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Abstract

In this work we recompute the known ordinary mod 2 homology of the spec-
trum bo as a Hopf ring. In addition, our study computes the Hopf modules over
the Hopf ring H.bo, for the connective covers bo(1),bo(2), and bo(4). These
results are calculated using the bar spectral sequence, which allows us to ad-
vance from one space to the next in the spectrum, and by using maps from our
spectra to the mod 2 Eilenberg-Mac Lane spectrum H in order to facilitate the
simplification of our result. These calculations yield, in turn, the Hopf ring for
bo(n) for all n.
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1 Introduction

The object of this paper is to compute the Hopf ring H,(bo,;Z/2) for the connective
real Bott spectrum bo. This paper is intended to follow the joint paper [3], which
computed the Hopf ring H,(KO ,;7Z/2) for the spectrum representing orthogonal K-
theory, KO. The primary example of a Hopf ring is F, E ,, where F| is a multiplicative
homology theory and E = {E,} is a ring-spectrum. As the Brown representability
Theorem shows that spectra are intimately connected to homology theories, there is
considerable interest in the computation of Hopf rings. In addition, the computation
of Hopf rings adds to our understanding the structure of fundamental classes of spaces.
Frequently, the bar spectral sequence is used to compute the homology of loop spectra;
given the homology of the n-th space, the bar spectral sequence converges to the
homology of the (n + 1)-st space.

One of the first Hopf rings computed (following the methods of J.P. Serre - see
[9]) was that of the mod 2 Eilenberg-Mac Lane spectrum H, representing mod 2
homology, H.( ;7Z/2). Since then, many other Hopf rings have been computed, such
as for complex cobordism (see [4]) and for Morava K-theory (see [8]). Amongst
these computations is the Hopf ring for the real orthogonal K-theory spectrum KO,
which represents orthogonal K-theory (see [3]). As KO fulfills Bott periodicity, i.e.
KO, = KO, 4, this Hopf ring can be described by solely examining the first eight
spaces in the spectrum.

A natural question arises from the computations for KO: What is the Hopf ring
for the connected cover of KO?7 (This connected cover is the non-periodic spectrum
bo, which represents connective real K-theory.) We certainly expect the structure
of this Hopf ring to be much more complicated than that of KO, as there are now
infinitely many spaces that need to be examined, instead of just eight. But, on
the other hand, there should also be patterns that appear every eight spaces. This
calculation - the Hopf ring for bo - is the core of this paper.

Two maps will be utilized to accomplish our goal; the obvious map of spectra to
the periodic Bott spectrum,

bo — KO,

and the fundamental class,
©:bo— H —H,

where H represents the integer Eilenberg-Mac Lane spectrum and H represents the
mod 2 version. As stated above, the Hopf rings for both of these target spaces
have been computed; we include them later in this article for completeness’ sake. In
particular, the computations and properties proven for the Hopf ring for the periodic
case KO in [3] will form the basis for our study of non-periodic bo. Note the starting
point for both bo and KO is shared: KO, =7Z x BO = bo,,.

The sum of these maps, ® : bo — KO x H, induces a monomorphism for all n,



and we compute H,bo,, as a sub-Hopf ring of the known Hopf ring on the right, where
we have used the notation H, = K(Z/2,n). (From this point forward, the notation
H,.X will be used to mean H,.(X;Z/2).)

Unlike most Hopf rings that have been computed, H.bo, requires a large number
of generators. In fact, the Hopf ring H,bo, is the (graded) tensor product of four
families of Hopf algebras:

1. Polynomial and exterior subalgebras of H. KO ..

2. Polynomial algebras on generators that decompose in H,KQO ., companions to
the polynomial algebras in the first family.

3. Exterior algebras (subsets of H,H,) which arise from the second family.

4. General exterior algebras in H,H, that arise from the third family by unlimited
suspension.

The Hopf ring for connective complex K-theory, the spectrum bu, has been cal-
culated in [1]. The techniques used in the Hopf ring for bu are similar to those of this
paper, but as the spectrum bu has a less complicated structure than bo, the Hopf ring
for bu needs many less generators than does bo.

After the calculation of H,bo, is complete, the calculations of the connective
covers bo(4),bo(2), and bo(1) follow the same methodology. These spectra are not
ring-spectra, so their mod-2 homology groups do not form Hopf rings (in the usual
sense). Thus for bo(4),b0(2) and bo(1) we compute the Hopf module over the Hopf
ring H,bo,. As bo(n + 8) = ¥8bo(n), this actually completes the calculation for bo(n)
for all n.

In [6], the cohomology of the spaces BO(k) is computed for k = 0,1, 2,4 mod 8.
We denote the generators of H*(BO,Z/2) (which is well known to be a polynomial
algebra over Z/2) as w; € H'(BO,7Z/2),i > 0,wy = 1. Define

S¢* if k=0,1mod 8
Qr=1<{ S¢®if k=2mod 8
Sq¢® if k=4 mod 8

Let I(Qgix) denote the ideal generated by Qi and ¢(0,k) denote the number of
integers s such that 0 < s < k and s =0, 1,2, or 4 mod 8. Additionally, define L(7)
as one more than the number of 1’s in the dyadic expansion of i — 1, and 6; as classes
in H*(BO, Z/2) congruent to w; modulo decomposable elements. Then [6] proves

H*(BO(k, ..., 00),Z/2) = H*(K(m(BO), k) /[ 1(Qrir) @ Zo[0:| L(i) > ¢(0, k)].

We should note that the spaces BO(8k, . ..,00) = BO(8k) are the spaces bog,, ex-
amined in this paper. Also, the spaces BO(8k + 1) are the spaces bo(1) o the spaces

BO(8k + 2) are the spaces bo(2>8]~C etc. There is quite a difference in methodology,



though, from this paper to [6]. Specifically, in [6], the author completes the compu-

tation for every 8th space and uses induction to go from bo(0) to bo(1) to bo(2) to
bo(4) to bo(8) etc. In contrast, in this paper, we deloop to obtain all of the spaces.
As these are quite different techniques, and since [6] uses cohomology whereas our
object of study is homology, attempts to find an explicit isomorphism between the
two calculations have not succeeded.

Over the last few years there has been much interest in examining many of the
spaces that arise in or are related to the spectrum bo. For example, BString, MString
and complex analogues appear in M. J. Hopkins’s theory of Topological Modular
Forms. Additionally, a paper by M. Ando, M. J. Hopkins, and N. Strickland (Elliptic
spectra, the Witten genus, and the Theorem of the cube) uses the homology of BU(6).

2 Hopf Rings

We include a brief collection of the basic facts about Hopf rings, from [4]. Let R
be a graded associative commutative ring with unit. We let CoAlgj be the category
of graded cocommutative coassociative coalgebras with counit over R. A Hopf ring
is a graded ring object in the category CoAlg,. Hopf rings include a coproduct
1, conjugation Yy, counit e, and two products, the s-product and the o-product.
Additionally there are relationships that mesh these maps together.

Let H(x) = {H.(n)}nez be a Hopf ring over the ring R. Let a € H;(n), b € H;(k),
and ¢ € Hy(k). In the following we will omit the signs on our formulae as we shall be
working over Z/2.

1. Each H,.(n) is an element of CoAlg,. Thus there is a coassociative cocommu-
tative coproduct for all n, ¥ : H,(n) — H.(n) ® H,(n), which we write as

YP(a) = Xd ®ad".

Additionally, there is a counit, ¢ : H,(n) — R such that (1, () ® €) 0 ¢ is the
identity.

2. Each H,(k) is an abelian group object of CoAlgy. This gives the first product

structure,
«: Ho(k) @ Ho(k) — H,(k)

which is associative and commutative. This product structure operates with
the coproduct and counit: (b * c¢) = ¥(b) * ¥(c) = (' @ V") * (¢ @ "), and
g(bxc) = e(b)e(c). The abelian group object unit, or zero, is ¢ : R — H.,(k),
which is in CoAlgy. If we define [0x] = ((1) # 0, then [0 * b = b. Finally, the
conjugation y : H.(k) — H.(k) has yx = identity and (e(b) = X' * x(b"). It is
the abelian group object inverse.

3. The associative map

o: H,(n)® H,(k) — H.(n+ k)

bt



gives the second product structure. This map is in CoAlgg: ¥ (aob) = ¥(a) o
P(b) =X(d ®@a")o (b ®@V") and e(aob) = £(a)e(b). Multiplication by zero gives
[0,] 0 b = Ce(b). There is a unit map i : R — H,.(0). If we define i(1) = [1] €
Hy(0), then [1] o b =b. Defining x([1]) = [—1] € Hy(0) yields x(a) = [-1] ca
and x(aob) = x(a)ob=aox(b).

The o-product also satisfies

(a) Commutativity:
aob=[-1]""%oboa=x"(boa),
where a € H;(n) and b € H;(k).
(b) Distributivity:
ao(bxc)=3%(aob)*(a"oc).

In our notation we use a? instead of a*? and be instead of b * c.

3 Background, Notation, and Machinery

We quickly review the tools and notation used throughout the rest of this article.

