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A Problem
concerning Pharaon

To determine generally the advantage of the banker
with respect to the punter

Pierre Renard de Montmort

Extracted from the

Essay D'analyse sur les jeux de hazard
2nd Edition of 1713, pp. 77–104 

63. The principal rules of this game are, 1, that the banker deals with an entire
deck composed of f ifty-two cards, 2. That the banker draws all the cards in
order, putting the ones to the right, & and the others to his left, by commencing
at the right. 3. That to each hand, or to each deal, that is to say of two by two
cards, the punter has the liberty to take one or many cards, & to venture over a
certain sum. 4. That the banker wins the wager of the punter, when the card of
the punter arrives in the right hand in an odd rank, & that he loses, when the card
of the punter falls to the left hand and in an even rank. 5. That the banker takes
the half of that which the punter has wagered on his card, when in the same deal
the card of the punter comes twice, this which makes a portion of the advantage
of the banker. And finally, that the last card which ought to be for the punter, is
neither for him nor for the banker, this which is again an advantage for the
banker.

It is evident that the conditions of this game are advantageous to the banker.
The diff iculty is to determine this advantage, because it changes, & according to
the number of cards that are held by the banker, and also according as the card of
the punter either has not passed, or has passed one or many times.

1. The card of the punter being only one time in the stock, the difference of
the strength of the banker and the punter is founded on this, that among all the
diverse possible permutations of the cards of the banker, there is of them a
greater number which are winning, than there is of them which are losing, the
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last card being considered as null , & in this case it is easy to notice that the
advantage of the banker increases in measure as the number of cards of the
banker diminish.

2. The card of the punter being twice in the stock, the advantage of the
banker is drawn from the probabilit y that is this, that the card of the punter will
come twice in the same deal; because then the banker wins the half of the wager
of the punter, except the sole case where the card of the punter would be in
doublet in the last deal, this which would give to the banker the entire wager of
the punter.

3. The card of the punter being either three or four times in the hand of the
banker, the advantage of the banker is founded on the possibilit y that is this, that
the card of the punter is found twice in the same deal, before it has come in pure
gain or pure loss for the banker. Now this possibilit y increases or diminishes, &
according as there are more or fewer cards in the hand of the banker, &
according as the card of the punter is found there more or less times. Of all this it
follows that in order to know the advantage of the banker with respect to the
punters in all the different circumstances of this game, it is necessary to discover
in all the different possible permutations of the cards that are held by the banker,
& and under the supposition that the card of the punter is found, either one, or
two, or three or four times, what are those which make him entirely win, what
are those which give to him the half of the wager of the punter, what are those
which make him lose, & finally what are the permutations which are neither
winning nor losing.

In order to resolve this problem, it is apropos to begin with the simplest case,
& next pass to the more compound cases, it is necessary to seek some uniform
law, & some analogy which is able to serve to disentangle from all the possible
cases, the permutations which are advantageous to the banker, those which are
indifferent to him, & finally those which are unfavorable to him.

This way is not always the shortest; but as one employs it frequently with
success, & as it presents itself f irst to mind, I follow it here in detail i n order to
render it familiar to the reader: he may certainly pass it i f it is not to his taste. I
will give next another method more sophisticated, more analytic, & of an
infinitely more extensive use.
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FIRST METHOD.

FIRST CASE.

On supposes that there remain four cards in the hand of the banker, & that the
one of the punter is in it a certain number of times. The concern is to determine
what is the strength of the banker & that of the punter: For example, if there is
an ecu for the card of the punter, one demands what portion of the ecu the
punter must give to the banker in order to buy the right of his withdraw, & to not
incur the risk of the game; or, this which remains the same, what is in this case
the disadvantage of the punter, in playing end to end against the banker.1

64. If one wants to express the four cards of the banker by the letters � � � � � � � �
one will have all the different permutations of four cards represented in the
following table.

� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �

1. If one supposes that the card of the punter designated by the letter , is one�
time in the four cards of the banker, & that the punter has wagered on his card a
sum of money expressed by , one will note in considering the preceding table,

�
that there are twelve permutations which give  to the banker, six which make

� �
him lose or which give to him , & six which are indifferent to him.

�
Those which are the winning are:

� � � � � � � �
� � � � � � � �
� � � � � � � �
� � � � � � � �
� � � � � � � �
� � � � � � � �

1 See the letter of Jean Bernoulli t o Montmort dated 17 March 1710 and the reply by
Montmort dated 15 November 1710.
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Those which make him lose are:
� 	 
 � 
 	 � � � 	 � 

� 	 � 
 
 	 � � � 	 
 �

Thus expressing the sought strength by the letter , one will have�
� 
 
 � 
 � � � �� � � � � � � � � � � � � � �

� � � �
2. If one supposes that the card of the punter is found twice among the four

cards of the banker, & that the two letters  &  express those of the punter, one
	 �

will find that of the twenty-four permutations of the table, there are twelve
which give  to the banker:

� �
	 
 � � � 
 	 � 
 � � 	
	 
 � � � 
 � 	 
 � 	 �
	 � � 
 � � 	 
 � 
 � 	
	 � 
 � � � 
 	 � 
 	 �

Four which give to him , that is to say, his ecu and the half of the one of
�� �

the punter:
	 � 
 � � 	 
 �
	 � � 
 � 	 � 


Eight which make him lose:

 	 � � � 	 � 


 	 � � � 	 
 �

 � 	 � � � 	 


 � � 	 � � 
 	

Thus one will have � 
 
 � 
 � � � �� � � � � � � � � � � �  � � � �! �"#
3. If one supposes that the card of the punter is found three times among the

four cards of the banker, & that the three letters  express those of the
	 $ � $ 
 $

punter, one will find again the strength of the banker ; because there
 � � ���
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are twelve permutations there which give to him .
%& '

( ) * + ) ( * + * ( ) +
( ) + * ) ( + * * ( + )
( * ) + ) * ( + * ) ( +
( * + ) ) * + ( * ) + (

Six which give to him :, '
( + ) * ) + ( * * + ( )
( + * ) ) + * ( * + ) (

Six which make him lose:
+ ( ) * + ) ( * + * ) (
+ ( * ) + ) * ( + * ( )

One will have therefore .- . . ' / '0 & 1 2 3 4 1 & 2 3 4 1 5& 6 6 078
4. Finally it is evident that if the card of the punter is found four times in the

four cards of the banker, the strength of the banker will be .. ' / '0&

COROLLARY I.

65. It seems by the solution in this first case, that if the wager of the punter is
one ecu, he must give five sols which is the fourth of it to the banker, in order to
buy the right of his withdraw, this is if his card is one time, or two times, or
three times in the four cards of the banker.

COROLLARY II.

66. There would be an infinite labor to seek the other cases in the manner that
one has resolved this one in searching in some tables the favorable & contrary
permutations; because the number becomes immense in a greater number of
cards; also I have put the preceding solution, only in order to make me more
easily understood in the following.

In order to resolve the preceding case in a methodical manner, & in order to
discover the chances by the sight of the mind, it is necessary to note,
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That if the card of the punter be one time in two cards, the strength of the
banker will be : Because of two possible permutations of two letters, there is

9: ;
one of them which gives , & one which gives to him ; & if the card of the

< ; ;
punter be in it more than one time, the strength of the banker will be , this

< ;
which is evident.

It is necessary to observe next that the card of the punter being one time in
four cards, if one places the twenty-four possible permutations of four letters on
four columns, of which the first begin all by , the second by , the third by ,= > ?
the fourth by , the first column will give  to the banker in all it s

@ < ;
permutations.

