/

rr—1

'+

2
> t’3_|_...

, and if one made inwWiath remaing’

, and the secoridywd, by developing it
, all the otradues ofy, , ; now the

one will have, by supposing even and equ&ite- 2 , theicieeffoft*¢'* |
or
e An o DE—2) (P ip 2+...+ (z—D(@x—=2)--(x—r) (P +p
1 q 1.2 q 1.2...r q
+(x—1)(x—2)~-(x—r—1)p”+1 1+(7‘—|—1)p_’1 (r+rp® (r+1)r-2p
1.2...(r+1) ¢! 1 p 1.2 p? L2...r p’
r—1
Yo = ¢ (¢ =)z —2)(x—r—2)p"" 1+ (r+2)p} (r+2)(r+r-4p"”"
1.2...(r+2 2 1 p 12...(r+1 =
q p
(x—1)(x—2)(x—2r—1)p**!
1.2...(2r+1) ¥

and, in the case of odd or equakio+1
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Yoo = 4

1_|_(x—1) J +(x—1)(a:—2) P+ +m+(m—1)(x—2)---(m—r) P+
1 q 1.2 q 1.2...r q
(z—1)(z—2)(x—r—1)p " - (r+ 1)p_/1+ (r+rp® (r+1)r---3 p,"""
1.2...(r+1) gt 1 p 1.2 p? 1.2...(r—1) pt
rr—1 e
Y @-D@—-2)(z-—r—2)p" L2 (r+2)(r+ 1)r--5 p}’ 2
1.2...(r+2) g2 1 p 1.2...(r—2) p’?
(x —1)(x —2)--(x —2r) p'*"
1.2...2r 7

It is clear that player B is able to expect to orgyflang asc is greater than
r+ 1, or thatz’ equalr +2 o02r+ 1 ; and effectively, beyond this suppos
the preceding values gf .,  become all equals to unity.

We will make also remark that player A has necesseuiy the set when
player B will have drawrr —» — 1  black balls before havingiattdz’ points;
but this last player is able yet to have lost befaeéing drawn the totality of this
number of black balls, that which makes that this gomlessi not at all susceptible
to return into that which is treated in the analyiieory, after from th@roblem
of points as previously a similar supposition has led us to dbkisdroblem.

3. The problem of points having been the object ofrdse=arches of two
great geometers of the XV1I centur§ ( ), and to somerexthe first of this
kind subject to some analytic methods, one will be getrarious to see how
this same problem is deduced again, as corollary, ofhanofuestion of
probability, of which the solution will offer besides new application of the
method of generating functions.

One draws successively from an urn, which containdexrmaed quantity of
white and black balls, a ball that one does not readter the trial, and one
demands, after a certain number of known drawings, vehttei probability to
complete the drawing of such given number of white lmre that of such
other number, given equally of black balls.

Let @ anda’ be the numbers of white and black balls @wedaoriginally in
the urn,n the number of white balls that one is proghaseattain before having
extracted another number  of black balls; and we suppwdeatter having

3 Pascal and Fermat.
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drawn successively from the urn a ball without returitingne has brought forth
n — x white balls andn’ — 2/ black balls; and  being then the eurotb

white and black balls that there remain to make exibrder to decide the
question. We represent hy .,  the probability to bringhfant the following

drawingsz white balls before’  black balls, or to atthie totality ofn  white
balls before having extracted  blacks; one will haetording to the known
rules of probabilities, the equation

a—n+zx N a —n' +2
Yo—1,a'
at+a —n—n'"+x+ 2 ’

Yo,a = S Yz —1-

a+a —n—n"+zxr+uw
We make
a—-n+x=s ada—-—n+2 =5 and Yoo = Us, g3

the preceding equation becomes

/

S . s
Ug, s = Us—1,s' Us, s'—1,
o s+s b s+ g
and, by supposing
1.2.3...5.1.2.3...¢
u =

1.2.3... (3 + S/) Zs,s'

it is restored to this form

Zg,s = Zg—1,s' + Zs,s'—1

an equation in the partial differences with constaseffmeents, which must hold
for all the entire and positive valuesof and’of dbparting froms =a —n
and froms’ = o’ —n’ , and gives consequently for the generating @mofiz; .
P A+ A

1—t—t’

tafnt/a/*n

A being an arbitrary function of , antf  an arbitraryction oft’. One is able
always to transform this expression into that here

’A1+A/1t/
1—t—t’

tafnt/a/*n

in which 4; andA] are new arbitrary functions of andt'ofin order to
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determine them, we will observe that,, not being &bleold andy, , being
equal to zero, whatever be the entire and positive vaitie, one will have

1.2.3...5.1.23...(a/ — n')
Zg I /;
1.2.3...(a' = n' + s) s,a/—n

0= Us,a'—n) =

consequently the generating functioref: _,, will be nulk tihich gives

I __ oo/ A
oy - lt =0, and hence 4; = 0.