3.1 The homotopy elements [n], [3], [A]

It is well-documented that

KO, =Z[n, 3, 7/ (0", 2,18, 3% — 4))

and
bo. = Z[n, 3,\/(n*,2n,n8, 3% — 4\) C KO,

where deg(n) = 1,deg(8) = 4, and deg(\) = 8. (Note that A is the Bott element.)
We would like to use these elements to simplify our calculations.

Following [4], suppose S is a homotopy category of topological spaces (with cer-
tain properties), and F.(—) is an associative commutative multiplicative unreduced
generalized homology theory with unit defined on §. If we let G*(—) be a similar
cohomology theory (also defined on §), then G*(—) has a representing Q-spectrum

Q* = {Qn}nez € grSa
in other words,
GM(X) ~ [X.G,) and QG,,,, ~ G,

(with grS the category of graded objects of §). Denoting the two coefficient rings by
F, and G*, we let x € G™ have degree —n in the coefficient ring. Then x € G™ ~
[point, G,,] and so we have a map in homology =, : F, — F.G,. We define [z] € F,G,,
to be the image of 1 € F, under this map.

If we take z € G™ and x,y € G", then
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1. [z] o [z] = [z2] = [-1]""" o [z] o [2].
2. o] x y] =z +yl =y +a] = [y] x [x].
3. Yzl = [ @ [2].

4. The sub-Hopf algebra of F.G, generated by all [z] with x € G* is the ring-ring
of G* over F,, i.e. F,[G"].

Application to the case G = KO and F.(—) = H.(—) yields the ring-ring elements
[n] € HoKO _,,[B] € HoKO_y, and [\] € HoKO _g.

We will need these homotopy elements throughout our calculations. In particular, the
Bott element [A] will allow us to map down eight spaces, to facilitate the simplification
of the elements in our Hopf ring.

3.2 The Bar Spectral Sequence and Tor

Let E be an Q-spectrum, and let £’  be the component of the basepoint in the n-
th space of E. The bar spectral sequence is really the homology Eilenberg-Moore
spectral sequence for the path-loop fibration on the space E', .,

El/

Paths E',

!

E, x

1%

Based on the bar resolution, it is a spectral sequence of Hopf algebras with the
basic property that

E?, = Torl; (2/2,2/2) = HyE, 1 2)2).
Its differentials are given by
dr : E;f, - E;—r,t—l—r—l'

For more information, see [2].

For the rest of this paper, we will use the notations P(z) and E(x) to represent
the polynomial and exterior algebras, respectively, on the generator x.

When R is a bicommutative Hopf algebra over Z/2, then Tor (Z/2,7,/2) is again
a bicommutative Hopf algebra over Z/2. If I is the augmentation ideal, there is a
natural isomorphism o : I/I? — Tor{,(Z/2,7/2). Moreover, if y € I; and y*> = 0
there are naturally defined divided powers v;(o(y)) € Torfjk. The following compu-
tations for Torl’,(Z/2,7/2) are well known (see [5]) and will be needed throughout
our calculation:



1. Tori&x) (Z)2,7./2) = E(o(x)), the exterior algebra on o(z) € Tory .
2. Torfgx)(Z/Q,Z/Q) = I'[o(x)], the divided power algebra on o(z), which is
spanned by the elements v;(o(x)).

3. Torf{fm (Z)2,7/)2) = E(o(x)), where Z/2[Z) = Z/2(x, 2~') is the group ring of
Z.

4. Tor®* @ Tor? — Tor4®",

3.3 Frobenius and Verschiebung Maps

Given A, a bicommutative Hopf algebra over Z/p (p prime), the Frobenius map
F: A — Ais described by F(x) = xP. The Verschiebung map V' is defined to be the
dual of ' on A*, the dual of A. In other words, if F': A* — A* is defined by x — 2P,
then (F')* =V :A— A.

From [5], these maps have the following properties (for p = 2):

1. With a shift of grading, V' and F' are Hopf algebra maps.

2. VF=FV:
V(z?)=VF(x) = FV(z) = [V(2)]

3. V(zoy)=V(z)oV(y)
4. F(xoV(y)) =F(z)oy

5. For the coalgebra I'(x),
V(724(7)) = 74()
V(y,(x)) =0if ¢ #£0 mod 2.

4 The Hopf Rings for H and KO

As stated in the introduction, we will compute the Hopf ring for bo as a sub-Hopf ring
of HLKO, ® H,H,. For reference and for ease of reading, we record the descriptions
of both known components of this Hopf ring.

4.1 The Hopf ring for H

The algebra generators of H,H, for k > 0 can be written uniquely in the form

oo T o -



where |5;)| = 2°. We order the generators lexicographically, according to the sequence
of indices (jo, j1,j2,--.). Whenever we introduce a new generator of the Hopf ring
H.,bo,, we (generally) evaluate the map

on it, ignoring decomposables and retaining only the earliest indecomposable term in
the ordering above. Thus for £ > 0

HJQ:EQ%HQHOQM:mzn.z@zuzo)

The case k = 0 gives the group ring, which may also be written E([1]—1). Also, H,H,
has a basis consisting of 1 and [1], with [1]? = 1, and H,K(Z,0) = Z[z, 20""], where
20 = [1] and 2p™! = [~1]. The map © is a morphism of Hopf rings — it preserves
x-products, o-products, etc. and it induces morphisms of bar spectral sequences. We
note that the suspension element of H,H, is 3. Please see [4] for more details.

4.2 The Hopf ring for KO

This Hopf ring was computed in detail in [3], and is the springboard for our calcula-
tions in bo. We will need a complete description of not only the Hopf ring for KO,
but also the relations that arose throughout that calculation. Since our calculations
for H,bo, through H,.bo, are almost identical to the corresponding cases in H, KO ,,
the reader will be able to gain insight into how the Hopf ring for KO originated.
The main tool used to complete this calculation was the bar spectral sequence, which
allows us to ascend from H,.KO, to H.KO, .

The notation and terminology for H, KO, are as follows: push forward the usual
generators of H,RP*> along the inclusion

RP> = BO(1) C {1} x BO C Z x BO = KO,

to get elements z, € HyKO,. We have the element [1] = zy € HyKO , which allows
us to define Zj, = 2 /29 = 21 % [—1]. Note that we will use Z (rather than z;) in order
to obtain generators that lie in KO’ rather than in KO. (Equivalently, z; = Z; * [1].)
As a consequence of property (5) from section 3.3, for the elements z; € H. KO, we
have both V(z9;) = z; and V' (29;41) = 0. The fundamental class in H; KO, is denoted
e, and is also the suspension class. The element 1; = [04] is the unit for the *-product
in H()K_Ol.

As opposed to the case for bo, KO is periodic, so we only record the homology for
the first seven spaces. Space-by-space, the Hopf ring for KO is:



H.KO,= H.Zx BO) =PE"®PE :i>0)

H.KO,= H.(U/O) = P(eozy:1>0)

H.KO,= H,.(Sp/U) = P(e? 02y :1>0)

H.KO,= H,.(Sp) = FE(e® 024 :1>0)

H.KO,= H.Z x BSp) = P([BX"'],[-BA7Y]) @ P(Zgio [BA7'] 11> 0)
H.KO;= H.(U/Sp) = FE(eozgo[BA71]:i>0)

HKO,= H.AO/U)  =E(zo[PA™:i>0)

H.KO.= H,O) =FEFZ;onA7:1>0)
Any other H, KO, can be filled in using Bott periodicity. For example,

H.KOg = H.(Z x BO)=P(\',[-AX")@PFZio[A1:i>0) = H.KO,.

4.2.1 Hopf ring properties

We start with three particularly helpful lemmas from [3]. To illustrate the nature of
Hopf ring calculations, which will be needed throughout this paper, we also include
the lemmas’ proofs.

Lemma 4.1. For all elements a with ca = 0,
eo(axl[l])=eoa.
In particular, for anyi >0, eoZ; = € o z;.

Proof. Using distributivity we obtain

eo(ax[l]) =(eoa)x(1ofl])+(Loa)x(eo[l]) = (eca)*[0] + 0 (eo[1])

= €0a.

Thus e o z; = e o (Z; % [1]) is equivalent to e o Z; for all i > 0. O

Lemma 4.2. The Verschiebung map has both of the following properties:

1. The element V7 (723- (a(zi))> is detected by the element e o z;.

2. If Vi(z) = z;, then © = 2., mod decomposable elements.
Proof. 1. By virtue of the fact that V(wq(x)) = 7,(x), we obtain

Vi (1s(0())) = Vi~ (rma(o(20)) = . = 0 (z0),

which is detected by e o z;.

2. The facts that V'(z9;) = 2z; and V' (z9;11) = 0 may be used to prove this equation.
O
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Lemma 4.3. For any element [z], [z] 0 Z; = 0 iff [x] 0 z; = 0.

