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63. The principal rules of this game ae, 1, that the banker deds with an entire
dedk composed o fifty-two cads, 2. That the banker draws al the cads in
order, puting the ones to the right, & and the others to his left, by commencing
a the right. 3. That to eat hand, a to eat ded, that is to say of two by two
cads, the punter has the liberty to take one or many cards, & to venture over a
ceatain sum. 4. That the banker wins the wager of the purter, when the cad o
the purter arrivesin the right handin an oddrank, & that he loses, when the cad
of the purter falls to the left hand and in an even rank. 5. That the banker takes
the half of that which the purter has wagered on hs card, when in the same ded
the cad of the purter comes twice, this which makes a portion d the advantage
of the banker. And finally, that the last card which ought to be for the punter, is
neither for him nor for the banker, this which is again an advantage for the
banker.

It is evident that the @ndtions of this game ae alvantageous to the banker.
The difficulty isto determine this advantage, because it changes, & acording to
the number of cards that are held by the banker, and also acording asthe cad of
the purter either has not passed, a has passed ore or many times.

1. The cad o the purter being only one time in the stock, the diff erence of
the strength of the banker and the purter is founded onthis, that among al the
diverse possble permutations of the cads of the banker, there is of them a
greder number which are winning, than there is of them which are losing, the



last cad being considered as null, & in this case it is easy to ndice that the
advantage of the banker increases in measure & the number of cards of the
banker diminish.

2. The cad o the purter being twice in the stock, the alvantage of the
banker is drawn from the probability that is this, that the cad o the purter will
come twicein the same ded; becaise then the banker wins the half of the wager
of the punter, except the sole cae where the cad o the purter would be in
doulet in the last ded, this which would give to the banker the entire wager of
the purter.

3. The cad o the purter being either threeor four times in the hand d the
banker, the alvantage of the banker isfounded onthe posshility that is this, that
the cad o the punter is foundtwicein the same ded, before it has comein pue
gain o pure lossfor the banker. Now this passhility increases or diminishes, &
acording as there ae more or fewer cads in the hand d the banker, &
acording asthe cad o the purter isfoundthere more or lesstimes. Of all thisit
follows that in order to know the avantage of the banker with resped to the
purtersin al the diff erent circumstances of this game, it is necessary to dscover
in al the different possble permutations of the cads that are held by the banker,
& and undx the suppasition that the cad of the purter is found, either one, or
two, o threeor four times, what are thase which make him entirely win, what
are thase which give to hm the half of the wager of the purter, what are those
which make him lose, & finaly what are the permutations which are neither
winning nor losing.

In order to resolve this problem, it is apropas to begin with the simplest case,
& next passto the more mwmpoundcases, it is hecessary to seek some uniform
law, & some analogy which is able to serve to dsentangle from all the possble
cases, the permutations which are alvantageous to the banker, those which are
indifferent to hm, & finally those which are unfavorable to him.

This way is not aways the shortest; but as one employs it frequently with
success & as it presentsitself first to mind, | follow it here in detail in order to
render it familiar to the reader: he may certainly passit if it isnot to his taste. |
will give next another method more sophsticaed, more analytic, & of an
infinitely more extensive use.



FIRST METHOD.

FIRST CASE.

On suppacses that there remain four cards in the hand d the barker, & that the
one of the punter isin it a certain number of times. The wncern isto determine
what is the strength of the barker & that of the purter: For example, if thereis
an eas for the card of the purter, one demands what portion d the ea the
purter must giveto the barker in order to buy theright of hiswithdraw, & to na
incur the risk of the game; or, this which remains the same, what isin this case
the disadvantage of the purter, in playing endto end aganst the barker.1

64. If one wants to expressthe four cards of the banker by the letters a, b, ¢, d,
ore will have dl the different permutations of four cards represented in the
foll owing table.

abed bacd cabd dabc
abde bade cadb dach
acbd bcad cbad dbac
acdb beda cbda dbca
adbc  bdac cdab dcab
adeb  bdca cdba deba

1. If one suppases that the cad of the purter designated by the letter a, isone
time in the four cards of the banker, & that the purter has wagered on hscad a
sum of money expressed by A, ore will note in considering the preceading table,
that there ae twelve permutations which give 2 A to the banker, six which make
him lose or which giveto him 0, & six which are indifferent to him.

Thaose which are the winning are:

abed  bead
abde bdac
acbd cbad
acdb cdab
adbe  dbac
adeb dcab

1 See the letter of Jean Bernoulli to Montmort dated 17 March 1710 and the reply by
Montmort dated 15November 171Q



Those which make him lose ae:

bacd cabd dabe
bade cadb dach

Thus expressng the sought strength by the letter s, orewill have

12x24A4+6x0+6x%x A4 5 1
= o _ZA_A+ZA'

S

2. If one suppases that the cad of the purter is foundtwice anong the four
cards of the banker, & that the two letters a & b expressthose of the purter, ore
will find that of the twenty-four permutations of the table, there ae twelve
which give 2 A to the banker:

acbd bcad cdba
acdb beda  cdab
adbec  bdac dcba
adeb  bdca dcab

Four which give to him %A, that isto say, his eau and the half of the one of
the purter:

abed  bacd
abde badce

Eight which make him lose:

cabd dabe
cadb dach
cbad dbac
cbda dbca

12x2A+4x 3 A+8x0

Thus one will have s = o =24A=A+1A

3. If one suppases that the cad of the purter is foundthreetimes among the
four cads of the banker, & that the three letters a, b, ¢, expressthase of the
purter, ore will find again the strength of the banker = A + 1 4; because there



are twelve permutations there which give to him 3 A.

abed  bacd cabd
abde bade cadb
acbd bcad cbad
acdb beda cbda

Six which giveto him 2A:

adbe bdac cdab
adeb  bdea cdba

Six which make him lose:

dabe dbac dcba
dach dbca dcab

12x3A+6X2A+6x0

Onewill have therefore s = = A+ 1A
4. Finaly it is evident that if the cad o the purter isfoundfour timesin the
four cards of the banker, the strength of the banker will be = A + 1A

COROLLARY I.

65. It seems by the solution in this first case, that if the wager of the purter is
one ea, he must give five sols which is the fourth o it to the banker, in arder to
buy the right of his withdraw, this is if his card is one time, or two times, or
threetimes in the four cards of the banker.

COROLLARY II.

66. There would be an infinite labor to seek the other cases in the manner that
ore has resolved this one in seaching in some tables the favorable & contrary
permutations; because the number becomes immense in a greaer number of
cads, aso | have put the precaling solution, orly in order to make me more
easlly understoodin the foll owing.

In order to resolve the precading case in a methodcd manner, & in order to
discover the dhances by the sight of the mind, it is necessary to nde,



That if the cad of the purter be one time in two cards, the strength o the
banker will be %A: Because of two passble permutations of two letters, thereis
one of them which gives 24, & one which givesto hm A; & if the cad o the
purter be in it more than ore time, the strength of the banker will be 2A4, this
which is evident.

It is necessary to olserve next that the cad of the purter being one time in
four cards, if one places the twenty-four possble permutations of four letters on
four columns, of which the first begin al by a, the second by b, the third by ¢,
the fourth by d, the first column will give 24 to the banker in al its
permutations.