And when partitioning each of the three other columns into three columns of
two permutations, the one of these last three, namely the one where  occupies=
the second place, will give twice zero to the banker, & each of the two final
others will give to the banker the same strength as he will have in the case that
the banker holds two cards, the one of the punter being found one time there,
that is to say , this which gives the strength of the banker, as hereafter

9: ;

A A ; A ; B ; CD E F E < ; B G E < E < E ;
< H < H H

G I D9:

One will observe similarly that the card of the punter expressed by the letters= > &  being twice in the four cards, if one imagines the twenty-four different
permutations as the four cards may be received, put on four columns, as
hereafter, the two columns which commence with the letters  & , will contain= >
each four permutations which will give  to the banker, & two permutations

< ;
which will give  to him: Because in the one there are two permutations where

9: ;
= > > is followed by , & in the other there are two permutations where  is followed
by ; & partitioning each of the two other columns of six permutations into three=
others of two permutations, there will be two of these three which will give two
times zero to the banker,  &  occupying the second place, & the third will give= >
to the banker the same strength as he would have, if the card of the punter was
found twice in the two cards; & consequently one would have again, according
to this idea, the strength of the banker,

A A ; B ; C< E H E < ; B < E ; B < E < E < ;
< H H

D9:

One will notice again that the card of the punter expressed by the letters= J > J ? , being three times in the four cards, the three columns which begin with
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the letters , will contain each two permutations which will give  to theK L M L N O P
banker, & four permutations which will give to him , some two of the three

QR P
letters , being in sequence, & when partitioning the last column whichK L M L N
commences with  into three columns of two permutations, each of the three

S
will give twice zero to the banker, in a way that his strength will be again

T U O U O P V W U P V X U Y
O W WZ P V P [XQR

Finally it is evident that the card of the punter expressed by the lettersK L M L N L S L  being four times in the four cards, the four columns which commence
with the letters  will contain each six permutations, which will give toK L M L N L S L
the banker , since all these different permutations will necessarily produce a

QR P
doublet; whence it follows that the strength of the banker will be .P V P\R

All this is founded on the order of the permutations, & it will be clarified by
the application that I will make of it in the following.

COROLLARY III .

67. Whatever number of cards that are held by the banker, if that of the punter is
found there only one time, the advantage of the banker will be expressed by a
fraction which will be unity for the numerator, & for denominator the number of
cards that are held by the banker: because six cards, for example, are able to be
arranged in 720 different ways, it is clear that if one imagines all these different
permutations put on six columns of one hundred twenty permutations each, in a
way that in the first the letter  is everywhere in the first place, that in the secondK
it is everywhere in the second place, that in the third it is everywhere in the third
place, and thus in sequence, the first, the third & the fifth columns will give O P
to the banker in all their permutations; the second & the fourth will give to him
zero, & the sixth will give to him . One will have thusP

] Z Z P Z P V P [T U X O Y U O P V O U X O Y U Y V X U X O Y U P ^ W Y X
_ O Y _ O Y `

And in general, if one names  the number of cards of the banker;  thea b
number of all the possible permutations of these cards, one will have always the
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strength of the banker expressed by this formula

c d d e f gh i i j e f i e
k h

el m mn o o

SECOND CASE.

One supposes that six cards are held by the banker, & that those of the punter
are in them a certain number of times. One requires what is the strength of the
banker in all the variations of this second case.

68. Let be supposed that the card of the punter is found twice in the six cards.
If these six cards are represented by the six letters  in such ap q r q s q t q u q v q w q

way that any two, for example,  &  express those of the punter.p w
One will remark, 1, that one is able to put the seven hundred twenty different

permutations that six cards are able to receive on six columns, of which each
will be composed of one hundred twenty perpendicular ranks; in such a way that
the first column begins all with the letter , the second with the letter , the thirdp r
with the letter , & thus in sequence.s

2. That the two columns which begin with  & with , are each eighty-sixp w
perpendicular ranks, which give to the banker , and twenty-four which give toj e
him : because each rank of these two columns give  to the banker, to the

xn e j e
exception of those two where  is followed by  in the first, & where  isp w w
followed by  in the last. Now five letters are able to receive 120 differentp
permutations, & each is found necessarily an equal number of times after  inp
the first column, & after  in the last, it is evident that it is necessary to dividew
120 by 5, in order to have all the doublets in each of the two columns which
commence either with , or with . This remark is important for the solution ofp w
this problem, & it is necessary to the solution of it in the following.

The greatest diff iculty, this is to discover what the four other columns give to
the banker. In order to disentangle it, it is necessary to remark first that each of
these four columns give an equal strength to the banker (this which is evident,)
& that thus it suff ices to examine one. Let the column which commences with ,r
be the one which one wants to examine; & for greater facilit y, I partition it into
five columns of twenty-four permutations each g
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y z { | }
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � � ~ � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �
~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � � ~ � � � � �

It is easy to see, in consulting this table, that the first and the fifth columns
give zero to the banker, since in the first the letter , & in the fifth the letter 

� �
hold the second place there, & that each of the three other columns contain
twelve permutations which give  to the banker, eight which give to him zero,

z �
& four which give to him , that is to say, that each of these three columns

�� �
give the same chances that one has found for the banker in the preceding case,
when one has supposed that he would hold four cards, among which those of the
punter will be found twice, of which the reason is that the first two letters of the
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second, third & fourth columns of the table above are not those of the punter,
there remain four letters, among which those which express the card of the
punter are found twice: this which is reduced manifestly to the second article of
the preceding case, where the card of the punter is found twice in four cards.

Thus the column which begins with the letter  will give to the banker
�

� � � � � � � � � � � � � � � � � � � � � � � � � � ���
 Now the columns of 120

permutations which begin with , with , & with , give the same value, &� � �
consequently in order to have all the favorable moves that the four columns give
which begin neither with , nor with , it is necessary to multiply  by , this� � � � � �
which makes ; to which adding  for the

� � � � � � � � � � � � � � � � � � � � ���
favorable moves that the columns give which begin with  & with , one will� �
have  for the strength of the banker in the

� � � �   ¡ ¢ � � £ ¤ � �
¥ � � ¥ � � ¤ ¢� � � � � �

proposed case.

COROLLARY

69. Whatever number of cards that are held by the banker, if those of the punter
are encountered there twice, in order to find the strength of the banker, it is
necessary to imagine all the possible permutations of the cards which he holds
on as many columns as there are cards; & to note next that the two columns
which begin with the letters which express the card of the punter, give each 

� �
to the banker, with the exception of the ranks, where one of the letters which
expresses the card of the punter is next to the other, which permutation gives�� �

.
In order to find how many there are of those ranks in each of the two

columns, it is necessary to divide all the permutations which compose them by
the number of the cards less one; the exponent of this division will express the
number of the permutations which give  in each of the two columns. In order

�� �
to determine that which the other columns gives, one imagines each partitioned
into as many columns less one than there are cards; & observing a permutation
parallel to that of the two preceding tables, one will find that there are always
two of these last columns which give zero to the banker, the two letters which
express the card of the punter occupying the second place there; & that each of
the others equal to this will give to the banker the same strength as he will have
in the preceding case, that is to say in the case where the number of the cards of
the banker being less by two, those of the punter would be twice there.
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There is in the remarks of this corollary what consists the solution of the
problem for the case where the card of the punter is found twice among the cards
of the banker. I would have had diff iculty to well make understood this method,
without making application of it in some particular cases, & without my making
use of the table which is found, .art. 68

GENERALLY.

70. Whatever number of cards that the banker holds, & whatever number of
times that the card of the punter be among those of the banker, one will find
always his strength in this way. 1. One will seek by the method of , theart. 64
number of all the different possible permutations of the cards of the banker. 2.
One will represent these cards by the letters  &c. & one will suppose¦ § ¨ § © § ª § « §
that some at will designate those of the punter. 3. One will im agine all these
different permutations distributed on as many columns as there will be cards; in
such a way that the first begins all with the letter , the second with the letter ,¦ ¨
the third with the letter , &c. 4. One will note that the columns which begin©
with the letters which designate the card of the punter, give  to the banker in

¬ ­
all their permutations, with the exception of those where some two of among the
letters which express the card of the punter, are found in sequence in the first &
in the second place; this will give .