Moreover,y, ,» being equal to unity for all the values:ofronfz’ =1, one wil
have similarly

1.23...(a—n).1.2.3...8
Za—n.s's
123(0,—n+8/) aA—",!

1= Ug—n,s' =

whence one draws, for the value 9f , o or the coeffic@n® "+ in the
development of its generating function,
(a—n+1)a—n+2)-(a—n+5)

1.2.3... ¢ ’

Za—n,s’ =

this which gives

tafnt/a/*n,ﬂ _ yamngrd =l (@a—n+1)--(a+d —n—-—n'+1)
1—-1 1.23...(a/ —n' 4+ 1)
(a+da —n—n+2)t"?
a —n' 42
(a+a’—n—n’+2)---(a+a’—n—n’—l—x’)t’x,
(@' —n' 4+2)---(a/ —n/ + )

'+

The second member of this equation muItipIiele@t willtherefore the

generating function of; ; ; by developing it with respecth®e powers of and

next with respect to those ¢f , it is easy to se¢ the coefficient of* or of
tafn+a: iS
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- (@—n+1)-(a+a —n—-—n"+1)

t
1.23...(a/ —n/ +1)
(a+d —n—n"+2) 9
t t
X[ i a —n' +2 i
x x(x+1) 9 x4+ 1) (z+2" —2) 0
14+ Z¢ 42 2y t e,
8 [ L T A A TN Py *

fa’fn’+;1:’

and the one of* , or @ in this last expression;,Qr is egual to

(a—n+1)-(a+ad —n—-—n"+1)
1.23...(a/ —n/ +1)
x(x+1)(z+2 —2) +a+a’—n—n’—|—2 z(x+1)-(r+2" —3)
1.2, (a/ — 1) @ —n + 2 1.2...(z' —2)
(a+ad —n—n"+2)-(a+a —n—n"+1)
(' —n' 4+2)---(a/ —n/ + ')

Now, by multiplying this value of, ;, by

1.2.3...(a" = n' + ')
(@ =n'+z+1)-(a+d —n—n'+z+2a)

one will have, after all the reductions, for the espren ofy,, .,

(a—n+x)-(a—n+1)

Yo' = (a+ad —n—n'"+x+a) (a+ad —n—n+z+1)
147 a —n' +a +x(x—|—1) (a/ —=n'4+2")d —n' +2' —1) L
lat+d —n—n'+2a 1.2 (a+ad —n—-n"+2a)(a+a —n—n"+x+2)
z(x+1)(x+a —2) (¢ —n' +2') (' —n' +2)

1.2...(¢' = 1) (a+a —n—n"+2")a+a —n—n—1)

We imagine actually —n and —n»’ in the ratiof ¢o , sd thee has
a—n=pk anda’ —n’ = ¢k, and we imagine that becomes a very great
number or infinity; it is clear that the probabildy the exit of a white ball or of a
black ball in the successive drawings will become @risand will bep%q for a

white ball and_t. for a black, and the probability,, il reduced to this
expression
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T 2
p T _q w(w+1)( q >
== [1+= - -
- (p+Q>[ lp+q 12 \p+g

z(z+1)---(x + 2’ - 2) ( q )a“];

T - p+gq

such is the formula to which thgroblem of points leads, and effegtived
return to the conditions of this problem by the suppwsitf% infinite.

If one supposes equalto and  equab'toy, will expressttiee
probability of the exit of all the white balls remag in the urn before all the
blacks had been depleted, and its expression will be cthamgethat here

x(x+1) x(x+ 1) (z+2 —2)

1.2.3...x 1+§+ + +
(x+x') (' +1) 1 1.2 1.2...(90’—1) ’

which is reduced itself to

x/

x+x

The probability of extraction from the urn the tdtalof the white balls
before that of the blacks is therefore in probabdibytrary in inverse ratio of the
number of white balls to the one of the blacks.