And when partitioning ead of the threeother columns into three ©lumns of
two permutations, the one of these last three namely the one where a occupies
the second dace will give twice zero to the banker, & eat o the two final
others will give to the banker the same strength as he will have in the cae that
the banker halds two cads, the one of the purter being found or time there,
that isto say %A, this which gives the strength of the banker, as heredter

3
_ 1XG><2A+3X2><2><§A:@A:A+1A.

24 24 4

One will observe similarly that the cad dof the purter expressed by the letters

a & b being twice in the four cards, if one imagines the twenty-four different
permutations as the four cards may be receved, pu on four columns, as
heredter, the two columns which commence with the letters a & b, will contain
eat four permutations which will give 2A to the banker, & two permutations
which will give %A to hm: Because in the one there ae two permutations where
a isfollowed by b, & in the other there ae two permutations where b is foll owed
by a; & partitioning eat of the two ather columns of six permutations into three
others of two permutations, there will be two of these threewhich will give two
times zero to the banker, a & b occupying the second pace & the third will give
to the banker the same strength as he would have, if the cad of the punter was
foundtwicein the two cards; & consequently one would have ajain, acording
to thisidea the strength of the banker,

2X4X2A+2x23A4A+2x2x%x24 1
= o = ATt

One will natice ajain that the cad of the purter expressed by the letters
a,b, ¢, being threetimes in the four cards, the three ®lumns which begin with




the letters a, b, ¢, will contain ead two permutations which will give 2A to the
banker, & four permutations which will give to him %A, some two o the three
letters a, b, ¢, being in sequence, & when partitioning the last column which
commences with d into three ®lumns of two permutations, ead o the three
will give twicezero to the banker, in away that his grength will be ajain

IX2X24+4x3A+1x%x0 1
TAXp AT = A+ A
24 4

Finaly it is evident that the cad of the punter expressed by the letters
a, b, c,d, being four timesin the four cards, the four columns which commence
with the letters a, b, ¢, d, will contain ead six permutations, which will give to
the banker %A, since dl these different permutations will necessarily produce a
douMlet; whenceit foll ows that the strength of the banker will be A + %A.

All thisis founded onthe order of the permutations, & it will be darified by
the gplicaionthat | will make of it in the foll owing.

COROLLARY IIl.

67. Whatever number of cards that are held by the banker, if that of the punter is
foundthere only one time, the alvantage of the banker will be expressd by a
fradion which will be unity for the numerator, & for denominator the number of
cads that are held by the banker: because six cards, for example, are ale to be
arranged in 720 different ways, it is clea that if one imagines all these different
permutations put on six columns of one hunded twenty permutations ead, in a
way that in the first the letter « is everywherein thefirst place that in the seaond
it is everywhere in the second gace that in the third it is everywhere in the third
place and thus in sequence, the first, the third & the fifth columns will give 2A
to the banker in al their permutations; the second & the fourth will give to him
zero, & the sixth will giveto hm A. One will have thus
3x120x2A4+2x120x 0+1x120x A 840

1
_ S A A S A
iy 720 720 *%

And in generd, if one names p the number of cards of the banker; m the
number of all the passble permutations of these cads, ore will have dways the



strength of the banker expressed by this formula

1 m m
spX 2448 x A A
5= 2 P P =A4+ —.
m p
SECOND CASE.

One suppases that six cards are held by the barker, & that those of the punter
are in them a certain number of times. One requires what is the strength o the
barker in dl the \ariations of this mndcase.

68. Let be suppased that the cad o the purter isfoundtwicein the six cards.

If these six cards are represented by the six letters a, b, ¢, d, e, f, g, insuch a
way that any two, for example, a & g expressthose of the purter.

One will remark, 1,that oneisableto pu the seven hunded twenty diff erent
permutations that six cards are ale to receve on six columns, of which eat
will be composed of one hunded twenty perpendicular ranks; in such away that
the first column begins al with the letter a, the secondwith the letter b, the third
with the letter ¢, & thusin sequence

2. That the two columns which begin with o & with ¢, are eab eighty-six
perpendicular ranks, which give to the banker 2 4, and twenty-four which give to
him %A: becaise eab rank of these two columns give 2 A4 to the banker, to the
exception d those two where ¢ is followed by ¢ in the first, & where g is
followed by « in the last. Now five letters are @le to receve 120 dfferent
permutations, & ead is found recessarily an equal number of times after a in
the first column, & after ¢ in the last, it is evident that it is necessary to dvide
120 by 5, in arder to have dl the douldets in ead o the two columns which
commence ether with a, or with ¢g. This remark isimportant for the solution o
thisproblem, & it is necessary to the solution d it in the foll owing.

The greaest difficulty, thisisto dscover what the four other columns give to
the banker. In order to disentangle it, it is necessary to remark first that ead of
these four columns give an equal strength to the banker (this which is evident,)
& that thusit suffices to examine one. Let the @lumn which commences with b,
be the one which ore wants to examine; & for greder fadlity, | partitionit into
five wlumns of twenty-four permutations ead.



1 2 3 4 5)
bacdfg bcadfg bdacfg bfacdg bgacdf
bacdgf becadgf bdacgf bfacgd bgacfd
bacfdg beafdg bdafcg fbadcg bgadfc
bacgdf becagfd bdagef bfaged bgafcd
bacgfd becagdf bdagfc bfagdc bgafdce

badcfg bedafg bdcafg bfcadg bgcadf
badcgf bedagf bdcagf bfcagd bgcafd
badfcg bedfag bdcfag bfcdag bgedaf
badfgc bedfga bdcfga bfcdga bgedfa
badgfc bedgaf bdcgaf bfcgad bgefad
badgcf bedgfa bdcgfa bfcgda bgefda

bafcdg befadg bdfacg bfdacg bgdacf
bafcgd befagd bdfage bfdage bgdafc
bafdcg befdag bdfcag bfdcag bgdcaf
bafdgc befdga bdfcga bfdcga bgdefa
bafgdc befgad bdfgac bfdgac bgdfac
bafged befgda bdfgeca bfdgca bgdfca

bagedf begadf bdgacf bfgacd bgfacd
bagcfd begafd bdgafc bfgadc bgfade
bagdcf begdaf bdgcaf bfgcad bgfcad
bagdfc begdfa bdgcfa bfgeda bgfcda
bagfcd begfed bdgfac bfgdac bgfdac
bagfdc begfda bdgfca bfgdca bgfdca

It is easy to seg in consulting this table, that the first and the fifth columns
give zero to the banker, sincein the first the letter a, & in the fifth the letter ¢
had the seand pacethere, & that ead of the three other columns contain
twelve permutations which give 2 A to the banker, eight which give to hm zero,
& four which give to him %A, that is to say, that ead of these three @lumns
give the same dhances that one has foundfor the banker in the preceding case,
when ore has suppased that he would hdd four cards, among which those of the
purter will be foundtwice of which the reasonis that the first two letters of the



sewnd, third & fourth columns of the table &ove ae naot those of the purter,
there remain four letters, among which thase which express the cad o the
purter are foundtwice this which is reduced manifestly to the second article of
the precealing case, where the cad of the purter isfoundtwicein four cards.
Thus the olumn which begins with the letter b will give to the banker
2X24x0+3x8x0+12x2444x 3A=90A. Now the @lumns of 120
permutations which begin with ¢, with d, & with f, give the same value, &
consequently in order to have dl the favorable moves that the four columns give
which begin neither with a, nor with g, it is necessary to multiply 90 A by 4, this
which makes 360A; to which adding 2 x 96 x 24 + 14 x %A = 456 A for the
favorable moves that the awlumns give which begin with ¢ & with ¢, ore will
have 300444564 _ 816 4 — 4 4 2 A for the strength of the banker in the

720 720
proposed case.