®¯ ­
In order to find the number of those permutations in each of these columns,

one will divide the number of permutations from which each column is
composed by the number of the cards of the banker less one, & one will multiply
the exponent by the number of times less one that the card of the punter is found
in those of the banker; this product will give all the permutations of these
columns, which give 

®¯ ­ °
In regard to the other columns which begin with some letters different from

those which express the card of the punter, it is necessary, in order to discover
the favorable permutations there, to imagine them each partitioned & subdivided
into as many columns less one, as there are cards, & to have regard to the order
marked in the tables on pages 80 and 86; to observe that of those last columns
there are always as many which give zero to the banker, as of times the card of
the punter is found in those of the banker; & as each of the other small columns
give to the banker the same strength as one has found in the case which has
preceded; that is to say in the case where the number of cards of the banker
being less by two, the card of the punter is found there an equal number of times.
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Thus one will find among all the different possible permutations of the cards
which are held by the banker, which are those which give to him either , or ,

± ² ±
or , or zero; consequently one will have by this method the strength of the

³´ ±
banker in all the possible cases: that which is was necessary to find.

In following the spirit of this method, if one names  the number of cardsµ
that are held by the banker,  the number of times that the card of the punter is in¶
those of the banker,  the strength of the banker in a number of cards expressed·
by ,  the sought strength: one will have the strength of the bankerµ ¸ ² ¹
expressed by this formula.

¹ º µ ¶ ¸ ¶ ¶ » ² ± ¼ ¶ ¶ ¸ ¶ » ± ¼ · » µ ¸ ¶ » µ ¸ ¶ ¸ ½
µ » µ ¸ ½

³´

One is able to find by this formula the strength of the banker, whatever
number of cards that he have within his hands, & whatever number of times that
the card of the punter is contained there. But this formula has this very great
inconvenience of giving the advantage of the banker for a certain number of
cards designated by , only when one knows already his advantage for a numberµ
of cards which are . Thus this formula is only able to be useful in order toµ ¸ ²
find all the different cases the one after the other, in beginning with the most
simple. Thence here is one other, which gives without much calculation all the
different cases in general, & each case in particular independently the one from
the other.

SECOND METHOD.

71. Let  be the advantage of the banker at the first deal, when the punter comes
¾

to put a card into play,  his advantage at the second,  his advantage at the¿ À
third,  his advantage at the fourth, &c.  &  signifying the same things as inÁ µ ¶
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the preceding method, one find

Â Ã Ä Å Æ Ç ÈÉ Ê É Ë Ì Ì Í Ë É Ê Í Ë É Ë Ì
Í Ê Í Ë Ì Î Í Ê Í Ë Ì

Ç Ã Ä Å Æ Ï ÈÉ Ê É Ë Ì Ì Í Ë É Ë Î Ê Í Ë É Ë Ð
Í Ë Î Ê Í Ë Ð Î Í Ë Î Ê Í Ë Ð

Ï Ã Ä Å Æ Ñ ÈÉ Ê É Ë Ì Ì Í Ë É Ë Ò Ê Í Ë É Ë Ó
Í Ë Ò Ê Í Ë Ó Î Í Ë Ò Ê Í Ë Ó

Ñ Ã ÄÉ Ê É Ë Ì Ì
Í Ë Ô Ê Í Ë Õ Î Å Æ Ö ÈÍ Ë É Ë Ô Ê Í Ë É Ë Õ

Í Ë Ô Ê Í Ë Õ  &c.

If one substitutes for  their values, one will have this indefinite
Ç È Ï È Ñ È Ö

formula

× Ø Ù Ú ÚÛ Ü Ý Þ Û Ü Ý Ü Ù Û Ü Ý Þ Û Ü Ý Ü Ù Þ Û Ü Ý Ü ß Þ Û Ü Ý Ü à
Û Ü ß Þ Û Ü à Û Ü ß Þ Û Ü à Þ Û Ü á Þ Û Ü â

Ú Û Ü Ý Þ Û Ü Ý Ü Ù Þ Û Ü Ý Ü ß Þ Û Ü Ý Ü à Þ Û Ü Ý Ü á Þ Û Ü Ý Ü â
Û Ü ß Þ Û Ü à Þ Û Ü á Þ Û Ü â Þ Û Ü ã Þ Û Ü ä

Ú Û Ü Ý Þ Û Ü Ý Ü Ù Þ Û Ü Ý Ü ß Þ Û Ü Ý Ü à Þ Û Ü Ý Ü á Þ Û Ü Ý Ü â Þ Û Ü Ý Ü ã Þ Û Ü Ý Ü ä
Û Ü ß Þ Û Ü à Þ Û Ü á Þ Û Ü â Þ Û Ü ã Þ Û Ü ä Þ Û Ü å Þ Û Ü æ  &c.

the whole multiplied by . which gives the advantage of the banker,
ç è ç é êë è ë é ê ì êí î

whatever be the value of  & of . Therefore, for example, if  & ,ï ð ï ñ ò ó ô ð ñ õ
the formula gives

ö ñ í õ í ó í î ñ î ÷ò ø ù ú ù û ù ü ù ó ò õ
ò ó ý ò ò ý ò ø ó ü ü

& if  & , the formula givesï ñ ò ó ô ð ñ ü
ö ñ í í î ñ î ÷ü þ ù ó ú ù ò þ ù û ù ò ü ý õ ý ó ý ò ò ò ÿ

ò ø ý ÿ ò ó ý ò ò ó ò ÿ ú
& if , & , the formula givesï ñ ò ó ð ñ þ

ö ñ í í î ñ î ýò ó ø ù þ û ù ó ø ù ü þ ý ü ý õ ý ó ý ò ò ó þ
ò ø ý ÿ ý ú ò ó ý ò ò ó ò ÿ ú

In examining this formula one finds,
1. That  being , it becomes ; but that by the conditions of the game,ð ñ ò ñ ø

because of the last card which is null , it is necessary to add � ë ý
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2. That  being , it becomes� � �
� � � � � � � � � � � �� � � �

� 	 � 
 � � &c. .

But that by the conditions of the game it is necessary to multiply the last of these
units for  by , & not by .

� � 
 
� � � � 
 �� �
3. That  being , it becomes� � �

� 
 � � � 
 � � � 
 � � � 
 � � � � � �
� 
 � � 	 � 
 � �� � � � 	&c. 

4. That  being , it becomes� � �
� 
 � 	 � 
 � � � 
 � 	 � 
 � � � 
 � 	 � 
 � � � 
 � 	 � 
 � � � � �

� 
 � 	 � 
 � � 	 � 
 � �	 � � �
&c , &c.

5. That  being , it becomes� � �
� � � � � � � � � � � � � � � � � � � � � �  � � �  � � � ! � � � " � � � " � � � # � � � $ % � & � $

� � � � � � � � � � � � � � � $ �� & & '&c. .

 In such a way that in each sequence all the terms are composed of as many
products as there are units in ( ) * +

6. That these products provide multiples of the figurate numbers of the order
( ) , , interposed two by two, which correspond to some natural even numbers,
beginning with those which correspond to : Whence it follows that in order- ) *
to find the fraction which expresses the advantage of the banker, one is able to
make this rule.

The denominator will contain as many products of the quantities- + - ) , + - ) * + - ) . (, &c. as there are units in . In order to have the numerator it
will be necessary to take in the arithmetic triangle, , a horizontal rank, ofart. 1
which the row number is , to add into a sum all the terms of this rank taken( ) ,
two by two, beginning with that which corresponds to ; to multiply this- ) *
sum by as many products of the natural numbers  &c. as there are, / * / . / 0 / 1 / 2 /
of units in , & to multiply it again by , having regard to the two exceptions( 345
marked above, the one for the case , the other for the case .( 6 , ( 6 *

In order to reduce this rule to some formulas which determine all at one
strike, in substituting for  its value, the advantage of the banker for whatever-
number of cards that this be, when the card of the punter is found there a certain
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number of times expressed by . It will suff ice in the case of  to find the7 7 8 9
sum of an arithmetic progression; in this manner the first three cases where7 8 : 8 ; 8 9  are not diff icult. In regard to the others, one has need of the
general solution of the problem which follows.

To find the sum of a progression of which each term is formed of as many
products of quantities which decrease from unity as there are units in .7 < ;

72. If , for example, it is necessary to find the sum of this progression7 8 =
> ? @ A > ? B A > ? C D > ? C A > ? E A > ? F D > ? F A > ? G A > ? H D > ? H A > ? I A > ? J K D &c.