Proof. Suppose that [z] o Z; = 0. Then the distributive property shows
[z] 0 zi = [x] o (Zi * [1]) = ([2] 0 Z) * ([x] o [1]) = 0.
Conversely, suppose [z] o z; = 0. Then

[z] 0% = [z] o (2 % [-1])

([z] 0 2)  ([2] o [-1]) = 0.
O

There are eleven additional Hopf ring relations from H, KO, which will be needed
for our computation (although the last three relations are not needed explicitly):

L F(e™) = (e°™)? = €°" o z,, which is only nonzero if 2, is o-indecomposable, i.e.
ifn=2
2. zjoz, = %zﬁk
3. o[\ =[B]oz,
4. Zgiy1 0B = Zaipa 0 [B] =0
5. ¢ 0 8] = 0 i)
6. Zoi1 0[N =0
7. eon =7z
8. Z1 0 %91 = 230%9 = F(Z10%;) fori >0 and z; 0 z; = F(z)
9. (2i) = 32 ki 2 ® 2k
10. Y(e)=e®@1+1®e=ex 0]+ [0]®e

11. e o (decomposable elements) = 0, where we call an element = decomposable if
x = ab, with ea = b = 0.

Even though the lemmas and properties were proven for the connective case, they
still hold true in the non-connective case for bo. The proofs for the Hopf ring properties
are similar to those of the lemmas; some involve the Frobenius and Verschiebung,
some use amap f : KU — KO that forgets the complex structure, and others use the
known structure in KO or RP>, since RP* = BO(1) C {1} xBO C ZxBO = KO,

11



5 The Calculation of the Hopf Ring for H.bo,

We are ready to proceed with the calculation at hand. Before proving the general
structure theorem, we must explicitly compute the answers in two cycles of eight
spaces each. In the first cycle, we map down eight spaces using multiplication by [A]
and simplify our answers in H,KO,, g, since this multiplication is a monomorphism.
Throughout each step we will compute the result of the map

©:bo— H —H,

although this map will not be utilized until the second cycle. In the second cycle,
multiplication by [A] will no longer be a monomorphism, so we will start using the
map O along with this multiplication to complete our solutions.

We start with the established fact that

H.,bo, = H.(Z x BO) = H, KO, = P(z") ® P(Z; : i > 0).

The map
O : H*b_OO - H*K(Z,O> - H*EO

is clearly given by

O(z0) = [1],0(2") = [-1] = [1], and O(z;) = 0 for i > 0.

5.1 The first cycle

In H,bo, through H.bog we show that multiplication by [}],
O[)\] : H*b_On - H*@n_g = H*K_O = H*K_On

n—8 —

is a monomorphism. As the beginning steps are identical to those in the calculation
for the Hopf ring of KO in [3], some of the preliminary details will be abbreviated.

In H,bo,, H,bo,, H.bo, and H.bog, we find it useful to search for the lowest O
digit in the binary expansion of i, by writing

i=14+24. . 42" 2"ty =2"(2¢+ 1) — 1,

where m, g > 0.

5.1.1 H.,bo,
We input H,bo, = P(z') ® P(Z; : i > 0) = H,KQ, into the bar spectral sequence:

+1 5
E2, = Tor;%(Z/2,2,)2) = Tor, &0 75072, 7,)9)

= E(0(2)) ® E(0(%;) : 1 > 0) = H,bo,.

12



Note that we have used the Tor-properties from section 3.2. The suspension o(z) lies
in the first filtration of the bar spectral sequence. The generators of the E?-term are
all in Ei*, collapsing the bar spectral sequence.

Recall that e is the fundamental class in H1KO,. For any x € H,E, ,eox €
H.E 1) detects the image in £ of o(z). Thus, using Lemma 4.1, e0 z; =eo0%; €
H.bo, detects o(z;). (Note that o(z;) = o(z;) for i > 0.)

To simplify the £ term as a Hopf ring, we use the first two Hopf ring relations
from section 4.2.1 (with n = 1 in relation (1), i.e. €? = e o 2;) together with the
Verschiebung properties V(zy,) = 2, and F(z o V(y)) = F(x) o y to compute the
following;:

(eozp)?=F(eoz,) = F(e)ozy = (e02)0 2o = €0 Zopp1.

We apply this calculation as often as possible by writing i = 2™(2¢+ 1) — 1 as above;
then e o z; = F™(e o z9,) so each element e o zy; is a polynomial generator. We have

H,bo, :P<eo,22i:z'20>.

(Note that as bo,, = KO, for n < 3, this result is exactly as in [3].)
The map © preserves the suspension element e, which for H is ).

5.1.2 H.,bo,

This case is similar to H,bo; the bar spectral sequence gives
E?, = Tor™:21(2,/2,72,/2) = E(a(e o z%)) = H.,bo,.

Again, the bar spectral sequence collapses at the E?term. The first two Hopf ring
relations from section 4.2.1 (now with n = 2) give

H.,bo, = P<e°2 0 Zy i1 > O).
5.1.3 H,bo,
The bar spectral sequence is
B2, = Tor;"*(Z/2,7,/2) = E(a(e°2 o z@-)) = H.bo,.
As usual, the bar spectral sequence collapses at the E?-term.
Again, e® o zy; € H,bo, detects o(e°? o z4;). The first Hopf ring relation (with
n = 3) gives (%) = 0. Hence F(e® o zy) = (F(e°®)) 0 zg; = 0, so the elements

e®3 o z4; generate an exterior algebra:

H*b_03=E<e°?’oz4i:z'20>.

13



5.1.4 H,bo,

It is at this point that our calculation begins to diverge from that of H,KKXO,. The
bar spectral sequence yields

E?, = Tor'%(2,/2,7,/2) = r(a(e°3 02y) i > 0) ~ H.bo,.

Since all elements are in even total degree, the bar spectral sequence collapses at
the E%-term. As the generators of the divided power algebra are ~y,;, we may write

E>* = F(U(e°3 o z4,~)> = E(vgj(a(eog 024)):1>0,j> O).

We will simplify this exterior algebra in steps.
We start our simplification with the elements e°* o z4;, which detect the elements

o(e°® o0 z4;) from the first filtration. Hopf ring property (1) with n = 4 yields

F(e* 0 zy) = F(e) 0 2, = (e 0 24) 0 28, = €™ 0 2gppa.

If we once again expand the integer ¢ into its binary form i = 2™(2¢ + 1) — 1, and
repeat this process as often as possible, we obtain e** o zy; = F™ (e 0 2g,). Therefore
the elements et o zg; generate a polynomial subalgebra of H.,bo,.

Next, we turn our attention to all the elements in all filtrations. Suppose x €

H.bo, in filtration 27 detects 7 (U(e°3 o zsq)). Since we have V7/(x) detecting

4

1% (72;‘(0(603 o 28q))> = o(e*® o 23,), we must have Viz = e°* o zg, as both these

elements are in filtration 1. Further,
VIF™z = F™(e* 0 2,) = e 0 2y

detects o (e o zy) so F™z detects 7y <U(e°3 o z4i)) mod ker(V7). Thus the elements

x (as j and ¢ vary) are polynomial generators of H,bo,.

It remains for us to identify the generating elements x. To accomplish this, we
consider the image of H,bo, under the map o[)] in the known algebra H,bo , =
H.KO _,=P(z40[8]:i>0)® P([g],[8]"). We use Hopf ring properties (2), (3),
and (4) from section 4.2.1; then

VIi(zo[N]) = e oz, 0[N =[B]oZo0 28 = [B] 0 Zsgra + decomposables.
Application of Lemma 4.2 proves that
70 [A] = Zai(g4+4) © [B] + decomposables.
We denote the element = + x—decomposables by = + D(x). We therefore write = =

Zoi(sg+4) © [BAT] + D(*) € H, KO ,. Hopf ring relations (3) and (4) note that Zpj4 o
(8] = Zarao 0 [B] = 0. Since any positive integer divisible by 4 has the form 27(8q + 4)
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uniquely, the image of H.bo, is the whole polynomial ring P(Zy; 0[] : i > 0) and o[)]
is therefore one-to-one.
We introduce the notation a(i); the expression (i) = k means that ¢ = 21 +2%2 +
..+ 2% where iy < iy < ... < i;. It counts the number of 1’s in the binary expansion
of 7. Its significance is that z; = 29i; 0 251, 0 ... 0 24i,, a k-fold o-product. We also use
the notation a(i) = 0 to mean ¢ = 0.
Thus we write formally

Hobo, = P(z10[BA"]: a(i) > 1)
c H.KO, = P([ﬁA‘l], [—ﬁxl]) ® P<z4i o [BAY - a(d) > 1).

Note that [3A~!] itself is not an element of H,bo,.
We turn our attention to the map ©. We clearly have

O(z4 0 [BAT]) = O(e*) = o)™
Since V¥ (Zai+2) = Z4 and V*(8)) = B0y, we deduce
@(§2i+2 o) [/6)\_1]) = /653 +

where the unstated terms involve ;) with j <.

5.1.5 H.,bos
The input of H.bo, into the bar spectral sequence gives
E?, = Tor™*(2,/2,72,/2) = ( (Zai 0 [BAY) : ali) > 1) = H.bo.

Once again the suspension o(z) lies in the first filtration, which collapses the bar
spectral sequence at the E?-term.
We use Lemmas 4.1 and 4.3 and relation (4) from section 4.2.1 to simplify EF> =

E( (Zgio [BATY]) s i) > 1). The element e oZy; o [BA7!] detects o(Zy; 0 [BAT!]). We
have

F(eoZyo[BATY]) = F(eozyo[BATY]) = F(e)ozsio[BA™] = (eoz1)ozgo[Blo[A7!] = 0.
We have thus found

H.bos = E(eo0 20 [8A 7] 1 ali) 2 1).
Note that there is an injection from H.bo; to
Hbo_5=HEKO ;= E(e 0 245 0 [g]).