COROLLARY

69. Whatever number of cards that are held by the banker, if those of the purter
are encourtered there twice in order to find the strength o the banker, it is
necessry to imagine dl the possble permutations of the cads which he hods
on as many columns as there ae cads; & to nde next that the two columns
which begin with the letters which expressthe cad o the purter, give eat 24
to the banker, with the exception d the ranks, where one of the letters which
expresss the cad o the purter is next to the other, which permutation gives
3A

5 A.

In order to find hav many there ae of those ranks in ead o the two
columns, it is necessary to divide dl the permutations which compose them by
the number of the cads lessone; the exporent of this division will expressthe
number of the permutations which give %A in ead o the two columns. In order
to determine that which the other columns gives, ore imagines eat partitioned
into as many columns lessone than there ae cads; & observing a permutation
paralel to that of the two precaling tables, ore will find that there ae dways
two of these last columns which give zero to the banker, the two letters which
expressthe cad o the punter occupying the second pacethere; & that ead of
the others equal to this will give to the banker the same strength as he will have
in the precading case, that is to say in the cae where the number of the cads of
the banker being lessby two, thase of the purter would be twicethere.

10



There is in the remarks of this corollary what consists the solution d the
problem for the cae where the cad o the purter isfoundtwice anong the cads
of the banker. | would have had dfficulty to well make understood this method,
withou making applicaion d it in some particular cases, & withou my making
use of the table which isfound,art. 68.

GENERALLY.

70. Whatever number of cards that the banker holds, & whatever number of
times that the cad of the punter be anong those of the banker, ore will find
always his grength in this way. 1. One will seek by the method d art. 64, the
number of al the different possble permutations of the cads of the banker. 2.
One will represent these cads by the lettersa, b, ¢, d, f, &c. & onewill suppcse
that some & will designate those of the purter. 3. One will imagine dl these
different permutations distributed onas many columns as there will be cads; in
such away that the first begins al with the letter a, the second with the letter b,
the third with the letter ¢, &c. 4. One will note that the @lumns which begin
with the letters which designate the cad of the punter, give 2 A to the banker in
all their permutations, with the exception d those where some two of among the
letters which expressthe cad of the purter, are foundin sequencein the first &
in the second gdace thiswill give %A.

In order to find the number of those permutations in eat o these @mlumns,
one will divide the number of permutations from which ead column is
compased by the number of the cads of the banker lessone, & one will multiply
the exporent by the number of times lessone that the cad of the purter isfound
in those of the banker; this product will give dl the permutations of these
columns, which give 3 4.

In regard to the other columns which begin with some letters different from
those which expressthe cad o the punter, it is necessary, in order to discover
the favorable permutations there, to imagine them ead pertitioned & subdvided
into as many columns lessone, as there ae cads, & to have regard to the order
marked in the tables on pages 80 and 86 to olserve that of those last columns
there ae dways as many which give zero to the banker, as of times the cad of
the purter is foundin those of the banker; & as eat o the other small columns
give to the banker the same strength as one has foundin the cae which has
precaled; that is to say in the cae where the number of cards of the banker
being lessby two, the cad of the purter isfoundthere an equal number of times.

11



Thus one will find among all the diff erent posgble permutations of the cads
which are held by the banker, which are thase which give to him either A, or 24,
or %A, or zero; consequently one will have by this method the strength of the
banker in al the passble cases: that which iswas necessary to find.

In following the spirit of this method, if one names p the number of cards
that are held by the banker, ¢ the number of times that the cad of the purter isin
those of the banker, ¢ the strength of the banker in a number of cards expressed
by p—2, S the sought strength: one will have the strength of the banker
expressed by thisformula.

PI—qi X 2A+qq—qx3A+gxp—qgxp—q—1
pxp—1

One is able to find by this formula the strength of the banker, whatever
number of cards that he have within his hands, & whatever number of times that
the cad o the purter is contained there. But this formula has this very grea
inconvenience of giving the alvantage of the banker for a cetain number of
cads designated by p, only when ore knows arealy his advantage for a number
of cadswhich are p — 2. Thus this formulais only able to be useful in order to
find all the different cases the one dter the other, in beginning with the most
simple. Thence here is one other, which gives withou much cdculation all the
different cases in genera, & ead case in particular independently the one from
the other.

S:

SECOND METHOD.
71.Let B bethe alvantage of the banker at the first ded, when the purter comes

to pu a cad into play, ¥ his advantage & the second, z his advantage & the
third, » his advantage & the fourth, &c. p & ¢ signifying the same things as in

12



the precading method, ore find
¢q-1 1, p-ap—q-1

B= — ,
pp—1 2 p.p—1
q—1 1 —q—2p—q—3
y— 94 wlayp=a=2p=a=3
p—2p—3 2 p—2p—3
q—1 1 —q—4p—q-—
P iy p-a-4p—a 5’
p—4p—5 2 p—4.p—>5
q-—1 1 —q—6.p—q—T7
UZLX—A—I—Z) q P4 s, &C.
p—6.p—T7 2 p—6.p—7

If one substitutes for y, z, u, s their values, ore will have this indefinite
formula
p—qp—qg—-1 p—qp—q—-1lp—q—2p—q-3
p—2.p—3 p—2.p—3p—4p-—5
p—qp—q—lp—q—2p—q—-3p—q—4p—q-—5

p—2p—3p—4p—5p—6.p—7T
p—q-p—q—1-p—q—2-p—q—3-p—q—4-p—q—5-p—q—6-p—q—7&C
p—2p—3p—4p—-5p—6p—Tp—8p—9 '

B=1+

+

+

the whole multiplied by ?ﬁ X %A. which gives the alvantage of the banker,

whatever be the value of p & of ¢. Therefore, for example, if p =12, & ¢ = 3,
the formula gives

1 4+2 1
B= Ors8+0+d+ ><3><2><—A:3A;
12.11.10 2 44
& if p=12, & ¢ = 4, theformulagives
4
5_ 5+28+15+6+1X4321X1A:£A;
10.9 12.11 2 198
& if p=12,& g = 5, theformulagives
12 2 4 4.3.2.1 1 2
5_ 0456420+ ><5 3 ><—A:—5A.

10.9.8 12.11 2 198

In examining this formula one finds,
1.That ¢ being = 1, it beaomes = 0; but that by the cnditions of the game,
because of the last card which isnull, it is necessary to add %.

13



2.That ¢ being = 2, it becomes
2x1
pp—1

1
1+14+1+1+1&C x ><§A.

But that by the condtions of the gameit is necessary to multiply the last of these
units for % by A, & not by £ A.
3.That ¢ being = 3, it beaomes

-2 —4 —6 —10 3% 2 1
u Tp +p Tp + &cC. % X x —A.
p—2 pp—1 2
4.That ¢ being = 4, it becomes
—2p—3 —4.p—5 —6.p—7 —8p—9 4%x3 1
p p TP p P p TP p &c. x x —A, &c.
p—2p—3 pp—1 2
5.That ¢ being = 5, it beaomes
p—2.p—3.p—4—|—p—4.p—5.p—6—|—p—6.p—7.p—8+p—8.p—9.p—10_|_&C.>< 5x4 xlA.
p—2p—3p—14 pp—1 2

In such a way that in eat sequence dl the terms are composed of as many
products as there ae unitsin ¢ — 2.