 And if , it is necessary to find the sum of this seriesL M N
O P Q R O P S R O P T R O P U V O P T R O P U R O P W R O P X V O P W R O P X R O P Y R O P Z V &c.

& thus in sequence, in relation to the different values of ; this which is the same[
thing as to find generally the sum of the numbers interposed two by two in the
arithmetic triangle.

One could come to the end of it easily enough by the general method of art.
54. I will employ here a more direct method, founded on a curious property of
figurate numbers.

LEMMA.

If one takes an even number at will of figurate numbers of any order whatever,
the sum of those which are found even, that is to say those which in Table 2, Art.
7, are found in the second, fourth, sixth, eighth, &c. place, is equal to the excess
of those which in the following rank are found corresponding to the evens of
superior rank on those which are found corresponding to the odds.

73. As this exposition may appear obscure, I am going to ill ustrate it by an
example. Let be taken the first eight numbers of fourth order \ ] ^ ] \ _ ] ` _ ] a b ]

b c ] d ^ ] \ ` _ ^ ] ` _ ] b c ] \ ` _ ]; I say that the sum of the four  which are taken in the
second, fourth, sixth, eighth place is equal to the excess of these ,b e a b e \ ` c e a a _
which are taken in the 2nd, 4th, 6th & 8th place of the rank immediately inferior
on these,  which are in the 1st, 3rd, 5th & 7th place of this same\ ] \ b ] f _ ] ` \ _ ]
rank.

One is able to demonstrate also in a few words this property.
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Let the numbers of any order be represented by the letters g h i h j h k h l h m h n h o p
The numbers of the order immediately inferior will be by the nature & the
formation of these numbers     g h g q i h g q i q j h g q i q j q k h g q i q j q k

q l h g q i q j q k q l q m h g q i q j q k q l q m q n h g q i q j q k q l   
q m q n q o p  Now it is evident that subtracting within this second rank the first
from the second, there remains ; & that subtracting the third from the fourth,i
there remains ; & that subtracting the fifth from the sixth, there remains ; &k m
that subtracting the seventh from the eighth, there remains ; & thus ino
sequence, by the necessity of the relationship which is among any order & the
one which follows it immediately.

In order to make application of this Lemma,
Let be proposed to find the sum of the numbers of the second rank taken two

by two , in naming  the number of the terms comprising the
r q s q t q u q v w n

evens & the odds: here is the sequence of the operation.

r q s q t q u q v w x y v y z y { y | y }n p n q v
v p r

x q n y r y s y t y u y v wn p n q v v
v p r r

&c.  &c.

 &c.

 Therefore in transposing,

r ~ r q s q t q u q v w q x n q pv n p n q vr v p r&c.

Therefore

r q s q t q u x n q ~ pv v n p n q v
s r v p r&c.

Let be again proposed to find the sum of those numbers of the third order
z q v w q r v q z t q { { , &c.
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One has� � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � �

� � � � � � � � � � � � � � � � �� � � � � � �
� � � � �

� � � � � � � � � � � � � �� � � � � � � � �
� � � � �

� � � � � � � � � �
� � � � �

 &c.  &c.
 &c.

 &c.

&c.

� �� � � � � �
� � � �

� � � � � � � � � � � � � � � ��
�

 

 &c.

Therefore in transposing & dividing by . One has
�

� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �
� � � � � � � � � � � &c.

One will find in the same manner the sum of the numbers of the fourth order
corresponding to the even natural numbers

� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � �
� � � � � � � �

� � � � � � �� � � � � � � � � � � � � � � � �
� � � � � � � � � � � �

 &c.

And the sum of the numbers of the fifth order

� � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � �
� � � � � � � � � �

� �� � � � � � � � � � � � � �
� � � � � � � �

� �� � � � � � � � � �
� � � � � �

� � � � �� � � � � � �
� � � � � � �

 &c.

,

& thus the remainder, one sees suff iciently the order of these sequences
�
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Having put this as above, one will find by that which precedes, that the sum
of this sequence &c. is� � � � � � � � � � � �   � � � ¡ �

¢ � £ � � ¢ ¢
� ¢ ¤ � �� � ¤

And that the sum of this sequence &c.
¥ ¦ ¥ § ¨ ¥ § © ¦ ¥ § ª ¥ § « ¦ ¥ § ¬ ¥ § ­ ¦ ¥ § ®¨ ¦ © ¨ ¦ © ¨ ¦ © ¨ ¦ ©� � � �

¯ £ � £ � � � ¢ � ¤¢ � � ¢ ¤ � ¤ � � ¢ ¢ � ¤ � � ¢ ¢ ¢
� ¢ ¤ � ¤ ° � ¢ ¤ � ¡ ¡

One will find in the same manner that the sum of this sequence 
¥ ¦ ¥ § ¨ ¦ ¥ § ©¨ ¦ © ¦ ª �¥ § © ¦ ¥ § ª ¦ ¥ § « ¥ § « ¦ ¥ § ¬ ¦ ¥ § ­ ¥ § ­ ¦ ¥ § ® ¦ ¥ § ±¨ ¦ © ¦ ª ¨ ¦ © ¦ ª ¨ ¦ © ¦ ª� � ² � &c. is

¯ £ � £¢ � � ¢ ¤ � ¤ � � ¢ ¤ � � � ¢ � ¤ � � ¢ ¤ � � �
� ¢ ¤ � ¤ ° ¤ � � ¢ ¤ � ¤ °

� £ � £ � � � ¤¢ � � ¢ ¤ � � � ¢
¡ ¢ ¤ � ¢  

And again the sum of this sequence 
¥ ¦ ¥ § ¨ ¦ ¥ § © ¦ ¥ § ª ¥ § © ¦ ¥ § ª ¦ ¥ § « ¦ ¥ § ¬¨ ¦ © ¦ ª ¦ « ¨ ¦ © ¦ ª ¦ «� �¥ § « ¦ ¥ § ¬ ¦ ¥ § ­ ¦ ¥ § ® ¥ § ­ ¦ ¥ § ® ¦ ¥ § ± ¦ ¥ § ³¨ ¦ © ¦ ª ¦ « ¨ ¦ © ¦ ª ¦ « ¦ ¬� � &c.

¯ £ � £¢ � � ¢ ¤ � ¤ � � ¢ ¤ � � � ¤ � � ° ¢ � ¤ � � ¢ ¤ � � � ¤ � � °
� ¢ ¤ � ¤ ° ¤ � ¤ ´ � ¢ ¤ � ¤ ° ¤ �

� £ � £ � £ � � ° � ¤¢ � � ¢ ¤ � � � ¤ � � ° ¢ � � � ¤ � � ° ¢ ¢
¡ ¢ ¤ � ¤ ° ¢   ¢ ¤ � ° � ° �

& thus all the others. One sees without diff iculty the order of these sequences.
It is evident by the Lemma above that having the sum of the numbers

interrupted two by two, & corresponding to the even natural numbers, one will
have also the sum of those which correspond to the odds; since having the whole
& one of the parts of the whole, one has the other part.

But in general, here is the rule in order to have the sum of the figurate
numbers taken two by two, which correspond to the natural numbers either even
or odd, & at the same time the demonstration of the rule.

If one requires the sum of the terms of any order  taken two by two, ofµ
which the first corresponds to  which designates here an even or an odd number�
at will . One knows that in the inferior horizontal rank, which is , the termµ � ¢
which corresponds to  is equal to all the terms of the order  taken in� � ¢ µ
sequence, from the perpendicular column where is found , up to zero.�
Imagining therefore all the terms of the rank , to begin with the term whichµ
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corresponds to , divided into two unequal parts, of which the greater is that¶
which one seeks, & of which the first term corresponds to , one has this greater¶
part  of the term of order , which corresponds to  plus  of the· ¸ ¹ º ¶ ¹ º» »¼ ¼
difference of the two unequal parts; & by the Lemma, this difference is the sum
of all the terms of order  taken two by two, to begin with the one which¸ ½ º
corresponds to . In order to have the sum of these terms, in making as¶ ½ º
above, it is necessary to take  of the term of order  which corresponds to ,

»¼ ¸ ¶
¹ ¸ ½ ¾»¼  of the difference which is the sum of all the terms of order  taken two
by two, to begin always with that which is , or corresponding to , in¶ ½ ¾ ¶ ½ ¾
continuing up to the last difference.