One arrives to this last result, in an extremelyp&mmanner, by means of
combinations; in effect, the probability of the exitall the balls from the urn, in
any order, by color, will be

r(rx—1)---212'(x' —1)---2.1 1.2.3---2
(x+2)(z+2' —1)--321 (z+1)--(z+2)

But, in order that the white balls exit in totalityst, it is necessary
necessarily that a ball of the color black exit:ldst combiningz’ —1 with
x' — 1thex 4+ 2’ + 1 ranks of exit which are found before the lasg will form
as many different rankings for the balls of the cdllack, and as many orders of
exit by color, which will comprehend all those wherge black ball exits in last
place; now the number of these combinations is

(x+a2 —1)(x+2" —2)-(x+1)
1.2, (z - 1) ’
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and by multiplying them by the probability common to leacder of exit by
color, one will have the sought probability equal to
1.2.3---2 (x+1)-(z+2" —1) x’

(x+1)-(x+a) 123..(—1) x4z’

Remarks on generating functions.

4. Letu be a generating function in one or many vagbtach equation
between this function and its variables, linear wikpect tou , rational with
respect to the variables, will subsist still if onesges from the generating
functions to the coefficients, among these same iceeifs, and will give place
to an equation in the partial differences; but if, ifs tequation in partial
differences, one passes again from the coefficienthé¢ogenerating functions,
one will no longer arrive to an equation rigorously éxac least if one restores
at the same time the functions of the variables hvha&ve been able to vanish in
the first passage. Thus, in one of the questions thdiawe treated above, the
equation in the partial differences

/
Zpa = MZp_1 2 +m Zxa'—1 + NZgy—1,2'-1

will give, by going up again simply from the coefficiertis the generating
functions, that here

u = mut +m'ut’ + nutt’,

which is not at all exact; because it is easy tatlsag according to the conditions
of the problem, it would be necessary to add to the mséecoember the

generating function of,;, less this same function multdpbg 2 . This function

of ¢, which it is necessary to restore in the secaednber of the equation in
order to complete it, is precisely the arbitrary fumctihat we have had to
determine in the solution of this question. In genedtad, functions to add in

order to have still one equation in the passage fromctefficients to the

generating functions are the same as the arbitrantidtmscwhich form the

numerator of the generating function integral befoi® dieveloped.

For lack of having regard to these functions, one ig &blfall into some
grave errors, by serving oneself in this manner @depto integrate the equations
in the partial differences. For this same reasonptiech followed in the solution
of problems 8 and 10 of Book Il of thi@éorie analytique des Probabilités is
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not is by no means rigorous, and seems to implicateradiction in this that it

established a liaison among the variables which a@ m@must be always
independent. Without entering into the particular consiaerswhich have been
able to make it pass here, and that it is easy to kmavwill show that the
method of integration exposed at the beginning of $hippléments apiplied

equally to these questions, and resolves them withsscsimplicity.

In the problem of h 8, one is proposed to determineathefla number. of
players A, B, C,... of whiclp, ¢, » ,.. represent the respeginababilities,
that is to say their probabilities to win a trialevh in order to win the set, there
lacks = trials to player Ay’ trials to player B!  tsialb player C, etc. By
namingy, .. ... the probability of player A to win the set, dwaes the equation
in partial differences

Yoo ar,... = PYx—12' 2",... + 1@/;1:,;1:’71,;1:”,... + TYxa a"—1,... +o
which gives fory, ,» ,» .. this generating function

P+Q+R+--
1—pt—qt —rt" —-.."

in which P, Q, R, ... are as many arbitrary functions of theialadest, ¢', ¢t”,

. as there are of these variables, by comprehendingtradt: in the firsty in
the second{” in the third, etc. Now, this functioralide to be set under this
form

P+ Q't+ R'tt' + S"tt't"---
1—pt—qt' —rt" —st"---’

P, Q' R, .. being, as above, of the arbitrary functions, thet fokall the
variables with the exception of , the second oftaltariables of it excepting ,
the third equally of all the variables except , and ttarssecutively. In order to
determine them, we will observe thatyin, ,» ., two d& thdicese, o/, 2",
.or a greater number are not able to be nulls at time $ene, since the set
ceases when one of the players has attained his ;poiatgover,y, v . . IS
equal to unity, whatever be’, z”, ...; the generating function ho$ t
expression, or that which glves unlty for the coeddfiti of any product

whatsoever’* /% " ,is
t/ t// t///
T—t1—tr1—gm "
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consequently, one will have
;o t/ t// t/// .
Sl 1—tr1—t

(=gt —rt" —st" — ).