6. That these products provide multiples of the figurate numbers of the order
q — 1, interposed two by two, which correspondto some natural even numbers,
beginning with those which correspondto p — 2: Whenceit follows that in arder
to find the fradion which expresses the advantage of the banker, ore is able to
make thisrule.

The denominator will contain as many produwcts of the quantities
p.p— L.p—2.p— 3, &c. asthere ae unitsin ¢. In order to have the numerator it
will be necessary to take in the aithmetic triangle, art. 1, a horizontal rank, o
which the row number is ¢ — 1, to add into a sum all the terms of this rank taken
two by two, beginning with that which corresponds to p — 2; to multiply this
sum by as many products of the natural numbers 1,2, 3,4,5,6, &c. asthere ae
of unitsin ¢, & to multiply it again by %A, having regard to the two exceptions
marked abowve, the one for the cae ¢ = 1, the other for the cae g = 2.

In order to reduce this rule to some formulas which determine dl at one
strike, in substituting for p its value, the alvantage of the banker for whatever
number of cards that this be, when the cad o the purter is foundthere a cetain

14



number of times expressed by ¢. It will sufficein the cae of ¢ = 3 to find the
sum of an arithmetic progresson; in this manner the first three caes where
g=1=2=23 are nat difficult. In regard to the others, ore has neal o the
general solution d the problem which foll ows.

To find the sum of a progresson d which each term is formed o as many
products of quartities which deaease fromunity asthere are unitsin ¢ — 2.

72.1f ¢ = 5, for example, it is necessary to find the sum of this progresson

p—2p—3p—4+p—4p—5p—6+p—6p—T7p—8+p—8p—9.p—10+&c.
Andif ¢ = 6, it isnecessary to find the sum of this sries
p—2p—3p—4p—5+p—4p—-5p—6p—T+p—6p—Tp—8p—9+&cC

& thusin sequence in relationto the diff erent values of ¢; this which is the same
thing as to find generally the sum of the numbers interposed two by two in the
arithmetic triangle.

One muld cometo the end d it easily enough by the genera method d art.
54. 1 will employ here amore dired method, founded ona airious property of
figurate numbers.

LEMMA.

If one takes an even number at will of figurate numbers of any order whatever,
the sum of those which are foundeven, that isto say those whichin Table 2, Art.
7, are foundin the second, fourth, sixth, eighth, &c. place, is equd to the exces
of thase which in the following rank are found correspondng to the evas of
superior rank onthose which are foundcorrespondngto the odds.

73. As this exposition may appea obscure, | am going to ill ustrate it by an
example. Let be taken the first eight numbers of fourth order 1, 4, 10, 20, 35,
56, 84, 120; | say that the sum of the four 4, 20, 56, 120, which are taken in the
sewnd, fourth, sixth, eighth placeis equal to the excessof these 5.35.126.330,
which are taken in the 2nd, 4h, &h & 8th placeof the rank immediately inferior
onthesg, 1, 15, 70, 210, which arein the 1st, 3rd, 5h & 7th paceof this same
rank.
Oneisableto demonstrate dso in afew words this property.
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Let the numbers of any order be represented by the letters a, b, ¢, d, e, [, g, h.
The numbers of the order immediately inferior will be by the nature & the
formation d these numbersa, a +b, a+b+c¢, a+b+c+d, a+b+c+d
+e a+b+c+d+e+f, a+b+c+d+e+f+g, a+b+c+d+e
+ f+ g+ h. Now it is evident that subtrading within this ndrank the first
from the second, there remains b; & that subtrading the third from the fourth,
there remains d; & that subtrading the fifth from the sixth, there remains f; &
that subtrading the seventh from the eaghth, there remains h; & thus in
sequence, by the necessty of the relationship which is among any order & the
one which follows it immediately.

In order to make goplicaion d thisLemma,

Let be propased to find the sum of the numbers of the seacond rank taken two
by two 2 + 4 + 6 + 8 + 10, in naming g the number of the terms comprising the
evens & the odds: here is the sequence of the operation.

g+1
2+4+6+8+10&c.:gi; _1-3-5-7-98&c
g.g.—l—l 1
= —g—2—4—-6—8—10&c.
12 Y
Therefore in transpasing,
1 g+1
2x2+4+6+8+10+&0=§g+gi;.

Therefore

1 1 gg+1
24+444+6+8&C. = — — X
TATh 29T T

Let be ayain propcsed to find the sum of those numbers of the third order
3+ 10+ 214 36 + 55, &cC.
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One has

3+104+214+36+55&Cc.=24+44+6+8+10&cC.
+1+6+15428445&c.
1 1 gg+1

= g+- 1+6+15+28+45 &c.
9t X T g T1+6+15+28+
gg+1lg+2

=22 2 - _1-6-15-28—45&cC.

1.2.3
_99tlg+2 1 g9+l
T 123 27 1.2

1
+49-3-10-21-36-55&c

Thereforein transposing & dividing by 2. One has

1 gg+1lg+2 1
1 21 &C.= - X —/—/———— + — .
3+10+ 21+ 36+ 55 2>< 193 +4 19 3

One will find in the same manner the sum of the numbers of the fourth order
correspondng to the even natural numbers

1 gg+1g+29+3

A+ 20+ 56+ 120 + 220 &C. = = x
2000+ 12U+ 2 1.234
1 gg+1lg+2 1 gg+1 1
1T 123 t8X 12 g™

And the sum of the numbers of the fifth order

gg+1lg+2.9+3.9g+4
1.2.3.4.5
gg9g+1lg+2.9+3
1.2.3.4
gg+1l.g+2
1.2.3
g.g+1 1

— X — X g,
T 12 T3 XY

5435+ 1264+ 3304 715 &cC. =

+ N | —
X
L 00| = s |

X

+ = X

& thusthe remainder, ore sees sufficiently the order of these sequences.
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Having put this as above, ore will find by that which precales, that the sum
of this ®gquenceg+g—2+g—4+9g—6+g— 8+ &cC.is
lgxg+1 1

5 12 17

Andthat the sum of this ssquence £&1  ¢24=3 4 9195 | 9=04-T | g¢,

1 g+1lgg—1 1 gg—1 1 1
S il AR R
2 123 4% 12 Tty

One will find in the same manner that the sum of this squence £4-14-2 |
g—2.9—3.9—4 + g—4.9—5.9—6 + 9—6-9—7-9_8’ + &cC. is

1.2.3 1.2.3 1.2.3
1 g.9—1.g— g—1l.g—
_ 1 9+tlgg-1yg 2+}X99 l.g—2
2 1.2.3.4 4 1.2.3
1 g—19g-—2 1
— X — X g—2
3 12 16

: . g.9—1.9—2.9g—3 g—2.9g—3.g—4.g—5
And again the sum of this sequence Thd T T557 +

g—4.g—5.g—6.9—7 g—6.9—7.g—8.g—9
1.2.34 + 1.2.3.4.5 + &c.

. 1 % g+1lgg—1lg—2.9—3 n 1 o gg—1l.g—2.9g—3
) 1.2.3.4.5 4 1.2.3.4
1 g—-1lg—29—-3 1 g—2.9—3 1 1
S —x " — — 34+ —.
T 123 Y6 12 T3 X970t

& thus all the others. One sees without difficulty the order of these sequences.