We also have

O(e 0 Zgirz 0 [BAT]) = By © /6(03 +
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5.1.6 H,bo,

Since H.boy = E(e 0z 0 [BATY] s a(i) > 1), the bar spectral sequence is
E2, = Tor™5(2,/2,2,/2) = F(a(e oz 0 [BAY]) - ali) > 1) = H.bog.

Upon rewriting F(U(e ozg 0 [BATY) : afi) > 1) in the equivalent form E<’72j(0'(6 o

zgi 0 [BATY)) ta(i) > 1,5 > 0), we find that all elements lie in even total degree.

Thus the bar spectral sequence collapses at the E2-term, so
E* = B(ym(o(co 0 [BA 7)) 1 2 0,a() 2 1),

As with H,bo,, the E*-term needs to be simplified in stages. We start with the
elements in the first filtration, noting that e°? o z4; o [BA™!] detects o (e o z4; 0 [BA7Y]).
We use Hopf ring property (5) from section 4.2.1 to rewrite

e 0 zyp 0 [BATY = Zy 0 zyg 0 [NPAT] = Zurgo © [ A 7] + decomposables.

Thus the first filtration yields an exterior algebra with generators Zy; 1o o [p?A71] +
decomposables, as H,bo , is an exterior algebra. Note that Zy;,1 o [2A7!] = 0.
Next, we examine the elements in 7,;. Suppose z € H,bo, detects the exterior

algebra generator 7y, <a(e 0 2y © [6)\_1])). Lemma 4.2 shows that

Vie=e?0%y0 [ﬂ)\_l] = Z4i12 0 [7;2)\_1] + decomposables.

Thus, modulo decomposables, ¥ = Zyj(4;49) 0 [*A71]. As every number 2k with o(k) >
2 can be written uniquely in the form 27(4i+2) with ¢ > 0, we have = = Zy, 0 [ A7+
D(x). The application of Hopf ring property (6) from section 4.2.1 completes this
simplification;

H.bo, = E(z% o [PA7Y + D) : a(i) > 2).

Clearly,
O(Z2 0 Zaivz o [PAT1]) = O(e*? 0 Zgi2 0 [BATY] + D(x)) = B 0 B0y + - -
Since © commutes with V7 and Zs 0 Zgit2 = Zo o2 + D(x), we deduce
@(Ezf’ﬂﬂiﬂ*? ° [772>\_1]> = B3 © By + -
We rewrite this as
O (it ignrs o PN 1]) = 62y 0 5 + -
for i > 1; > 0.
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5.1.7 H,bo,
Since H,bos= E(Egi o [*AH + D(¥) : ali) > 2), the bar spectral sequence gives
B2, = Tor™:¥5(2,/2,7,/2) = r(o—(z% o [PA7Y) - ali) > 2) ~ H.bo-.

We may again rewrite F(a(igi o [M*A7Y]) 1 ali) > 2) as E(vgj(a(Egi o [*A71])) :

a(i) > 2,j > 0).

The suspension o(x) lies in the first filtration, but the elements v,;(x) are in the
2/-th filtration. Thus, for the moment, we gain no information about the behavior of
the bar spectral sequence.

As usual, e o Zy; o [p?A71] detects o(Zo; 0 [P?A7]). We now use Hopf ring relation
(7) from section 4.2.1 to write this class of elements as

e o 221' (@] [7]2)\_1] = 21 e} 227; (@] [7]}\_1] = 221'4_1 (0] [7])\_1],
modulo decomposables. Again we apply o[A] to map H,bo, into the known algebra
Hibo_, = H.KO_, = E(Ziofn] :i>0) @ E([n] - 1).

Since the morphism of spectral sequences induced by A : bo, — bo_, is clearly
a monomorphism on the E?-terms, and the latter spectral sequence collapses, the
spectral sequence for bo, also collapses.

As always for E*°-terms that begin as divided power algebras, it remains to sim-

plify in stages. Suppose that x € H,bo, detects 7y, <a(§2i o [772)\‘1])>. Then
Viz =eoZyo P A7 =71 0% 0 [PA 7] = Zaipa 0 [PAT] + D()

and

VI (2 o [A]) = Zaip1 0[] + D(*)
Hence, we must have z o [A] = Zaj(2;11) © [] + decomposables, where a(i) > 2. Every
number k with a(k) > 3 can be written uniquely in the form 27(2:+ 1) with a(i) > 2.
Thus H,bo, — H.bo_, is monic and we write

H.bo, = E(Zio A7)+ D(x) : ali) = 3).
Clearly,
@(21 O i1 4 gin+2 O [77,\—1]> - @(e O Zoir 149242 O [772,\—1]> = By o By o By + - -
for iy > 4;. Since © commutes with V7, we deduce
@(§2j+2j+i1+1+2j+i2+2 o [17)\_1]> = By o ﬁE)j2+i1) ° ﬁ€y4+i2) +..
For any ¢ with «(z) = 3, we therefore have, after reindexing,
O(z; o [nA7']) = By 0 By 0 By + - -

where 7 = 2/t + 2%2+1 4 2i%+2 ig the binary expansion of i with ig > iy > ;.
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5.1.8 H,bo,

We complete the first cycle of eight, reaching bog. As H,bo; = E(El o[nA~H+ D(x) :

ai) > 3), the bar spectral sequence yields
B2, = Torl27(2/2,2/2) = T (o(z 0 [\ ™"]) (i) 2 3) = Hbo,

We note that F(a(?i o A7) : ali) > 3) is equivalent to E(vgj(a(z o [pA7Y)) :

alt) > 3,5 > O). To see that the bar spectral sequence collapses, apply o[A] to map

to the known bar spectral sequence for H,BO, which does collapse.

The element o(Z; o [pA™']) is once again detected by e o Z; o [pA™!]. As usual,
we will start our simplification with elements in the first filtration. Using Hopf ring
property (7) from section 4.2.1 and applying o[A] in order to work in bo,, we can
rewrite e 0 Z; o [pA7!] o [A\] as Z; 0 Z;. Hopf ring property (8) from section 4.2.1 gives

21 e} E2k+1 == 212 Ozgk == F(El) OEQk = F(El e} Ek)
when k£ > 0. In the case that £ = 0, we have
21 021 == F(El)

We apply this relation as often as possible, by expanding each integer in binary form
and looking for the lowest 0 digit: write i = 2™(2¢ + 1) — 1, where m,q > 0 and
a(i) > 3. Then for ¢ > 0

Z1 0% = F"(Z1 0Z9) = F"(Z2g4+1) + F" D(%) (1)
For ¢ = 0 we have simply z; o Z; = F™(z;). Note that a(i) = a(q) + m and
a(2¢+1) =alq) + 1.

In the spectral sequence for bog, suppose z detects i (0(Z; 0 [pA™!])). Then V7 (x)
detects o(z; o [pA71]) and V7 (z o [A]) detects o(Z; o [n]). Since this lies in filtration
one, we have

Vi(zo[\]) =eoZion = F"(Zy1) + F"D(x).
Then z o [\] = F™(Z,) + F™D(x), where r = 2/(2¢ + 1). Since a(r) +m = a(i) + 1,
we do not get all pairs (m,r), only those for which a(r) +m > 4. So z, lifts to bog
only if a(r) > 4; if a(r) = 4 — k, where k > 0, F¥(z,) + F*D(x) lifts to bog. Thus

Hboy = P(z- o [\ + D(x) : a(i) > 4)
®P<Fj(z,~ o N+ FID(x) (i) +j =4,i,5 > 1>.

We need the value of © on F™(z;, o [\7Y]) + F™D(*) whenever a(k) +m = 4
(including the case m = 0). As above, we write k = 27(2¢+1), so that a(k) = a(q)+1.
Then mod decomposables

VI(F"(zc0 W) = F (a0 W) = Fio o Y = eoZio (A7)
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where
=2"(2¢+1)—1= (2™ —1)+2" g,

so that a(i) = m + a(q) = m + a(k) — 1 = 3. Thus we let
i = 2i1 + 2i2+1 + 2i3+2
be the binary expansion of 7, where i3 > iy > 4;. We know
Since © commutes with V', we must have
6(F™(zk 0 W) = B © Bissin) © By © iy +

We reindex as
@(FJ(Z e} [)\_1])> — /621 o /6(22 e} /813 o /6(24

whenever «(i) + j = 4. Here, we write i = 21(2q + 1), where 2% is the largest power
of 2 that divides 7, and use the binary expansion

o2 —21) = a((zjﬂl —2") + 2j+i1+1q> =j+alg=j+al)—1=3.
Thus
2%’ _ 2i1 _ 22'2 + 2i3+1 + 22'4+27
where 74 > i3 > iy > i;. We note that i, > 4; if 7 = 0, but that iy = 47 if j > 0.

5.2 The second cycle

From H.bogy and on, o[A] will no longer be a monomorphism. Instead, we treat H.bo,,
as a sub-Hopf algebra of H,bo, ¢ ® H.H, C H.KO, ® H.H, by means of o[\] and
©. To check that the bar spectral sequence for H,.bo, collapses, it is only necessary
to verify that the map bo, , — KO, , x H, , induces a monomorphism on the
E%terms, thus embedding the spectral sequence in one that is known to collapse.
This will be clear in practice. We make frequent appeal to the structure of H,bo,, g
Each factor of H,bo, , will lead to one or more factors of H,bo,,.