As this demonstration may seem a littl e abstract, I am going to try to clarify
it by two examples which follow.

Let be proposed to find in the fourth rank, . the sum of these termsTab. I¿ º ¾ À ¹ Á Â ¹ ¾ À ¹ Ã  which correspond to the natural numbers
¿ º À ¹ Ä ¹ Â ¹ Ã . I note that this sequence is greater than the one
¿ Ä Ã ¹ Å Á ¹ º À ¹ º , & that it surpasses it by the sum of these other numbers
¿ Å Â ¹ ¾ º ¹ º À ¹ Å  which is the difference of them. Now one knows that the
greater of the two quantities is equal to the half of the total, plus to the half of
their difference. Imagining therefore the entire sum ¿ º ¾ À ¹ Ä Ã ¹ Á Â ¹ Å Á ¹

¾ À ¹ º À ¹ Ã ¹ º · Å Å À  partitioned into these two unequal parts. I say that the
greater, which is the one of which one seeks the sum, is

· Æ Å Å À ¹ Æ Å Â ¹ ¾ º ¹ º À ¹ Å Çº º
¾ ¾

& seeking in the same manner the sum of this sequence ,Å Â ¹ ¾ º ¹ º À ¹ Å
which surpasses that other  by the sequence ¾ Ä ¹ º Á ¹ Â ¹ º Ä ¹ Â ¹ Ã ¹ ¾ È

One will find it

· Æ º ¾ À ¹ Æ Ä ¹ Â ¹ Ã ¹ ¾ Çº º
¾ ¾

& seeking again the sum of this sequence  greater than this oneÄ ¹ Â ¹ Ã ¹ ¾É ¹ Á ¹ Å ¹ º º ¹ º ¹ º ¹ º by the sequence , one will find it

· Æ Å Â ¹ Æ º ¹ º ¹ º ¹ ºº º
¾ ¾ ,

& seeking again the sum of this last sequence, one finds it
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Ê Ë Ì Í Ë ÎÏ Ï
Ð Ð ,

because the difference is zero. One will have therefore the sought sum

Ê Ë Ñ Ñ Î Í Ë Ñ Ò Í Ð Ï Í Ï Î Í ÑÏ Ï
Ð Ð

Ê Ë Ñ Ñ Î Í Ë Ï Ð Î Í Ë Ì Í Ò Í Ó Í ÐÏ Ï Ï
Ð Ó Ó

Ê Ë Ñ Ñ Î Í Ë Ï Ð Î Í Ë Ñ Ò Í Ë Ï Í Ï Í Ï Í ÏÏ Ï Ï Ï
Ð Ó Ì Ì

Ê Ë Ñ Ñ Î Í Ë Ï Ð Î Í Ë Ñ Ò Í Ë ÌÏ Ï Ï Ï
Ð Ó Ì Ï Ò ,

conforming to the formula given aboveÏ Ô Í Ï Õ Ô Õ Ô Ö Ï Õ Ô Ö Ð Ï Ô Õ Ô Ö Ï Õ Ô Ö Ð Ï Ô Ö Ï Õ Ô Ö Ð Ï
Ð Ï Õ Ð Õ Ñ Õ Ó Ó Ï Õ Ð Õ Ñ Ì Ï Õ Ð Ï ÒË Í Ë Í Ë Í Ë Ô Ö Ð Õ

Let there again be proposed to find in the fifth rank the sum of these termsÐ Ï Î Í × Î Í Ï Ø Í Ï
, & supposing for brevity of discourse the difference of this

sequence to this other , which is ; & the
Ï Ð Ò Í Ñ Ø Í Ø Í Î Ì Ó Í Ñ Ø Í Ï Î Í Ï Ê Ù

difference of this sequence  to this other ,Ì Ó Í Ñ Ø Í Ï Î Í Ï Ø Ò Í Ð Î Í Ó Í Î
which is  And the difference of this sequence

Ð Ì Í Ï Ø Í Ò Í Ï Ê Ú Õ
Ð Ì Í Ï Ø Í Ò Í Ï Ð Ï Í Ï Î Í Ñ Í Î × Í Ø Í Ñ Í Ï Ê Û Õ

 to this other , which is 
And the difference of this sequence  to this other ,× Í Ø Í Ñ Í Ï Ò Í Ó Í Ð Í Î
which is ; & the difference of this sequence  to

Ï Í Ï Í Ï Í Ï Ê Ü Ï Í Ï Í Ï Í Ï
this other , one will have the sought sum

Ï Í Ï Í Ï Í Î Ê Ï
Ê Ë Ó Ò Ð Í ÙÏ Ï

Ð Ð
Ê Ë Ó Ò Ð Í Ë Ð Ï Î Í ÜÏ Ï Ï

Ð Ó Ó
Ê Ë Ó Ò Ð Í Ë Ð Ï Î Í Ë Ì Ó Í ÛÏ Ï Ï Ï

Ð Ó Ì Ì
Ê Ë Ó Ò Ð Í Ë Ð Ï Î Í Ë Ì Ó Í Ë Ð Ì Í ÜÏ Ï Ï Ï Ï

Ð Ó Ì Ï Ò Ï Ò
Ê Ë Ó Ò Ð Í Ë Ð Ï Î Í Ë Ì Ó Í Ë Ð Ì Í Ë × Í Ë Ï ÝÏ Ï Ï Ï Ï Ï

Ð Ó Ì Ï Ò Ñ Ð Ñ Ð
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conforming to the formula given belowÞ ß à Þ á ß á ß â Þ á ß â ã á ß â ä Þ ß á ß â Þ á ß â ã á ß â ä
ã Þ á ã á ä á å á æ å Þ á ã á ä á åç à ç

à ç à çÞ ß â Þ á ß â ã á ß â ä Þ ß â ã á ß â ä
è Þ á ã á ä Þ é Þ á ã

à ç ß â ä à ç ÞÞ Þ
ä ã ä ã

It is à propos to observe that all the numbers of these sequences, which are
divided by different powers of , are found in the transverse band, of which the

ã
row number is , & that the first which is divided by the smallest

ß â ê â ã
power of , is found always in the perpendicular band which corresponds to

ã
ß à Þ ß à ã

, that is to say, of which the row number is .

THE REST OF THE SOLUTION

74. It is clear by all that which precedes, that in order to have some formulas
which express the advantage of the banker in Pharaon for all the different values
of . It suff ices to put everywhere  in the place of  in the formulas of ë ì â ã ß

art.
73, to multiply them by as many natural numbers &c. as there are

Þ í ã í ä í å í æ í é í
units in , & again by , & to divisor them by  &c.ë î ì á ì â Þ á ì â ã á ì â ä íïð

If one wishes to see, for example, the formula for the case of , inë ñ ä
putting  in the place of  in the formula , one will find forì â ã ß ç à ßï ïð ï ò ð óô ò ô õ ï
the sought formula

ï ïð ï ò ð óö ÷ ð ò ö ÷ ï à ì â ã
ì á ì â Þ á ì â ã ãç Þ á ã á ä á ç î ñÞ ä ç î

å ç ì â Þ ,

& likewise if one wants to have the formula for the case of , in puttingë ñ å
ì â ã ß

 in the place of  in the formulaÞ ß à Þ á ß á ß â Þ Þ ß á ß â Þ Þ Þ
ã Þ á ã á ä å Þ á ã è èç à ç à ç ß â Þ à ç Þ

,

one will have the sought formulaø ø ø øù ø ú ù ú û ü ø ú ù ý ýþ ÿ ø ú þ ÿ ù ú þ ÿ û þ ÿ ù ú þ ÿ û� � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � 	 
� � 
 � � � �� � 
 � 
 � � � 
 � � .
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Here are the principal cases that I have put in formula

� � ��
� � � � �

� � � � � �
� � � � � � �! � � � � "

� � � � �  � � �# � �" � � � � � �  � � �$ � �� � � � � � � � � � % � � & � � � � � � � � "
' � �( � � � � � � � � � �) � � & � � � � � � � � "
* � ��  � � " +

�

,
-
.