It is evident by the Lemma &owe that having the sum of the numbers
interrupted two by two, & correspondng to the even natural numbers, ore will
have dso the sum of those which correspondto the odds; since having the whole
& one of the parts of the whale, ore has the other part.

But in general, here is the rule in arder to have the sum of the figurate
numbers taken two by two, which correspondto the natural numbers either even
or odd, & at the same time the demonstration d therule.

If one requires the sum of the terms of any order m taken two by two, d
which the first corresponds to g which designates here an even or an odd nunber
at will . One knows that in the inferior horizontal rank, which ism + 1, the term
which corresponds to g + 1 is equal to al the terms of the order m taken in
sequence, from the perpendicular column where is found ¢, up to zero.
Imagining therefore dl the terms of the rank m, to begin with the term which
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corresponcs to g, divided into two urequal parts, of which the greder is that
which ore seeks, & of which thefirst term corresponds to g, one has this greaer
part = 1 of the term of order m -+ 1, which corresponds to g + 1 plus $ of the
difference of the two urequal parts; & by the Lemma, this differenceis the sum
of al the terms of order m — 1 taken two by two, to begin with the one which
corresponds to g — 1. In order to have the sum of these terms, in making as
abowe, it is necessary to take % of the term of order m which corresponds to g,
+ £ of the differencewhich is the sum of all the terms of order . — 2 taken two
by two, to begin always with that which is g — 2, or correspondng to g — 2, in
continuing up to the last difference

As this demonstration may seam a littl e astrad, | am going to try to clarify
it by two examples which foll ow.

Let be propcsed to find in the fourth rank, Tab. I. the sum of these terms
...1204+56+20+4 which correspond to the naturad numbers
...10+8+6+4. | note that this squence is greder than the one
...84 4+ 35410+ 1, & that it surpasss it by the sum of these other numbers

...36 + 21 + 10 + 3 which is the difference of them. Now one knows that the
greater of the two quantities is equal to the half of the total, plus to the half of
their difference Imagining therefore the entire sum ... 120 4 84 + 56 + 35 +
20+ 10 + 4 + 1 = 330 partitioned into these two urequal parts. | say that the
greaer, which isthe one of which ore seeksthe sum, is

1 1
:§><330—|—§><36—|—21—|—10—|—3;

& se&ing in the same manner the sum of this squence 36 + 21 + 10 + 3,
which surpasses that other 28 4+ 15 4+ 6 + 1 by the sequence8 + 6 + 4 + 2.
Onewill findit

1 T
=5 X120+ o x8F6+4+2

& seeking again the sum of this squence 8 + 6 + 4 4+ 2 greaer than this one
7+ 5+ 3+ 1bythesequencel + 1+ 1+ 1, orewill findit

1 T
:§x36—|—§><1—|—1—|—1—|—1,

& seeking again the sum of this last sequence, orefindsit
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—1><8+1><0
92 2 ’

because the differenceis zero. One will have therefore the sought sum

1
:—><330—|—§><36—|—21—|—10—|—3

1 ) —
X330+ZX120+ZX8+6+4+2

1 1 1 -

1 1 1
X330+ - x120+ — x 36 + — X 8§,
+4 +8 +16

N RN RN =N =

conforming to the formula given above

1 g+1lgg—-—1g—2 1 gg—1g—2 1 g—1g—2 1
e I M G e e & )
2 1.2.34 T 123 '8 12 16 ~Y

Let there again be propaosed to find in the fifth rank the sum of these terms
2104+ 70 + 15+ 1, & suppaing for brevity of discourse the difference of this
sequenceto this other 126 + 35 + 5 + 0, which is 84 + 35 + 10 + 1 = b; & the
difference of this squence 84 + 35+ 10+ 1 to this other 56 4+ 20 + 4 4 0,
which is 284+ 15+6+1=¢. And the difference of this <wquence
28+ 15+ 641 to this other 21+ 10+ 3+ 0, which is 7+ 5+ 3+ 1 =d.
And the difference of this squence 7 + 5+ 3 4 1 to this other 6 + 4 + 2 + 0,
whichis1+ 1+ 1+ 1 =¢; & the differenceof this £quencel +1+ 1+ 1to
thisother 1 + 1+ 1 + 0 = 1, orewill have the sought sum

1 1
= — x 462+ =b

2 +2
—1><462+1><210+1
~ 3 A 1€

1 1 1 1
= X462+ - x 2104+ = x 84 + —d

2 +4 +8 +8
—1><462+1><210+1><84+1><28+1
~ 3 A 8 16 16°
—1><462+1><210+1><84+1><28+1><7+1><1
) 4 8 16 32 32 ’
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conforming to the formula given below

1 o g+1lgg—1g—2.9—3 n 1 . 99~ l.g—2.9g—3
2 1.2.3.4.5 4 1.2.3.4
1 g—-1lg—29—-3 1 g—2.9—3
+ 8 1.2.3 + 16 1.2
+ = X 3+ = x 1
32 7 32

It is a propcs to olserve that al the numbers of these sequences, which are
divided by different powers of 2, are foundin the transverse band, d which the
row number is g —m — 2, & that the first which is divided by the smallest
power of 2, is found aways in the perpendicular band which corresponds to
g+ 1, that isto say, of which the row number is g + 2.

THE REST OF THE SOLUTION

74. 1t is clea by al that which precales, that in order to have some formulas
which expressthe alvantage of the banker in Pharaon for all the different values
of ¢. It sufficesto pu everywhere p — 2 in the placeof ¢ in the formulas of art.
73, to multiply them by as many natural numbers 1,2, 3,4, 5, 6, &C. as there ae
unitsing, & again by %A, & to dvisorthemby p.p — 1.p — 2.p — 3, &C.

If one wishes to seg for example, the formula for the cae of ¢ = 3, in
putting p — 2 in the placeof g in the formula% X % + leg, ore will find for

the sought formula
1p=2p-1 , 1
3 12 T 4P 2
pp—1.p—2

3x A
Axp—1'

1
x1.23.x -A=
2

& likewise if one wants to have the formula for the cae of ¢ = 4, in puting
p — 2 inthe placeof g in the formula
g+lgg—1 1 gg—1

1 1
2% 123 1% 12 T3

1
Xg—1—|—§><]_,

one will have the sought formula

P} PP A X P 4 i xp =34 1,
x1234%x A=
pp—1lp—2.p—3 2

2p—5x A
2xpp—4p—3
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Here aethe principal casesthat | have put in formula

BL-
p
p+2

2Xpp=p

=
[l

2xXpp—4p+ 3
p—2
pp—A4Ap+ 3
2pp — 13p+ 16
p*—9pp+ 23p— 15
2pp — 12p+ 13
PP —9pp+23p— 15
4p3 — 50pp + 176p — 151
pt — 16p3 + 86pp — 176p + 105

B
[[er
X

Q
lle>
X

||~
RO = 0o ~T e ] Ot

X

2

=
X

The first of these formulas expresses the alvantage of the banker, when the
cad o the purter is found ore time in the hand. The 2nd C' expresss his
advantage when it is foundtwicein it. The 3rd D expresss his advantage when
it isfoundthere threetimes, & thusthe others.