5.2.1 H.,bo,

Since H.bog is known, the bar spectral sequence is
E?, = Torl;:(z/2,2/2)
— E(J(Ei o 1) (i) > 4)
@ E(o(Fi(zio\']) s al)) +j = 4,0, > 1)

= H.bo,.
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This is the last step in which we will explicitly state the bar spectral sequence.

As usual, eoz;o [N+ D(x) = eoz;0 [\ + D(x*) detects o(Z;0[A7!]). We use the
relation eozo 1 = F'(e0z) as often as possible, as in H,bo,. Write i = 2™(2¢+1)—1
where (i) = m + a(q) > 4; then

€020 [\ + D(x) = F™(c0 200 \™Y)) + F™D(#)

detects o(Z;0[A7']). Thus if a(g) > 4, the element eo 2y, 0[A7']4 D(x) is a polynomial
generator of H,bo,. But if a(q) < 4 the polynomial generator is F™ (e o 29, 0 [A71]) +
F™D(x). instead, with m = 4 — a(q). This takes care of the first exterior algebra in
E? = B>,

The method of applying of[A] fails for the second exterior algebra. Although
Fi(z; 0 [\7Y]) + FVD(x) is a generator of H,bog, it becomes decomposable in H,bo,

and o[A] annihilates a(Fj (Z;0 [)\_1])> at the E%level. Instead, we apply the morphism

© of bar spectral sequences to the bar spectral sequence for H, Hy. Suppose x € H,bo,
is the element that detects a(Fj(EZ- o [)Fl])); then z o [\] = 0, and by H.bog, O(z)
detects (i) © By © By © Bity + -+ ) and therefore is

() = o) © Biin) © By © Bty © By + -+
Also, since j > 0, we have iy = 4; here. Hence o[\] and © define a monomorphism

H.,boy — H. KOy ® H.Hy = H,(KO 4 x Hy)

which makes it clear that 22 = 0, as H*Hg_ is an exterior algebra. We therefore
treat H,bo, as a subalgebra of H. KO ,® H,H,, and label those generators that map
trivially to H,KO, by their images under © instead. Thus, we write

H.boy = P(eo Zo;0 [N i) > 4)
© P(Fj<eoz% oA+ FID(x) (i) +j = 4,5 > 1)
®E(ﬁ(il)Oﬂ&i)oﬂ&i)oﬂ&i)—i—...:i42i3 > iy > iy :0>_

The generators of the third factor are already defined by their images under ©.
We need the images of the generators of the form F7(e o z9; 0 [A7!]) + FVD(x) with
a(i) + 7 = 4 (including the case j = 0). We again use F7(e o 29;) = e o 23, where
k =27(2i + 1) — 1, and note that (k) = j + a(i) = 4. By H.,bog,

@(Fj(eoz%o[A_l])+FjD(*)) = O(eoz0 A7+ D(x))
Blir) © Biin) © Blis) © By © Biigy + - -+

with indices defined by the binary expansion k = 22 4 2 4 2utl 4 966+2  ijth
15 > 14 > 13 > 19 > 17 = 0. Since i3 > ig, this is different from all the generators in
the third factor of H.bo,.
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5.2.2 H,bo,,
The first factor in E? is

E(o(e 0 z9; 0 (A7) : a(d) > 4),

where €°20 z9;0[A7!] detects o(eoz9;0[A7]). Asin H,bo, we write it = 2" (2¢ + 1) — 1
where (i) = m + a(q) > 4; then

6o2 0 Z9; O [)\—1] _ Fm(€<>2 o Z4q o P‘_l])

detects o(e o 29; 0 [A71]). As in H,boy (with indices doubled), we deduce polyno-
mial generators e o 24, o [A7] (with a(q) > 4) and F™(e** o 24, o [A7']) (with
alg)+m=4,m > 1) in H.bo,,.

The second factor in E? is

B(o(F(eozio W) tali)+j =44 > 1),
which is annihilated by o[A], so we therefore apply © instead. By H.bo,,
@(U(e oz 0 A1) + D(*)) - @(O(Fj(e 0 29; 0 [)\‘1]))>
= (ﬁ ) © Biz) © Bis) 0/6@4 ﬁf;i)—l-)
where we use the binary expansion
k=20(241) —1 =224 2% 4 2latl 4 ois+2
with 75 > 44 > i3 > 4. Since j > 0, k is odd and i, = 0. This element is therefore
detected by ﬁfg’) 0 Big) © 6&4 5(25
We rewrite the third factor
D (o (B © 62 © B72) 0 Bily) 1 ia 2 i 2 i 2 i1 = 0)
in £? as
B (7 (0 B0y © B2y © B2y 0 B4))) s Z i 2 12 20,5 2 0).
The generator shown is thus detected by
By © By ﬁy+m BJHS) © BEJJ4+Z'4) + o

Generally, a factor

in H,bo,, gives a factor
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in £?. This yields the factor
E<ﬁ(j) O B(jtjr) © - -+ © Bjtgm) 1 J = 0)

in H,bo, ,, which we reindex. In future, we use this without comment.
Therefore,

Hubo, = P(e°2 o250 VY s afi) > 4)
® P(Fj(e°2 0z 0 NY) 4 FID(x) i) +j =4, > 1)
® (%) 0 B 0 B2y © Bty 10 2 i 2 12 > i = 0)
®E<5 ° B0z 5&%)06&‘}1)3i42i32i22i120>7
and we again have a monomorphism
H.boy — HKO,® H.Hyy = H (KO, x Hyp).

We need to compute @(FJ( 0 24 © [)\_1])> whenever a(i) 4+ j =4 and i,j > 0.

Since '
Fi(e? oz 0[AY)=eZozpo[A | =eo(eozmo[AY]),

where k = 27(2i + 1) — 1 (thus giving a(k) = j + a(i) = 4), H.bo, gives
O(F/(e 0 240 1)) = B2, © By © Biany © B2 © By +

where we use the binary expansion 2k = 2% + 2% 4 2i4+l 4 926+2 with indices i5 >

14 > i3 > 19 > 11 = 0. Again, we observe that the conditions on the indices ensure

that this element differs from all the previously mentioned generators of H.bo,,. (In
the future, we suppress any mention of this point.)

5.2.3 H.,bo,,
The factor P( o zg 0 A7 afi) > 4) in H.bo,, leads to
E<e°3 oz 0[N ali) > 4),

just as in H,bos.
The factor

P(Fj(e"z oz 0 V) + FID(x) s ali) +j=4,5 > 1)
gives rise to the factor
E(o(Fj(e02 ozgo A1) rali)+ji=4,7> 1)
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in E?. However, F7(e°® o z4; o [\™!]) decomposes in H,bo, and we must apply ©
instead. By H.bo, a(Fj(e°2 0 24; © [)Fl])) is detected by

Boy © (B) © Bia) © Biisy © B3y © Blis)):

where i5 > iy > i3 > i5. Since j > 0, we have i, = 1.
The two exterior factors are handled as usual.
Thus

Hbo, = E<e°3oz4io[)\_l]:a(z') z4>
® E(83) 0 B © Bn) © By 0 Bty +
i52i42i3>z’2:1,i120)
® B(55) 0 By © B2y 0 By + - 1ia 2 iy 2 iy > iy 2 0)
® By 0 B3 © B2y 0 5%y © By +
i 21 2 iy 2 i 2 i 2 0).

We need to evaluate O (e®*oz4;0[A7!]) when (i) = 4. By factoring e o zy; o [\7!] =

e o (24 0 [A\71]), we see from H.bog that

O(e” 0240 [X1]) = B © By © Baa) © By © Baty +

where we use the binary expansion 4i = 2924234204+ 4 26552 with 45 > iy > i3 > iy > 2.