Each value of), v ,» .. in which another index than is nulhdgequal to
zero, the corresponding generating function becomes Isolf ane will have
therefore successively

Q =0, R=0, §=0,
Hence, the generating functionspf, .~ = wil be

t/ " 1—qt/ —rt" —---
1—¢1—¢t" 1—pt—qt’—7°t”—---’

and the coefficient of* , in the development of thiscfion with respect to the
powers oft ,

t/ t// pq’
L=t/ 1—t" (1—qt/ —rt’ —-- )
whence it is easy to draw the coefficient’d%"* ..., or

(

T
1+I@+r+~J

x(x+1) ,
+ +r4+...
yl’,m’,x”,,., - pT< ( 1.2 )((q ) ) >7
r(z+1)(r +2 ,
1.2.3 (g+7+-)

J

in having need to reject the terms in which the povfersurpasses’ — 1 , those
in which the power of surpasses—1 ...,

In the problem of % 10, one considers two players A araf &hom the
skills arep and; , and of whom the first has tokensthadsecond tokens;
and one supposes that at each trial, the one who ¢p#es a token to his
adversary, and that the set finishes only when onkeoplayers will have lost all
his tokens. One demands the probability that one opldngers, A for example,
will win the set before or at thé" trial.
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By representing by, ,» the probability of this player nler to win the set
when he hag tokens and when he has no morerthaals ttriplay in order to
attain then trials, one will arrive, by the firstmmiples of the probabilities, to the
equation in the partial differences

Tea = PYrila'—1 T QYr—14/—15
which gives, for the generating functionof,.,
A+ A"+ B't
qt?t —t + pt'’

A being an arbitrary function af 4’ ard  two arbitréupctions oft’ . In
order to determine them more commodiously, we willgf@am this generating
function into that here

At + A + Bt
qt*t’ —t + pt’

Y

in which A;, A} andBj are, as above, some arbitrary funstmiit and oft’ .

Now 2—2, is the coefficient ofY in the development of flaection with respect to
the powers of , or the generating functiory@f,  ; buttHgyconditions of the
problem,y, ,» is null whatever bé ; consequently its geimgrdtinction is also
it; A} is therefore equal to zero.

The coefficient oft’’ |, in the development of the geriegafunction with
respect tot’ , is-A; , this which is at the same timegdweerating function of
Y0, @ quantity which is null so long as is less thansin@ of the tokens or
a + b, and which becomes unity when=a + b Aj is therefore a ionaif ¢
which has for factor®® |, and of which one is able daket no account in the
numerator of the generating function, because it mustagilyesome powers af
superior tot*** | and we have seen of it only to have argéing function
composed of the powers inferior to , since is ablegaxtended only from
r=0tox=a-+b.

The generating function of, .., thus limited between theakies, is
reduced therefore to

Bt
qt?t' —t + pt'’

which one is able to put easily under this form
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( Bit 1
P (1 o 71;4pqt> (1 i 7z4pqt>
- 2p - 2p
an 9
B, ¢ oA 5/ A
Poyfir—dpg | g ey iy et
\ 2p 2p

whence one draws, for the coefficienttof® , the expoes

a+b a+b
B 1 (e ) (- )

b—1
p (2p)a+ 2 t% —4pq

But this coefficient is the generating functiomyef, .,  quantity which is equal
to unity; because it is certain that player A has wWanset when he has won all
the tokens of B: moreover;  must be here zero orvan aumber, since the
number of trials in which A is able to win the sstequal tob plus an even
number; and, in effect, he must win all the tokens ,odii2l again win again each
token that he has lost, this which requires two triblte series

0 2 4
ya+b,0t/ + ya+b72t/ + y&+b74t/ + s

which represents the coefficient ¢f"* , is therefocgiad to ﬁ , and one
concluded from it

Bi (2p)a+b71 2 t% - 4pq

1—¢? a+b a+b*
g (F+/ —4pa) = (F— /=~ 4p)

Now the coefficient ot® , drawn from the developmentlad function II ),
always with respect to the powerstof , will be

a a
B 1 (b e —wa) —(F /i —4m)
d | - |
p (2p)a 2 t% —4pq

and by substituting for%1 its value, one will have thmefficient or the
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generating function of, ,» equal to

pr (b /E=m) - )

a
1—¢? a+b a+b
(5 /o —am) )

2bpbt’b (1 ++1- 4pqt’2)a — (1 —1- 4pqt’2)a
L=t (14 /T dpgt?) "™ = (1= /T dpgt®)"™"

this which is formulaq ) of th&@héorie analytique.

7=\ 4
7=\ —4pa

or
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