If one wishes to have asequence which gives the alvantage of the banker,
the values of p & of ¢ being arbitrary, ore will have in multiplying the first term
of the sequences that | have given in art. 73, by as many products of natural
numbers as there ae units in ¢; or, this which is the same thing, by
qq9—1.qg—2.q—3.---q —q, & again by %A; & dividing by as many products of
the quantities p.p — 1.p — 2.p — 3.p — 4, &c. as there ae units in ¢, one will
have, | say, in reducing term by term, & cancding that which is found in
common in the numerator & in the denominator, this general & very simple
formula,

_Xg_l_lxq.q—l ixq.q—l.q—Q ixq.q—l.q—Q.q—fi
4 p pp—1 16 pp—-1p—-2 32 pp—1lp—2.p—3
1 " gq—1lq—2.q9—-3.9q—14

— &c.
+64 p.p—l.p—Q.p—B.p—4+
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in which it is necessry to nae that when ¢ is an odd nunber, it is necessary to
take & many terms as ¢ — 1 expresses in unts; but when ¢ being an even
number, it is necessary to take & many terms as there ae units in ¢, & to
multi ply the last term by 2.

REMARK

75. One is able to observe that in the method that we have followed, we have
always considered the terms taken two by two of which we seek the sum, as
knowing the greder of two urequal parts which compose the total; &
consequently it was aways necessary to add to that the half of the difference
Now if one would wish to consider the sought sum as making the small er part of
the uninterrupted sequence if would be necessary to consider this entire
sequence aigmented by terms which correspondto g + 1, & thus in sequence of
rank to rank; then ore would have dways the sum that one seeks equal to the
half of the total, lessthe half of the difference & thistotal would be foundin the
inferior horizontal rank, to that which corresponds to p + 2; in continuing
always in this manner instead of the terms of the transverse band d which the
row number is g — m + 2, one would have the terms of the perpendicular band
g + 3, with the signs plus & minus aternately. The remark reveds the base of
the diff erence that one finds between my formula @owve, & that which foll ows,
of which M. Nicolas Bernouli2 has made me part in the Letter of 26 February
1711 that onewill findat the end d thisbook.

1>< q 1>< gq—1
4 p—q+1 8 p—q+lp—q+2
LN qgq—1l.qg—2
16 p—qgq+1lp—qg+2p—qg+3
1 qgq—1.g—2.q—3

=% + &cC.
32 p—qg+lp—qg+2p—q+3p—q+4

This last seams preferable, in this that one employs only as many terms as
there ae unitsin ¢ — 1, instead as in mine, when ¢ is an even number, it is
necessary to take a many terms in the sequence a there ae unitsin ¢; & in this
case to multi ply the last term by 2: this exception subtrads in some way from the
uniformity of the formula. But this advantage is able to be cmmpensated by the
aternate signs & the ¢ which is foundin the denominator of M. Bernouli, &

2 Seethe remark by Nicolas Bernoulli .
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principaly becaise one operates there on greaer numbers. In arder to make the
comparison, let be proposed to find the sum of those numbers, for example,
which are of the fourth order, 120 + 56 + 20 + 4 = 200. One has by my
formula £ x 330 + } x 120 4+ § x 36 + & x 8. And acawrding to that of M.

| 1 1 1
Bernoul|,§ X 496 — 5 x 220 + g x 66 — ;5 X 12.
REMARK II.

76.1 have prepared two tables on the first four formulas, art. 74, in the intent to
please the players, & to satisfy their curiosity. In order to understand the usage, it
is necessary to know that in the first the number contained within the cdl [
expresses the number of cards that the banker halds; & that the number which
follows, either the cdl in the first column, a two pants in the other columns,
expresses the number of times that the cad of the purter is suppcsed to be found
in the hand d the banker. The usage of the sewmnd table is to give some
expressons less exad to the truth, bu more simple & more intelligible to the
players, of the fradions which in the first designate with preasion the alvantage
of the banker. It is necessary to knaw in order to understand this table, that this
mark > signifies excess & this other < defed; in such away that | intend by
> 1 < 1 aquantity gredter than 1, & smaller than 1.

One is able to make, by relationship to the numbers of the first table, many
rather curious observations. Here ae the most important.

COROLLARY I.

77.In thefirst table the advantage of the banker is expressed in the first column
by a fradion, d which the numerator is aways unity, the denominator is the
number of cards which are held by the banker.

In the second column this advantage is expressd by a fradion, d which the
numerator is acaording to the sequence of natural numbers 1,2, 3,4, &c. the
denominator has for difference anong these terms the numbers 18, 26, 34,42,
50, 58, of which the differenceiss.

In the third column the numerator is aways 3, the difference which rulesin
the denominator is &.

In the fourth column the difference is aways 4 in the numerator, the
denominator has for difference anong its terms the numbers 24, 40, 56, 72, 88,
&c. of which the differenceis 16.
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Oneis able ayain to olserve ancther uniformity singular enough among the
last digits of the denominator of ead term of a clumn.

In the first column the last digits of the denominator are acording to this
order 4, 6, 8, 0, 24, 6, 8, 0, 2| &c. In the second they are acording to this
order 2, 0, 6, 0, 2|2, 0, 6, 0, 2| &c. In the third they are acording to this order
2,0, 8, 6,42, 0, 8, 6, 4] &c. In the fourth they are acording to this order 6,
0, 0, 6, 86, 0, 0, 6, 8] &c. One will see&k with peasure the caise of this
uniformity.

COROLLARY I

78. One may by means of these tables find all in ore stroke how much a banker
has in advantage on ead cad. One may likewise know how much ead
complete ded will have, in equal risk, to bring profit to the banker, if one
remembers the number of cards which have been taken by the punters, of the
diverse drcumstances in which ore has wagered onthem in the game, & finally
of the anourt of money that one has ventured upon.One will find apparently
that this advantage is very considerable. One would give to him fair limits in
establi shing that the doulets were indifferent for the banker & for the purter, or
a least that they are worth solely the third or the fourth of the wager of the
purter. Thus that which would remain advantage to the banker, would be
sufficient for making preferenceto the players who understand their interest, the
placeof the banker to that of the purter, & it would nad be wmnsiderable enough,
in order that the purters would suffer by them much prejudice

COROLLARY IIl.

79. So that the punter taking a cad have the least disadvantage which is
possble, it is necessary that he dhoase one which has passed twice becaise
there would be greaer disadvantage for him, if he would take one cad which
has passed orce & greaer disadvantage ajain, if he would take a cad which
has pas=d threetimes; & finally the worst choice that a purter is able to make,
thisisto take a cad which has not passed yet.

Thus one will find, for example, that suppasing A is equal to ore pistole3,
the alvantage of the banker which would be nineteen sols two deniers, in the
suppasition that the cad of the purter was four timesin twelve cads; & sixteen
sols eight deniers, in the suppasition that it was once there, is no more than

31 pistole = 200s0ls, 1 sol = 12 cenier.
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thirteen sols sven deniers, when in these twelve cads that of the purter isfound
there threetimes, & ten sols sven deniers when it isthere only twice
One will note the same thing with resped to al other number of cards.

REMARK 1.

80. The persons who have not examined at foundation the game of Pharaon & of
Basstte, could find to criticize, that | have not spoken o the masses?, of the
parolis®, of the paix, of the sept & the vaS, &c. becaise the majority of the
players imagine that there is in everything that much mystery. | have known of
them who bkelieved to have good reasons to prefer to wager four Louis on a
simple cad to make the paroli of two Louis, or the sept & the va of one Louis. |
have seen ahers of them who were persuaded that there would be much
advantage to make frequently of the paix: neverthelessit is evident that, since
the purter has the liberty to take anew card at ead time that he loses or that he
wins such asit is pleasing to him, he must nat embarrasshimself if thisis either
asept & theva, or aparoli, or apaix, or adoulde paix, &c. Becaise to make the
paroli of a Louis is nothing other than to wager two Louis on ore cad, after
having won a Louis; & to make the sept & the va of a Louis is nothing other
than to wager four Louis on ore cad, after having won three of them; &
similarly to make the paix of one Louisis nathing other than to wager aLouison
one cad, after having one Louis onthat same cad.