The notations A(s) and C(n, k)

Now we define some notation for the basic families of elements. We assume implicitly
that ,, > i,, > 0 whenever m > n. We define

A(s) = the set of all 3,0 B4y 0...0 04, for s >1,
A(0) = 1
and inductively

C(n, k) = the set of all B, o B,,,) /B(ZHQ 604 oC(n—1,k+4),

(1k+3)
where g1 > i > i,_1 + 3, starting from C(0, k) = [1]. Thus C(n, k) depends on i),
as well.
Thus we rewrite

H.bo,, = E<e°3 oz 0[N a(i) > 4)
<(“og,zo/%og Jo B + .;¢3>¢2:1,¢1:0)
( oL 0 By 0 B2, 0 B2 +...:z'2>i1)
© B(A) 0 82y 0 B2y 0 B2y 0 By + - ):
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5.2.4 H,bo,,
Only the first factor of H,bo,; requires any discussion. It gives rise to the factor
r<o—(e°3 o250 A1) s afi) > 4)
in the E2-term, which we rewrite as
E(fygj(a(e"?’ oz o N)) s ali) >4, > o).
By H.bo,, 7si <U(e°3 0 Zy © [)\‘1])) is detected by the element written formally as

Fm (Egj(8q+4)0[ﬁ)\_2]) +F™D(x) € H,bo,, where as before we writei = 2"(2¢ + 1) — 1,

so that a(i) = m + a(q) > 4.
Therefore

Hboy, = P(Zuo[8)7:ali) 2 5)
® P<Fj(z4i o [BA"Y) + FID(x) : a(i) +j = 5,i,j > 1)
® E(51) 0 By © Blioy © B2y 0 By + - 1l > ia = i1 +1)
@ B(A(1) 0 A5y 0 By 0 BE) 0 ity + s > 1a)
QF <A( )o 5 6(24 5& 6(26 )
From H.bo,,,
@<e°4 0 245 0 [)\‘1]> — 37 0 Bay © Biy) 0 B2, 0 B4
whenever «(i) = 4, where we use the binary expansion
4i =27 4 2% 4 2utl 4 2l t2

so that 13 > 19 > 2. By H.bo,, we can rewrite

et oz 0 [N = F™(Zggqa 0 [BA7F]) + F™D(%)

where i = 2™(2¢+ 1) — 1, so that a(8¢+4) +m = a(q) + 1 +m = a(i) + 1 = 5. Since
© commutes with V7, we deduce that

O (F" (Zsqra) © [BX) + F"D(x)) = 875 © Biisin) © Birvin © Bifain © By +
We reindex this as
@<Fj(z4i o [ﬁ)\_2]) + F]D(*)) - ﬁzl o /6(22 © ﬁls © /G(u © ﬁai) +

where 2% is the largest power of 2 that divides i, which we have set equal to 21 (2¢+1),
as above, and we use the binary expansion

2j S 4g — 2i1+2 _ 2i2 + 22'3 + 2i4+1 + 21'54-2’
where 15 > iy > i1 + 2. We note that iy = 4; + 2 if 7 > 0, and that i > 4, +3 if 7 = 0.
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5.2.5 H,bo,s
By H.bos, the factor

P(%4 2B + D(#) : a(i) 2 5)
in H.bo,, yields the factor

E(e 0Z4 0 [BAT?] s afi) > 5)

in H,bo 5.
The factor

P(F/(zi0 [8X7) + F/D(#)  ali) +j = 51,5 > 1)
in H.bo,, yields the factor
B(o(F/ (210 X)) s ali) + = 5,i,j = 1)

in the E?-term. As in H,bo,;, the generators map trivially to H,bo, and we must
apply © instead. By H.bo,,, the generator shown is detected by

/6(0)0/6231' 0/6(22 0/613 Oﬁoi 0/6(7,0

where i3 > iy = i1 + 2 (since j > 0).
Thus,

Hboyy = E(cozi0[002):a(i) = 5)
® BBy © By © By © B © B3 © By +
iy > s = iy + 2,y :0)
® (A1) 0 5y 0 Biay © By © ) 0 B3ty + - 1 > ig =iz +1)
® B(A(2) 0 Bl 0 Biag © B2) 0 Bty + - i > is)
® E(A(3)0 32, 0 832 0 B2 0 B3k + )

We need to know O(e o zy; o [A72]) whenever a(i) = 5. By decomposing within
H.bo,, we see from H,bos and H.bog that

@(6 O Z4; © [/6)\_2]) = (/6(0) (@) ﬁ&zé)> o (/8(23) O /6(14) ©) /6& /6(26 )
where we use the binary expansion
4i =272 4 2% 4 91 4 gistl 4 let?
so that 74 > i3 > 15 + 3.

25



5.2.6 H,bo,,

Now we can use much of H,bo, to find H,bo,,.
Thus

Hubo, = E(E% o [1PA72 : ali) > 6)
®E</6(“ 0 B4 0 Bis) © By © B2y 0 B4 + .:i4>i3:i2+2>
( (Zgoﬁmog(%og(%oﬁaﬁ;)+...;z’5>z’4=¢3+1)
® B(A(3) 0 Bl 0 Blay 0 B2) 0 Bty + -1 > i)
® B(A() 0 B2y 72y 0 B2y 0 By +- - )

We need to know O(Zy; 0 [p2A7%] + D(x)), whenever (i) = 6. Again we can factor
within H,bo, and read off from H,bo, and H.bog that

O(Z2i o [*A7°] + D (%)) = B © By © Beia) © Biny © Bty © Blig) +
where we use the binary expansion
9 — i+l + Qiz2+2 + Qi3 4 Qi4 4 9istl + Qi6+2

so that 14 > 13 > 19 + 3.

5.2.7 H.,bo,s
We use everything we learned from H,bo to find H.bo,5. Thus
Hboy; = B(zi0[nh?:ali)>7)
® B(A(1) 0 52 0 B3y © By © By © B2 © By +
15 > 14 = 13 + 2)
@ E< (3) 6(24 Oﬂzd Oﬂ(zs 06(27 Oﬂ&i)"‘...Zi(g > i :’L4—|—1)
® E< (4) /6(7,5 o /626 © /6(27 /6(28 .. iﬁ > Z5)
® E(A(5) 0 52 0 72 0 B2y 0 k) + )
For a(i) = 7 (by using H,bo, and H.bog), we have
@(zl © [77)‘_2]) = /6@1 0/6(7,2 0/6(7,3 0/6@4 0/6(7«5 0/60226 0/6(7,7
where we use the binary expansion
i =20 4 2Fl g 9t gl 9 4 gletl it

so that i5 > 44 > 13 + 3.
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5.3 The structure theorem

The general pattern should now be apparent.

Theorem 5.3.1. The Hopf ring H,bo, is a sub-Hopf ring of H.(KO, x H,) and is
the (graded) tensor product of the following four families of Hopf algebras:

1. Polynomial and exterior subalgebras of H KO ,:

P(zo A"+ D(x):i>0 a()>4n) on bog,
P({[A™"], P\_"]_l) on bog,, forn <0

Peozo A ali) >4n> on bog, 1

P(e? oz 0N i) >4n), on bog, s

E(e” oz 0 A" afi) >4n), on bog, .5

P(zy o [m <"+1] L D(x) i >0, a()>4n+1) on bog,
P([BA™ 1) on bog, 4, forn <0

E(eo o0 [m <N+1] (i)24n+1>,0nb_08n+5

E(Zg 0 [PA~ U] £ D() i > 0, a(i) >4n+2) on bog, .
E [n2)\_"]—1>,0n bog,_o, forn <0

E(zio A" + D(x) 10 > 0,a(i) > 4n + 3), on bog, s

E [nA‘”]—l),on bog,, 1, forn <0.

2. Polynomial algebras on generators that decompose in H, KO ,, companions to
the polynomial algebras in the first family:

P(Fi(z 0 \")) + FID(x) : ai) + j = 4n,i,j > 1), on bo,
P(Fi(eo o[\ ])+F7D(>|<):a(z’)+j:4n,j21>,0n@8n+l
P(Fi(e? 0 250 N]) + FID(%) : (i) + j = 4n, j > 1),0n bog, s
P(F(Z40 [BA-HD]) 4 FID(x) : a(i) + j = dn + 1,4,§ > 1),on bog, 4.

3. Exterior algebras involving By that arise from the second family:

E{ B 0/6(22 oﬁozi 0504 o C(n,5) + ),on bo g, 19

E 6(0)06(22)OB(ZB)Oﬂai)OC(n,E))_'_12>0>,0n @871-{-10

E (B 0 Bz © By © B2, 0 B2 oC(n,6)+...:i3>i2:1>,0nb_08n+11
E (B 0 85, © By) © By © B, oﬁg;)oC(n,7)+...:¢4>¢3=z‘2+2>,

on bog, 13-
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4. General exterior algebras that arise from the third family by unlimited suspen-
sion:

A(s) o /6(2+1 ﬁZSH) ﬁzs+3 /5 oC(n,s—|—5)+...)

( ) /6(Z+1 /825+2) /81+3 /6(7,+ OC(n S+5)+"':i5+2>i8+1)
( ) 6(2 +1) ﬁzsﬂ) Oﬂ(is% 6@ +4) 6(z+ OC(”?‘S_'_G)"‘

lo13 > lsy2 le+1+1)

< ( ) /6(2 +1 /8’LS+2) Oﬁ(is+3) oﬁ(is+4 /6(7/34“, /8’LS+6)
oC(n, s+ 7))+ ... dgrg > lg13 = lsi2+ 2).

Proof. We have the result for n < 1. For n < 0, only the first family of Hopf
algebras exists, and for £ < 0, H,bo, = H,KO,. We note that there is no conflict
between the many classes of generators we have exhibited. By induction, we assume
that H.bo, is a subalgebra of H. KO, ® H.H i, as stated. The bar spectral sequence
for H,bo,_, collapses, because the bar spectral sequence for H,(KO, ., x H, ) is
known to collapse; to see this, we only need to verify that the inclusion induces a
monomorphism on the E?-terms.

Each listed Hopf algebra in H.bo, gives rise to one or two Hopf algebras in
H,bo, . In H,bo, there is exactly one algebra from the first family. It is a sub-
algebra of H,KQO,, and we see from the steps already given how it gives rise to a
first family algebra in H.bo,,, with the appropriate restriction on a(z). In addi-
tion, in half the cases it spawns a polynomial algebra in the second family, with the
appropriate condition on «(i) + j.