/
0
1

2
3

4
4 4 � � � � ( % � � � " �� � � % � � ) % � � � � ( % � � � + " 56 4

The first of these formulas expresses the advantage of the banker, when the
card of the punter is found one time in the hand. The 2nd  expresses his

�
advantage when it is found twice in it. The 3rd  expresses his advantage when

�
it is found there three times, & thus the others.

If one wishes to have a sequence which gives the advantage of the banker,
the values of  & of  being arbitrary, one will have in multiplying the first term� 7
of the sequences that I have given in , by as many products of naturalart. 73
numbers as there are units in ; or, this which is the same thing, by77 5 7 � � 5 7 � � 5 7 � � 5 8 7 � 7 9, & again by ; & dividing by as many products of

:;
the quantities , &c. as there are units in , one will� 5 � � � 5 � � � 5 � � � 5 � �  7
have, I say, in reducing term by term, & canceling that which is found in
common in the numerator & in the denominator, this general & very simple
formula,

� 7 � 7 5 7 � � � 7 5 7 � � 5 7 � � � 7 5 7 � � 5 7 � � 5 7 � � � ) � 5 � � � � % � 5 � � � 5 � � � � � � 5 � � � 5 � � � 5 � � �� � � � � � �
� � �� 7 5 7 � � 5 7 � � 5 7 � � 5 7 �  

%  � 5 � � � 5 � � � 5 � � � 5 � �  &c.



23

in which it is necessary to note that when  is an odd number, it is necessary to<
take as many terms as  expresses in units; but when  being an even< = > <
number, it is necessary to take as many terms as there are units in , & to<
multiply the last term by .

?
REMARK

75. One is able to observe that in the method that we have followed, we have
always considered the terms taken two by two of which we seek the sum, as
knowing the greater of two unequal parts which compose the total; &
consequently it was always necessary to add to that the half of the difference.
Now if one would wish to consider the sought sum as making the smaller part of
the uninterrupted sequence, if would be necessary to consider this entire
sequence augmented by terms which correspond to , & thus in sequence of@ A >
rank to rank; then one would have always the sum that one seeks equal to the
half of the total, less the half of the difference; & this total would be found in the
inferior horizontal rank, to that which corresponds to ; in continuingB A ?
always in this manner instead of the terms of the transverse band of which the
row number is , one would have the terms of the perpendicular band@ = C A ?
@ A D , with the signs plus & minus alternately. The remark reveals the base of
the difference that one finds between my formula above, & that which follows,
of which M. Nicolas Bernoull i  has made me part in the Letter of 26 February2

1711, that one will find at the end of this book.> < > < E < = >F B = < A > G B = < A > E B = < A ?H = H
A H> < E < = > E < = ?

> I B = < A > E B = < A ? E B = < A D
= H A> < E < = > E < = ? E < = D

D ? B = < A > E B = < A ? E B = < A D E B = < A F &c.

This last seems preferable, in this that one employs only as many terms as
there are units in , instead as in mine, when  is an even number, it is< = > <
necessary to take as many terms in the sequence as there are units in ; & in this<
case to multiply the last term by : this exception subtracts in some way from the

?
uniformity of the formula. But this advantage is able to be compensated by the
alternate signs & the  which is found in the denominator of M. Bernoulli , &<

2 See the remark by Nicolas Bernoulli .
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principally because one operates there on greater numbers. In order to make the
comparison, let be proposed to find the sum of those numbers, for example,
which are of the fourth order,  One has by my

J K L M N O M K L M P Q K L L R
formula . And according to that of M.

S S S ST U V S WX Y Y L M X J K L M X Y O M X Z
Bernoulli , .

S S S ST U V S WX P [ O \ X K K L M X O O \ X J K
REMARK II.

76. I have prepared two tables on the first four formulas, , in the intent toart. 74
please the players, & to satisfy their curiosity. In order to understand the usage, it
is necessary to know that in the first the number contained within the cell ]
expresses the number of cards that the banker holds; & that the number which
follows, either the cell i n the first column, or two points in the other columns,
expresses the number of times that the card of the punter is supposed to be found
in the hand of the banker. The usage of the second table is to give some
expressions less exact to the truth, but more simple & more intelli gible to the
players, of the fractions which in the first designate with precision the advantage
of the banker. It is necessary to know in order to understand this table, that this
mark  signifies excess, & this other defect; in such a way that I intend by^ _^ _S S S SU ` U ` a quantity greater than , & smaller than .

One is able to make, by relationship to the numbers of the first table, many
rather curious observations. Here are the most important.

COROLLARY I.

77. In the first table the advantage of the banker is expressed in the first column
by a fraction, of which the numerator is always unity, the denominator is the
number of cards which are held by the banker.

In the second column this advantage is expressed by a fraction, of which the
numerator is according to the sequence of natural numbers  &c. the

J a K a Y a P a
denominator has for difference among these terms the numbers 

J Z a K O a Y P a P K aN L a N Z a Zof which the difference is .
In the third column the numerator is always , the difference which rules inY

the denominator is .Z
In the fourth column the difference is always  in the numerator, the

P
denominator has for difference among its terms the numbers 

K P a P L a N O a b K a Z Z a
&c. of which the difference is .

J O
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One is able again to observe another uniformity singular enough among the
last digits of the denominator of each term of a column.

In the first column the last digits of the denominator are according to this
order &c. In the second they are according to this

c d e d f d g d h i c d e d f d g d h i
order  &c. In the third they are according to this order

h d g d e d g d h i h d g d e d g d h ih d g d f d e d c i h d g d f d e d c i e d
 &c. In the fourth they are according to this order g d g d e d f i e d g d g d e d f i

 &c. One will seek with pleasure the cause of this
uniformity.

COROLLARY II

78. One may by means of these tables find all i n one stroke how much a banker
has in advantage on each card. One may likewise know how much each
complete deal will have, in equal risk, to bring profit to the banker, if one
remembers the number of cards which have been taken by the punters, of the
diverse circumstances in which one has wagered on them in the game, & finally
of the amount of money that one has ventured upon. One will find apparently
that this advantage is very considerable. One would give to him fair limits in
establishing that the doublets were indifferent for the banker & for the punter, or
at least that they are worth solely the third or the fourth of the wager of the
punter. Thus that which would remain advantage to the banker, would be
suff icient for making preference to the players who understand their interest, the
place of the banker to that of the punter, & it would not be considerable enough,
in order that the punters would suffer by them much prejudice.

COROLLARY III .

79. So that the punter taking a card have the least disadvantage which is
possible, it is necessary that he choose one which has passed twice; because
there would be greater disadvantage for him, if he would take one card which
has passed once; & greater disadvantage again, if he would take a card which
has passed three times; & finally the worst choice that a punter is able to make,
this is to take a card which has not passed yet.

Thus one will find, for example, that supposing  is equal to one pistole ,
j 3

the advantage of the banker which would be nineteen sols two deniers, in the
supposition that the card of the punter was four times in twelve cards; & sixteen
sols eight deniers, in the supposition that it was once there, is no more than

3 1 pistole 200 sols, 1 sol 12 denier.k k
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thirteen sols seven deniers, when in these twelve cards that of the punter is found
there three times, & ten sols seven deniers when it is there only twice.

One will note the same thing with respect to all other number of cards.

REMARK I.