One has apparently invented the parolis, the sept & the va, &c. only in order
to spare the banker the difficulty of paying thase who have intent to wager on
their cards the doule of that which they have just won: norethelessit would be
more useful to the bankers to take this care, than to be exposed, as they make
him, to that which ore names Alpiou ce Campagne’.

For me | believe that the bankers have not abali shed the usage making these
points, of which the grea number cause in the game a ©onfusion which is often
prejudicial to the banker, & and which favors the misdiredions of the purters, it

4 The masse is a cetain sum of money that one wagers in a game in order to lose or to win
so much acordingto the established rules.

5 A paroli i s the double of that which one has gambled the first time.

6 1n a game of cards one cdls a sept the cad which is marked with seven pips. One says in
the game of Bastte, of Pharaon, etc. Sept et la va, quinze d le va dc. in order to say, seven
times, fifteen times the vade. This vade is the sum which is controlled by the players of which the
first to go in the game is obligated to leave.

7 This =ams to be the a¢ of knavery in which a player claims to score without his card
having comeinto gain.
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is that the bankers have well seen that the majority of men do na judge these
things by reason, such a purter who would make withou difficulty the sept &
the va of one Louis, believing to risk only one Louis, could nd resolve to wager
four Louis on ore smple cad. Besides for the usual it isin the last cards, when
the advantage of the banker is most considerable, that the purters are stung &
make the parolis, the sept & the va, &c. that which shall compensate them with
usage of the misdiredions to which they are that way exposed, bu of which they
it is not moreover impassble to guaranteethemselves with much applicaion, &
with the ad of a qouper.

REMARK II.

81. It was easy for the players themselves to understand that the advantage of the
banker increases in propartion as the number of his cards diminish; but it was
impossble to dscover withou analysis the law of this diminution, & this which
is most important, to know how this advantage varies acording as the cad o
the purter is found more or lesstimes in the hand d the banker. The players
have aswredly never been able to imagine that the advantage of the banker, in
relation to ore cad which has not passed, is nealy doule of that which he has
on ore cad which has passed twice, & much lessagain than his advantage, in
relation to ore cad which has passed threetimes, isto his advantage in relation
to ore cad which has passed two times in aratio greder than threeto two. The
players will find all this withou difficulty, & possbly with some surprise in the
tables here joined, they will seethere, for example, that the advantage of the
banker which would orly be @ou twenty-four sols if the purter would wager
six pistoles either to the first ded of the game, or on ore cad which would have
passed twice when there would remain of them no more than twenty-eight in the
hand d the banker (these two cases revert to very nealy the same thing) will be
seven livres two sols, if the purter puts $x pistoles on ore cad which has not
yet passed, the stock being composed of no more than six cads, & that his
advantage would be predsely six livres, if the cad of the punter was in this last
case passd threetimes. Thus al the knowledge of the game is reduced for the
purter to observing the two rules which foll ow.

1. Take some cads only in the first ded, & venture on the game acordingly
lessasthere ae agreaer number of deds passd.
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2. Regard as the gredest evilsthose cads which have not passed at all yet, or
which have passd threetimes, & prefer to al, thase which have passed twice

In following these two rules, the disadvantage of the purter will be the least
that will be possble.
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52 |1 =% *
50 |1 =% * =
B8 ll=a+ 4a
46 1:a+ﬁa
“4]l=a+a
42 1:a+éa
10 ]1=a+ 5a
38 1:a+31—8a
36 |l=a+3a
34 1:a+31—4a
32|]1=a+5a
30 1:a+31—0a
28 |1=a+ %a
26 1:a+21—6a
24|1=a+ a
22 1:a+21—2a
20 |[1=a+ 5a
18 1:a+11—8a
16|l=a+£a
14 1:a+11—4a
12|1=a+ $a
10 1:a+11—0a

=t b
10+ la
Ti=a+ ba

2 =

12 =

29 =qa4 1787
2 =
2 =

TABLE FOR PHARAON

¥ % %
3117
@+ 350350

a

161304 4

3431
@+ 396010%

823
@+ Gr633

12=a+ 2 g

246246
1501

12=a+ 15400
Q=g 2849

201068

92950
2_“""33228“
2=a+ 6167016560‘
:2:“""51453730“
2=a+ z;lé%gsa
2=a+ 1?320“
2=a+ %a
2=a+ éa
2=a+ %a
2=a+ %a
2=a+ %a
2:a+ia

:3=% % %

:3:a+13—6a
:3:a+12—8a
:3:a+12—0a
:3:a+1372a
:3:a+12—4a
:3:a+1§—6a
:3:a+1i—8a
:3:a+1i—0a
:3:a+1§—2a
:3:a+1§—4a
:3:a+ﬁ—6a
:3:a+1g—8a
:3:a+1g—0a
:3:a+%a
:3:a+%a
:3:a+73—6a
:3:a+%a
:3:a+%a
:3:a+%a
:3:a+f—4a
:3:a+%a
:3:a+%a
:3:a+%a
:3:a+%a
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4 = 2295086253

@+ 115890841950 %

2 2!
4 = g 5208820

349595300

2
4 = g4 26199,

12842280

2
14 =q+ 002,

d=a+ 3@7860,
a4 9
d=a+ T198 %

3
:4:a+ﬁa
t4=q+ 2%,

49210

4= g LI39

39270 %

td=qa+ 32 g

11594

-4 177

=a+ 53540

4 =q4 22

1566 %
291

d=a+ 550
14 =a+ Sllg

19
T4 =0+ p5550
4—a+—21$36a
4=a+ %a
4=a+ %a
4=a+ %a
_ 23
4 a—l—%a
4=a+ %a
_ 5
4=a+ 50
4=a+ %a
— 7
4—a+30a
4=a+1ta



52
50
48
46
44
42
40
38
36
34
32
30
28
26
24
22
20
18
16
14
12

10
(8 ]1
[6]1
[4]1

=% % *
=% % *

1=a+$a
1=a+%a
1=a+ia
1=a+éa
1=a+%a
1=a+$a
1=a+%a
1=a+ia
1=a+§a
1=a+%a
1=a+%a
1=a+%a
1=a+ia
1=a+éa
1=a+%a
1=a+%a
1=a+%a
1=a+ﬁa
1=a+%a
1=a+%a
=a+a