We treat each algebra of the third or fourth families in H,bo, as a subalgebra of
H.H,, and we have already noted how such an algebra gives rise to an algebra of the
fourth family in H,bo,_ ;.

The only case that requires any discussion is how an algebra from the second
family in H,bo, gives rise to an algebra from the third family in H,bo, ;. Because
the generators decompose in H,KO ,, we must map them into H,H, instead. Thus

we need to compute @(Fj (Z; 0 [A‘"])), ete.
We need @(Fm(zk o[AT"]) + FmD(*)) whenever a(k) +m = 4n and m > 1. We
write k = 27(2¢ + 1), so that a(k) = a(q) + 1. By H,bog, we have
VIO(F™(z 0 [A7)) = 6oz 0 pA~]),

where
=2"(2¢+1)—1= (2™ —1)+2"" g,

so that ¢ is odd and (i) = a(q) + m = 4n — 1. We can evaluate this by factoring
eoz;o[nA™" in H,bo,. Let

1 = (221 4 2i2+1 + 2i3+2) + (2i4 4 2i5 4 22'6-1—1 4 22‘7+2) 4
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_'_<2i4n74 4 2i4n73 4 22'47#2—1-1 + 22'47#1—1—2)

be the binary expansion of 7, so that 1y = 0, i5 > iy > i3+ 3, 19 >ig > ir +3,...
Then

eozZ;on\" =eo <231 o [n>\_1]> o (232 o [)\_1]> °0...0 <Esn o [)\_1]),
where s; = 201 2021 4 96342 o) — 9i4 4 95 4 9ieFl 4 9irH2 otc. By H,bo, and H,bog,
O(eoz;onA™"]) = Bo) <ﬂ(0 o /6(22 /6(23 ) </6(24 o Bis) © /6(26 ﬁz’ﬁ)) o)
= ) © B o B o cln —1,4),
where ¢(n — 1,4) denotes a typical generator of C'(n — 1,4). Then
O(F™(z1 0 [\"])) = 53 0 Biyy 0 Bifasyy 0 (0 — L)+ .,

where /(n — 1,4) denotes ¢(n — 1,4) with all indices raised by j.
In the bar spectral sequence for H,bog,,, the polynomial algebra

P<Fm(§k o [A) + F™D(x) : a(k) +m = 4n>
gives the factor
B(o(52) 0 52y 0 5y 0 Cln — 1,4)))
in the E?-term, which corresponds to

E(Boy o 552y © 52 © By 0 C(n — 1,5))

in H,b0gy1-
Next, we need @(Fj(e 0 z9; 0 [AT"]) + FjD(*)> for a(i) +j = 4n,j > 1. By

H,bo,, F(eo 29) = €0z, where k = 27(20 + 1) — 1 = (27 — 1) + 2774, so that
a(k) = j+ a(i) = 4n. Again we factor e o z; o [A\™"] in H,bo, and find

@(Fj(eozm o P\_"])> = by © (ﬁzl © Biz) © B © By ) ° (/6@5) °. ) O
where we use the binary expansion
ko= (20 4 202 4 2is+l 4 giat2y | (9is 4 gie 4 girtl | gist2)
Since 7 > 1,k is odd and 7; = 0. We obtain the factor
E(ﬁ( 0 Bizy 0 B2y 0 B4 0 Cln — )+...:z'2>0>
in H,bog, o
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The case © (Fj(e"2 024;0[A7"]) +FjD(>|<)> is almost identical to the previous case,

with indices doubled. We use FJ ( 02z4i) = e°? o 295, where k is odd as above. This
time, to evaluate ©(e°? o 29, 0 [A™"]), we need the binary expansion

2k = (2" 422 4 28T 42U 4 (2B 4 )+
so that i1 = 1 and 75 > 1. We obtain the factor
(ﬁ°3 0 By © Biia) © B2y 0 B 0 C(n = 1,5) + ... iy > iy = 1)
in H.bog, -

Finally, we need @(FJ(ZM o [BA(HV]) + FjD(*)> whenever a(i) +j = 4n + 1
and ¢,j > 1. We reindex and note that by H.bo,,

VIO (F™(Zar5qs0) o BN V) + F"D(x) ) = O(F" (Zsgra o [BXV]) + F D))
= @(eo4 0240 A"+ D(*)),

where ¢ = 2™(2¢ + 1) — 1, so that a(i) = m + a(q) = 4n. We factor e o z4; o [A\7"]
in H.bo, and use H,bog to obtain

a5 (5(“ o By © B2 oﬂ&i)) ocln—1,5)+...,
where we use the binary expansion
4i = (21 422 2L L outhy 4 (28 1)
Since m > 1, i is odd and iy > i1 = 2. Then
O(F" a5y 0 [BA D)) + FD ()
= B0 (%’m) O Bjia) © BiZhay) © Bifan ) 0 ¢ (n = 1,5) + ...
and H,bog, .5 contains the factor (after reindexing)
BBy © By © Biaw © Ban © B2y 0 By 0 Cln = 1,7) 14 > i = iz +2).

Thus we have proven our hypothesis. [ |

6 The Computation of the Hopf Modules H.bo(4) ,
H,bo(2) and H,bo(1l) over the HopfRing H.bo,

6.1 The computation of H,bo(4)

To calculate H.bo(4) , we keep in mind that we have the following exact triangle of
spectra:
®:¥P*H — Yo — bo(4) — X*H.
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We map X*H — Y4H to simplify calculations.
Thus we have the maps

¢:Hbo, s — H.bo(4)

— Y n

and
© : H.bo(4) — H.H, .

We note that all of the generators of H*bo(4>n either map non-trivially to H.H,, .,
or map from H,bo, g, but no element does both.
Our conclusion will be that the maps
bo4)  — bo, — KO,

n

and
O b0<4>n —H,,

embed H,bo(4) as a sub-Hopf algebra of H.(KO, xH,,), which we describe.
We use !

d:boy — bo(4) _=bo_g.

-8
We also have the fibration

®:bo, — bo(4)  — K(Z,0).

—4

We keep in mind that bo(4) = =bo, x Z = KO _,. This is our starting place. Also,
bo(4) = bo, for k < —4.

Tﬁe general method of computation involves the same type of argument that we
used in the proof of H,bo,. Thus, we use the bar spectral sequence, properties of
Hopf rings, and the properties of the Verschiebung and Frobenius maps. We must
keep track of the map © to determine the structure of the exterior algebras in H,H,,
as we did in H,bo,. We also use the map ( to determine the structure of H,bo(4)
in H,bo,. Asin H,bo,, we also assume implicitly that i,, > i, > 0 whenever m > n.
We illustrate the methodology for H,.bo(4) o and note that in subsequent sections all
proofs will be left to the reader. -

6.1.1 H,bo(4)

We recall that

where zo = [1] and 27! = [—1],

and
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We clearly have
C:Zg 0 [BAT] — Zy 0[]

for ¢+ > 0, and we also have the maps

O([8]) = [1] and ©([8]") = [-1] = [1].

6.1.2 H.,bo(4 through H.bo(4
—__ N/ _3 N

The facts that

and
H,bos = E(e o zy; 0 [ M ai) >1)
H.bog = E(Zai o [P A7 + D(*) = a(i)
H.bo, = E(Z o []\"1] + D(s) : ali) >

yield the following:

Hbo(4) ,=E(eozyol[f]:i=0)
Hobold) . = E(zai0 [1P] + D(+) : ali)
H.bo(4) | = E(Zio[n]+ D(x): i) >

>1)
2)

Again the maps ( and © are clear:
C:eozyo[BNY ——eozyo0l[fB] on Hobo 5 for ali) > 1
C : Zo; 0 [PPA7Y — Zg; 0 [?] on H,bo _, for a(i) > 2
C:ZiomA\ Y —Z;0[n] on Hybo _, for a(i) > 3

© :eo[B] — By on Hibo(4) |
© : Zyi+1 0 [?] — B2 on Hbo(4)
© : Zau a0 © ] — H 0 5%, on Hbold)

6.1.3 H.bo(4)
Here H.H, = E(B(i,)© - © Bin),
H.oboy = P(zi o A1+ D(%) : ali) > 4)
@P(F(zi 0 [\1]) + F/D(+) : ai) + j = 4,1, > 1),

and

H.bo(4) = P(zi Lali) > 3) ® P(Fj(z,.) L FID() ali) +j =30, > 1).

The elements that are not hit by ( are the elements in
Bz ali) = 3) @ B(F/(2) + FID(x) : a(i) +j = 3,i,j = 1).
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These are also the suspensions of the elements mapped out by © from the previous
section.
We have

O: Zo9iy O §2i2+2i3+1 — /6(1'1) o) ﬁ(iz) o /6&23).

(Note that, as in H,bog;,, we can simplify the elements Zyi; 0 Zgiy giz+1.)

6.1.4 H.,bo(4)

As in H,bog 1, when we take the suspension of any element of the form 22, it maps
to zero in H*b0<4)*, thus at this step we must map it to H,H, ,. These were the

elements that in the calculation for H,bo(4) . mapped by
O Zgi1 O Zgig ygig+l F— ﬁ(il) o ﬁ(i2) o /6&23) for i3 > 19 = 1.

We will not be including the H.H, parts of H,bo,.