80. The persons who have not examined at foundation the game of Pharaon & of
Bassette, could find to criti cize, that I have not spoken of the masses , of the4

parolis , of the paix, of the sept & the , &c. because the majority of the5 va6

players imagine that there is in everything that much mystery. I have known of
them who believed to have good reasons to prefer to wager four Louis on a
simple card to make the paroli of two Louis, or the sept & the  of one Louis. Iva
have seen others of them who were persuaded that there would be much
advantage to make frequently of the paix: nevertheless it is evident that, since
the punter has the liberty to take a new card at each time that he loses or that he
wins such as it is pleasing to him, he must not embarrass himself if this is either
a sept & the , or a paroli , or a paix, or a double paix, &c. Because to make theva
paroli of a Louis is nothing other than to wager two Louis on one card, after
having won a Louis; & to make the sept & the  of a Louis is nothing otherva
than to wager four Louis on one card, after having won three of them; &
similarly to make the paix of one Louis is nothing other than to wager a Louis on
one card, after having one Louis on that same card.

One has apparently invented the parolis, the sept & the , &c. only in orderva
to spare the banker the diff iculty of paying those who have intent to wager on
their cards the double of that which they have just won: nonetheless it would be
more useful to the bankers to take this care, than to be exposed, as they make
him, to that which one names Alpiou de Campagne .7

For me I believe that the bankers have not abolished the usage making these
points, of which the great number cause in the game a confusion which is often
prejudicial to the banker, & and which favors the misdirections of the punters, it

4 The masse is a certain sum of money that one wagers in a game in order to lose or to win
so much according to the established rules.

5 A paroli i s the double of that which one has gambled the first time.
6 In a game of cards one calls a sept the card which is marked with seven pips. One says in

the game of Bassette, of Pharaon, etc. Sept et la va, quinze et le va etc. in order to say, seven
times, fifteen times the vade. This vade is the sum which is controlled by the players of which the
first to go in the game is obligated to leave.

7 This seems to be the act of knavery in which a player claims to score without his card
having come into gain.
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is that the bankers have well seen that the majority of men do not judge these
things by reason, such a punter who would make without diff iculty the sept &
the  of one Louis, believing to risk only one Louis, could not resolve to wagerva
four Louis on one simple card. Besides for the usual it i s in the last cards, when
the advantage of the banker is most considerable, that the punters are stung &
make the parolis, the sept & the , &c. that which shall compensate them withva
usage of the misdirections to which they are that way exposed, but of which they
it is not moreover impossible to guarantee themselves with much application, &
with the aid of a croupier.

REMARK II.

81. It was easy for the players themselves to understand that the advantage of the
banker increases in proportion as the number of his cards diminish; but it was
impossible to discover without analysis the law of this diminution, & this which
is most important, to know how this advantage varies according as the card of
the punter is found more or less times in the hand of the banker. The players
have assuredly never been able to imagine that the advantage of the banker, in
relation to one card which has not passed, is nearly double of that which he has
on one card which has passed twice, & much less again than his advantage, in
relation to one card which has passed three times, is to his advantage in relation
to one card which has passed two times in a ratio greater than three to two. The
players will find all this without diff iculty, & possibly with some surprise in the
tables here joined, they will see there, for example, that the advantage of the
banker which would only be about twenty-four sols if the punter would wager
six pistoles either to the first deal of the game, or on one card which would have
passed twice when there would remain of them no more than twenty-eight in the
hand of the banker (these two cases revert to very nearly the same thing) will be
seven livres two sols, if the punter puts six pistoles on one card which has not
yet passed, the stock being composed of no more than six cards, & that his
advantage would be precisely six li vres, if the card of the punter was in this last
case passed three times. Thus all the knowledge of the game is reduced for the
punter to observing the two rules which follow.

1. Take some cards only in the first deal, & venture on the game accordingly
less as there are a greater number of deals passed.
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2. Regard as the greatest evils those cards which have not passed at all yet, or
which have passed three times, & prefer to all , those which have passed twice.

In following these two rules, the disadvantage of the punter will be the least
that will be possible.
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TABLE FOR PHARAON page105

l m n o p p p q m o p p p q r o p p p q s o t u t
   v v w x y z { v x |} } x z w y z ~ } w x yl � n o p p p q m o t u t q r o t u t q s o t u t
   | } } � | z v y z z v w| x y | x y } w { | ~ w x w x | y ys � n o t u t q m o t u t q r o t u t q s o t u t} } � z � | v � { } w w~ z } { } | y ~ } z z } v z ~ v v z y   s � n o t u t q m o t u t q r o t u t q s o t u t} | ~ | } | } } y y v~ { v w { y } y } z y ~ z w x x x   s s n o t u t q m o t u t q r o t u t q s o t u t} z v v | w } |~ ~ { � { | w } � v | z � z {   s m n o t u t q m o t u t q r o t u t q s o t u t} | } ~ x | � w~ v v ~ { v ~ { } { ~ | } w z   s � n o t u t q m o t u t q r o t u t q s o t u t} } x y } | v x~ y } } } x ~ y } x { w { v   r � n o t u t q m o t u t q r o t u t q s o t u t} v z ~ w | } | ~ w| z v y } y { z } ~ z ~ w v } y   r � n o t u t q m o t u t q r o t u t q s o t u t} { � w | } } | w| { ~ x y ~ x } ~ y | w v � y   r s n o t u t q m o t u t q r o t u t q s o t u t} v x � | | | x �

| ~ } { y ~ ~ { } | v } } x w ~   r m n o t u t q m o t u t q r o t u t q s o t u t} } v } x | } � �
| v � y w v z } v ~ x | w ~   r � n o t u t q m o t u t q r o t u t q s o t u t} v v z � | x x| y } v ~ ~ } y } } { } x { {   m � n o t u t q m o t u t q r o t u t q s o t u t} x | { | v v }
v z v � y v � } y z x z x y   m � n o t u t q m o t u t q r o t u t q s o t u t} v y y } | { } }
v { w v w x y } y y } ~ w x y   m s n o t u t q m o t u t q r o t u t q s o t u t} w v w | ~ � |v ~ | w ~ { z w v } y { v {   m m n o t u t q m o t u t q r o t u t q s o t u t} } � } x | } ~ |v v { { y { { z ~ v w v {   m � n o t u t q m o t u t q r o t u t q s o t u t} } x � v | | xv y x ~ | ~ y � { { ~ {   n � n o t u t q m o t u t q r o t u t q s o t u t} } ~ v w | | }} z ~ | � x z { z x } y   n � n o t u t q m o t u t q r o t u t q s o t u t} ~ v w | w} { } } ~ ~ y { y } | y   n s n o t u t q m o t u t q r o t u t q s o t u t} ~ ~ | v |} ~ } y y } x v v z {   n m n o t u t q m o t u t q r o t u t q s o t u t} � | } w} v } | v ~ ~ } w z   n � n o t u t q m o t u t q r o t u t q s o t u t} } | x} y } x | { ~ v   � n o t u t q m o t u t q r o t u t q s o t u t} x | } }

z x { v z � y   � n o t u t q m o t u t q r o t u t q s o t u t} v | �
{ } x v y | y   s n o t u t q m o t u t q r o t u t q s o t u t} } | }

~ ~ } v v   
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TABLE II. FOR PHARAON. page 106� � � � � � � � � � � � � � � � � � � � � � � � � �
   � �� � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � �
   � � � � � �� � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � �� � � � �� � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � � � � �   � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � �� � � � � � �   � � � � � � � � � � � � � � � � � � � � � � �� � � �� � � �   
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Extract of a letter from M. (Jean) Bernoulli t o M. de Montmort
From Basel this 17 March 1710 (pg. 284–287)
Page 8 (1st edition) on the game of Pharaon. In order to seek the strength of the
banker who holds four cards within his hands, among which the card of the
punter is once, you make a denumeration of all 24 permutations of four cards, in
order to take of them the favorables to the banker, without making reflection that
this is not appropriately the various permutations, but only the various situations
of the card of the punter, among the others which make the diversity of the
cases; thus instead of your 24 permutations, I have only these four variations to
consider ( I name  the card of the punter, &  each of the others)� �

� � � � � �   � � � � �¡ � � � � � ¢ � � � � �
Of these four variations the first is indifferent to the banker, the 2nd and 4th
make him win, & the 3rd makes him lose, his strength will be therefore