=a+%a

=a+ja

TABLEIIl. F
12=% *x x :
2=a+ > g <g
2=a+ > 5 <g
i2=a+ > g <g
2=a+ > <g
i2=a+ > 75 <75
2=a+ > 5% <7
i2=a+ >4 <7
2=a+ > <
2=a+ > g5 <g
2=a+ > 5 <z
2=a+ > <
2=a+ > <z
2=a+ > < &
2=a+ > 5 <4
i2=a+ > 35 <3
2=a+ > 5 <35
i2=a+ >3 <3
(2=a+ > 5 <3
i2=a+ >3 <3
2=a+ > 55 <75
12=a+ 3
2=a+ > 5 <
2=a+ >§<1
:2=a+%
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OR PHARAON.
13=x% % x
3=a+ > <
3=a+ > <g
:3=a+%
3=a+ > 5 <z
3=a+ > g <g
:3=a+§
i3=a+ >55 <4
3=a+ > <4
13=a+ 4
3=a+ > 5 <4
i3=a+ >33 <3
:3=a+§
i3=a+ >3 <3
3=a+ >3 <3
:3=a+%
(3=a+ > 5 <3
i3=a+ >3 <3
:3=a+%
3=a+ > 5% <
3=a+ > E <3
:3=a+%
3=a+ >4 <3
3=a+ >1<g
:3=a+ja
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4=a+
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4=a+
4=a+
4=a+
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Extract of a letter from M. (Jean) Bernouli to M. de Montmort

From Basel this17 March 1710(pg. 284287

Page 8 (1st edition) on the game of Pharaon. In order to seek the strength of the
banker who hdds four cards within his hands, among which the cad o the
purter is once you make adenumeration d all 24 permutations of four cards, in
order to take of them the favorables to the banker, withou making refledion that
thisis not appropriately the various permutations, but only the various stuations
of the cad of the punter, among the others which make the diversity of the
cases, thus instead of your 24 permutations, | have only these four variations to
consider (1 name ¢ the cad o the purter, & b ead of the others)

1.bbba 3. babb
2.bbab 4.abbb

Of these four variations the first is indifferent to the banker, the 2nd and 4h
make him win, & the 3rd makes him lose, his grength will be therefore
B I1xA+2%x24+1x%x0 5

1
y = JA=A+ 4

entirely as you have found. If the cad o the punter is foundtwice anong the
cads of the banker, he will have these six variations, instead of 24 permutations,

1.bbaa 3.abba 5.abab
2.baba 4.baab 6.aabb

The first, the third & the fifth make the banker win, the seand & the fourth
make him lose, & the sixth gives to him the half of the wager of the purter, &
therefore the strength of the purter will be

3x2442x0+1x3A 5

1
- = A=A+ A

again asyou. If the cad o the purter isfoundthreetimes among the cads of the
banker, ore sees clealy that he must have & many variations, as when the cad
of the purter is there only once because he has only to make apermutation o
thelettersa to b,& btoa.

1. baaa 3.aaba
2.abaa 4.aaab

Whence one draws anew the strength of the banker = A + }LA. By this manner
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of distributing the caes, ore sees withou difficulty that whatever number of
cads which are held by the banker expressed by p, if those of the purter are
found there only once, the alvantage of the banker will be %A. It is hardly

otherwise if the cad of the purter is foundmore than orce anong the cads of
the banker; because instead of all the permutations which it would be necessary
to examine, & of which the number isimmense for a mediocre number of cards,
hereit is only necessary to consider the number of variations of the two letters a
& b, which is aways equal to the number of combinations that some things of
which the number is the one of the cad o the purter, are ale to be taken
differently in the number of all the cads; & then of those cmbinations of which
the number is aways much smaller than the one of al the permutations, if will
be eay to choose those which make the banker win either entirely or in part, &
thus to determine his grength: for example: We give to the banker six cads,
among which we suppcse that the cad of the purter istwice In this suppasition
| have only to examine & you make dl the 720 permutations that the six cards
are ale to uncdergo, restricting myself to examine simply those fifteen possble
variations that the letter o taken twiceis able to make with the letter b taken four
times.

1. bbbbaa 4.babbba T7.bbabab 10.bbaabb 13.baabbb
2.bbbaba 5.abbbba 8.babbab 11.bababb 14.ababbb
3.bbabba 6.bbbaab 9.abbbab 12.abbabb 15.abbbbb

Among these fifteen variations one cuns wven which give dl to the banker,
two which give to him his wager with the half of the wager of the purter, & the
six others which make him lose; in such a way that the strength o the banker
will be

_7><2A+2><%A+6><0 17

2
= A=A+ A4
15 15 LT

conforming to that which you have found. Thus smilarly if the cad o the
purter is three times among the six cards of the banker, there will be only 20
ways to vary the situation d two letters ¢ & b taken ead threetimes, which
being untangled makes plain that the strength of the banker will be = A + %A.
Following this principle, here ae the general formulas that |1 have found for
whatever number of cads that there ae anong the hands of the banker, &
whatever number of times that the cad o the purter is found there, withou
suppasing known the strength of the banker in a number of cards expressed by
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p — 2, as you made in your general formula, that | have dso found \ery easily;
here is, | say, mine. Let 1.2.34...p—qg=m, ¢+1.g+2.9q+3...p=n,
p—q+1lp—q+2.p—q+3...p=11saythat the advantage of the banker, if
g isan even number, will be expressed by this squence

m g—1qg qg—1q9q9+1.q9g+2
— x 1
2n + 1.2 + 1.2.3.4
+q—1@q+an+4 ‘nq—qu+an—2
1.2.3.4.5.6 1.2.34...p—q
Or else by this:

qg—1l.q
21

x1.23...q—24+34.5...q

+567... g2+ p—q+lp—q+2..p—2

But if ¢ isan odd nunber, ore will have the same alvantage

q—1.mx1+q.q—1 qq+1lg+2.q9+3 mq.q—l—l.q—l—Q...p—Q
2n 1.2.3 2.3.4.5 234...p—q
or else
1.
qzqu234nq—1+45&nq+1

+6.78...¢q+3+p—qg+1lp—q+2...p—2

whence it is necessary to nde that the numbers p & ¢ are dle to be awything,
provided that ¢ na be lessgrea than 3. If you wish to take the difficulty, you

may examine these general formulas if they acerd with yours that you give for
the particular cases, pg.. 24& 25.

Extract from the remarks of M. (Nicolas) Bernouli. (pg. 299

Pg.. 23, 24, 25In generd, if ¢ > 2, the prerogative is the comprehensive
expresson
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1>< q 1>< gqg—1
4 p—q+1 8 p—qg+lp—q+2
1 .q—1.q—
RN qq—1.q—2 _
16 p—qgq+1lp—qg+2p—qg+3

1 qg—1lg—2...2
al thewayto £ — x il q
29 p—q+lp—qg+2...p—1

inA.

Extract from a letter from M. de Montmort to M. Bernouli
At Montmort 15 November 1710.(pg. 303-304

Thaose which you give, Sir, in order to expressthe advantage of the banker

qg—1l.g n q—1l.qq+1.qg+2

2n 1.2 1.2.3.4

g—1lqgqg+1...q+4 —I—---q_ lggq+1...p—2
1.2.3.4.5.6 1.2.34...p—q

if ¢ isan even nunber. And

q—1.m w14 qq9q—1 qq+1qg+2.q9+3 mq.q—l—l.q—l—Q...p—Q
2n 2.3 2.3.4.5 234...p—q

are very fine. | have one of them along time sincelittl e different from yours, let
it bethat ¢ iseven or odd.Hereit is:
1 n p—qp—q—1 p—qp—q—1lp—q—-—2p—q—-3
pxp—1 pp—1p—2p—3 pp—1lp—2p—3.p—4p—>5
—qp—q—1p—q—2p—q—3p—q—4p—q—>5
_l_pqpqpqpqpqpq_l_&c.
pp—1lp—2p—3p—4p—5p—6.p—7

Thewhoemultiplied by g.¢ — 1.3 A.
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