£ £ ¤ £ ¤ ¥ ¤� ¦ ¤ ¥ ¡ ¦ ¡ ¤ ¥ � ¦ § ¨ �
¢ ¢ ¢ ,

entirely as you have found. If the card of the punter is found twice among the
cards of the banker, he will have these six variations, instead of 24 permutations,� � � � � �   � � � � � ¨ � � � � �¡ � � � � � ¢ � � � � � © � � � � �
The first, the third & the fifth make the banker win, the second & the fourth
make him lose, & the sixth gives to him the half of the wager of the punter, &
therefore the strength of the punter will be

£ £ ¤ £ ¤ ¥ ¤  ¦ ¡ ¤ ¥ ¡ ¦ § ¥ � ¦ ¤
© ¢ ¢

¨ �ª«
,

again as you. If the card of the punter is found three times among the cards of the
banker, one sees clearly that he must have as many variations, as when the card
of the punter is there only once; because he has only to make a permutation of
the letters  to , &  to .� � � �

� � � � � �   � � � � �¡ � � � � � ¢ � � � � �
Whence one draws anew the strength of the banker . By this manner£ ¤ ¥ ¤¬­
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of distributing the cases, one sees without diff iculty that whatever number of
cards which are held by the banker expressed by , if those of the punter are®
found there only once, the advantage of the banker will be . It is hardly

¯° ±
otherwise if the card of the punter is found more than once among the cards of
the banker; because instead of all the permutations which it would be necessary
to examine, & of which the number is immense for a mediocre number of cards,
here it is only necessary to consider the number of variations of the two letters ²
& , which is always equal to the number of combinations that some things of

³
which the number is the one of the card of the punter, are able to be taken
differently in the number of all the cards; & then of those combinations of which
the number is always much smaller than the one of all the permutations, if will
be easy to choose those which make the banker win either entirely or in part, &
thus to determine his strength: for example: We give to the banker six cards,
among which we suppose that the card of the punter is twice. In this supposition
I have only to examine as you make all the 720 permutations that the six cards
are able to undergo, restricting myself to examine simply those fifteen possible
variations that the letter  taken twice is able to make with the letter  taken four² ³
times. ´

µ ³ ³ ³ ³ ² ² ¶ µ ³ ² ³ ³ ³ ² · µ ³ ³ ² ³ ² ³ ´ ¸
µ ³ ³ ² ² ³ ³ ´ ¹

µ ³ ² ² ³ ³ ³º µ ³ ³ ³ ² ³ ² » µ ² ³ ³ ³ ³ ² ¼ µ ³ ² ³ ³ ² ³ ´ ´
µ ³ ² ³ ² ³ ³ ´

¶ µ ² ³ ² ³ ³ ³¹
µ ³ ³ ² ³ ³ ² ½ µ ³ ³ ³ ² ² ³ ¾ µ ² ³ ³ ³ ² ³ ´ º µ ² ³ ³ ² ³ ³ ´

» µ ² ³ ³ ³ ³ ³
Among these fifteen variations one counts seven which give all to the banker,
two which give to him his wager with the half of the wager of the punter, & the
six others which make him lose; in such a way that the strength of the banker
will be

¿ ¿ ± ¿ ± À ± Á· Â º ± À º Â ± À ½ Â
¸

´
»

´
»

´
»

´
· ºÃÄ

conforming to that which you have found. Thus similarly if the card of the
punter is three times among the six cards of the banker, there will be only 20
ways to vary the situation of two letters  &  taken each three times, which² ³
being untangled makes plain that the strength of the banker will be .¿ ± À ±ÃÄ Å
Following this principle, here are the general formulas that I have found for
whatever number of cards that there are among the hands of the banker, &
whatever number of times that the card of the punter is found there, without
supposing known the strength of the banker in a number of cards expressed by
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Æ Ç È , as you made in your general formula, that I have also found very easily;
here is, I say, mine. Let , 

É Ê È Ê Ë Ê Ì Í Æ Ç Î Ï Ð Î Ñ É Ê Î Ñ È Ê Î Ñ Ë Í Æ Ï Ò ÓÆ Ç Î Ñ É Ê Æ Ç Î Ñ È Ê Æ Ç Î Ñ Ë Í Æ Ï Ô , I say that the advantage of the banker, ifÎ  is an even number, will be expressed by this sequenceÐ Î Ç É Ê Î Î Ç É Ê Î Ê Î Ñ É Ê Î Ñ È
È Ò É Ê È É Ê È Ê Ë Ê ÌÕ É Ñ Ñ

Ñ Ñ ÖÎ Ç É Ê Î Ê Î Ñ É Í Î Ñ Ì Î Ç É Ê Î Ê Î Ñ É Í Æ Ç ÈÉ Ê È Ê Ë Ê Ì Ê × Ê Ø É Ê È Ê Ë Ê Ì Í Æ Ç Î .

Or else by this:Î Ç É Ê Î
È Ô Õ É Ê È Ê Ë Í Î Ç È Ñ Ë Ê Ì Ê × Í Î

Ñ × Ê Ø Ê Ù Í Î Ñ È Ñ Ö Æ Ç Î Ñ É Ê Æ Ç Î Ñ È Í Æ Ç È Ê
But if  is an odd number, one will have the same advantageÎ

Î Ç É Ê Ð Î Ê Î Ç É Î Ê Î Ñ É Ê Î Ñ È Ê Î Ñ Ë Î Ê Î Ñ É Ê Î Ñ È Í Æ Ç È
È Ò É Ê È Ê Ë È Ê Ë Ê Ì Ê × È Ê Ë Ê Ì Í Æ Ç ÎÕ É Ñ Ñ Ñ Ö Ó

or elseÎ Ñ É Ê Î
È Ô Õ È Ê Ë Ê Ì Í Î Ç É Ñ Ì Ê × Ê Ø Í Î Ñ É

Ñ Ø Ê Ù Ê Ú Í Î Ñ Ë Ñ Æ Ç Î Ñ É Ê Æ Ç Î Ñ È Í Æ Ç È Û
whence it is necessary to note that the numbers  &  are able to be anything,Æ Î
provided that  not be less great than 3. If you wish to take the diff iculty, youÎ
may examine these general formulas if they accord with yours that you give for
the particular cases, pg.. 24 & 25.

Extract from the remarks of M. (Nicolas) Bernoulli . (pg. 299)

Pg.. 23, 24, 25. In general, if , the prerogative is the comprehensiveÎ Ü È
expression
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Ý Þ ß Þà á à á â á ß à
ã ä ß á å à æ ä ß á å à â ä ß á å ç

å Þ ß èà á â á ß à â á ß ç
à é ä ß á å à â ä ß á å ç â ä ß á å ê

ë Þà á â á ß à â á ß ç è ç
ç ä ß á å à â ä ß á å ç è ä ß àall the way to ì

in .í

Extract from a letter from M. de Montmort to M. Bernoulli
At Montmort 15 November 1710. (pg. 303–304)

Those which you give, Sir, in order to express the advantage of the bankerî á ß à â á á ß à â á â á å à â á å ç
ç ï à â ç à â ç â ê â ãÞ à å å

å å ðá ß à â á â á å à è á å ã á ß à â á â á å à è ä ß ç
à â ç â ê â ã â ñ â é à â ç â ê â ã è ä ß á ,

if  is an even number. And
á

á ß à â î á â á ß à á â á å à â á å ç â á å ê á â á å à â á å ç è ä ß ç
ç ï ç â ê ç â ê â ã â ñ ç â ê â ã è ä ß áÞ à å å å ð

are very fine. I have one of them a long time since littl e different from yours, let
it be that  is even or odd. Here it is:

á
à ä ß á â ä ß á ß à ä ß á â ä ß á ß à â ä ß á ß ç â ä ß á ß ê

ä Þ ä ß à ä â ä ß à â ä ß ç â ä ß ê ä â ä ß à â ä ß ç â ä ß ê â ä ß ã â ä ß ñå å
å ä ß á â ä ß á ß à â ä ß á ß ç â ä ß á ß ê â ä ß á ß ã â ä ß á ß ñ

ä â ä ß à â ä ß ç â ä ß ê â ä ß ã â ä ß ñ â ä ß é â ä ß ò å
 &c.

The whole multiplied by .
á â á ß à â íóô
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