H.boy = P(eoz%o[)\_l] L a(i) > 4)®P<Fj(eoz2io[)\_1])+FjD(*) Ca(i) )= 4,5 > 1),

and

H.bo(4) = P(e 0 2y : i) > 3) ® P(Fj(e 0 29;) + F'D(x) : afi) +j =3,5 > 1)
DB (B 0 By © Biyy 11 = 0)-

The elements that are not hit by ( are the elements in

Eleozy;:ali) =3)® E(Fj(e 0 205) + FID(x) s ali) +j = 3,5 > 1).

These are also the suspensions of the elements mapped out by © from the calculation
of H*bo<4)0. Thus

@ L €0 Zgip 4 9izy9igtl 6(2'1) ¢) ﬂ(i2) e} 6(2'3) e} /G&i) for i3 > ’ig Z il =0.
(We note that the elements (e o 2y 9is 19is+1) may be simplified as in H.bog.)
6.1.5 H.bo(4)

As in H.bog o, we must map the elements that were of the form 2% in the calculation
for H,bo(4) ,to H.H,. These were the elements that (in the previous section) mapped
by

O : €0 2y 9iz yoiatt = B(iy) © Biy) © Bis) © ﬁ(ﬁ) for i3 > iy = i3 = 0.

We therefore have H.Hy = E(Bi,) 0 ... 0 Bug)),
Hboy = P(e? 020\ ali) > 4)

®P<Fj(e°2 0z o AN+ FID(x):a(i)+j=4,7> 1),
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and
Hbold), = P<e°2 0 24 s a(i) > 3) ® P(Fj(e°2 o 25) + FID() : a(i) +j = 3,j > 1)
E(52,) 0 By 0 052) ® B(55%) 0 By 0 3%y +ia > in = 0).
The elements that are not hit by ( are in

E(e?ozy:a(i) =3)® E(Fj<e°2 0 243) + F'D(%) s a(i) +j = 3,5 > 1).

These are also the suspensions of the elements mapped out by © from the calcu-
lations for H.bo(4) . Thus

O : 602 O Zgig 4 9igyig+l FH— /6&21) o ﬁ(i2) o /6(2-3) o ﬁai) for iz > 15 > 17 = 0.

6.1.6 H,bo(4)
We define
A(s) = the set of all B,y 0 B, © ... 0 B, for s > 1,
A(0) = 1,

as before, but now we inductively define

C'(n, k) = the set of all /6(% 0 Biri1) © Blinya) © 602 oC(n—1,k+4),

(1k+3)

where i49 > Qg1 > i + 3, starting from C'(0, k) = [1].

Again we must map the elements that were of the form F(z) from H.bo(4)  to

H.H,. These were the elements that mapped by
O : €™ 0 Zyiy Loz ypiatr /3&21) ° Biy) © Bis) © /3&%1) for iz > iy = 1,4, = 0.
Thus H.H, = E(Bu) 0 ... Bun),
H.bo,, = E<e°3 o zy 0 A7 ald) > 4),
and
Hbod), = E(e™ oz ali) > 3)
®E(A(1) 0 57 0 By 0 Bi7)
®E(ﬂ(“ o Biy) © 6(2'3) Dig > i)
®E(ﬁ(i1) 0 Biy) © Biy) © 5&1) g > i = 1,4 = 0).
The elements that are not hit by ( are the elements in

E(e o 24 : afi) = 3).

Thus

©:e*o Zoia 4 iz 4 gig+1 ﬁa?;) o Biy) © Biz) © ﬂ&i) for i3 > 19 > 2,1, = 0.
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6.1.7 H.bo(4) for k>3

The steps from here on are all similar. We know H.H,., and H,bo, s so can find
H.bo(4) . We have elements of the form F(z), and we keep track of the maps © and
¢ as we move through the process.

For example, in H*bo(4>4 we have

O: §2i1+2 o §2i2+2i3+2i4+1 o [/6)\_1] — ﬁa%) ©) /6(2'2) o /6(2'3) o ﬁa-i) for ’ig > ’ig Z 'él + 2.

and in H,bo(4) , we have

© : €0 Zyint2 g5 g 4is+1 © [BAT] — B,y 0 C(1,2) for i = 0.

All remaining proofs are left to the reader.
Thus H.bo(4) _Is the tensor product of the following four families of Hopf algebras:

1. Polynomial and exterior subalgebras of H,bo,:

P(zi0 [\ + D(x) : i > 0,a(i) >4n+3) on bo(d)

P [A—n],[xn]—l) on bo(d) , forn <0

Peo 20N (z)>4n+3) on bo(d)
Ple%oz0[A™ a(i) >4n+3 Onb0<>8+2
E(e®ozu0A™ ali) >4n+3 ,on bo(4)

P(Z4 0 [ﬁA (”+1]+D( %) 11> 0,a() > 4n+4> on bo(4)
P([BAT], [BAT"]7Y ), on bo(4) ., forn <0

Eleozo [ﬁ)\ (0] a(4) > 4n+4> on bo(4)

E(Za 0 [PA~] 4 D(x) i > 0,a(i) > 4n—i—5> on bo(4) |
E([n*A™] — 1>,on bo(4), ., forn <0

E(zi0o[ph0] + D) 1 i > 0,a(i) > 4n+6) on bo(4)
E{[nA™" = 1),011 bO_M)Sn_l, for n < 0.

2. Polynomial algebras on generators that decompose in H,bo,, companions to the
polynomial algebras in the first family:

P(Fi(z,0 A7) + FiD(#) : oz(z)—l—j:4n+3,i,j21>,onbo(4>8n
P(Fi(eozyo[AN"])+ F'D(x):a(i) +j=4n+3,j > 1) on bo(4) .
P(Fi(e 0 240 A"]) + FID(x) : a(i) + j:4n+3,j21>,0n bod)
P(Fi(Zy 0 [BA~FD)) + FID(x) : (i) + j:4n+4,i,j21) on bo(4)

——\8nt4’
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3. Exterior algebras involving (3 that arise from the second family:

E(Bioy 0 B2, 0 522, 0 C(n, 4) + ) onbo(4)
/6(0) 0 Biy) © /62’2.23) oC(n,4)+...:10y > O),on bo(4 >8n+2
E ﬁ&% 0 B(iy) © Bis) © ﬁai) o C(n,5) +...:03 > iy = 1>,on bo(4) -

E 6(0 Oﬂ?é 06(2‘3)05(1'4)06&-25)OC(n,6)+...Ii4>i3:i2+2),
on bo(4)

"/ 8n+5’

4. General exterior algebras that arise from the third family by unlimited suspen-
sion:

As) o 6(2 +1) ﬂ (ist2) © ﬂFiH) oC(n,s+4)+.. )
(S) /6(2 +1 /8 ZS+2) © /8&25 o C(TL S ‘I‘ 4) + et i8+2 > 7;8_;,_1)
A(s) o 6(; 1) ﬁ (ist2) © ﬂ(z’sﬁ 6@ +2) © C(n,s+5)+
L3 > lsy2 = lgp1 + 1)
< ( ) /6(7' 1) /8 (is+2) /8 (is+3) /6(7'5+4 /6(7, +5) (n 5+ 6)

lsra > 1543 = g2 + 2)-

6.2 The computation of H.bo(2)

To calculate H,.bo(2) _ we use the following exact triangle of spectra:

® : YH — bo(4) — bo(2) — X°H.

Once again we define B
©: Hubo(2) — H.H,.,,

n

and
¢: H.bo(4) — H,bo(2)

n n

The starting point is

®:bo{4) , —bo(2)  — H,,

where we note that

Hbol2) | =HKO ,= E(z% o] i > 0) ® E([nQ] - 1).

Also, bo(2) = bo,, for k < —2. Thus we start with

(] - 1) =1
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and
¢ %y 0[] = Zai 0 [,
for 7 > 0.
Again we define

A(s) = the set of all 3,0 By o...00u,), fors>1,

but now we inductively define
C(n, k) = the set of all /6(% ﬁZkH 0 Biris) © Bligog) ©Cn — 1,k +4),

where i3 > Qg2 > Qg1 + 3, starting from C(0, k) = [1].
Our conclusion is that the maps

bo(2)  —bo, — KO,

n

and
©:bo(2) —H,.,

n

embed H.bo(2) ~as a sub-Hopf algebra of I, (KO, xH, ), which we describe. Thus
H.bo(2) is the tensor product of the following four families of Hopf algebras:

1. Polynomial and exterior subalgebras of H,bo,:

Z,0 [N+ D(x) 10 > 0 a()>4n+2) on bo(2)
[)\_"],[)\_"]_1> on bo(2) . for n <0

e o zg 0 [AT"] : (z)>4n+2) on bo_(2>8n+1

€20z 0[N s (i) > 4n+2),0n bo(2 )8+2

e 0z 0[N (i) > 4n +2),0n bo(2 >8+3

45 0 [m ("+1]+D( )i >0 a()>4n—i—3> onbo(2)
[BA ) onbo(2) , forn <0

€0 24 © [ﬁ)\ ()] ()>4n+3> on bo(2)
Zoi 0 [PPAT Y] 4 D(%) 1 i > 0, i) > 4n + 4) on bo(2)
[P\~ — 1),on bo(2) ., forn<0

o AT £ D(x) 1i > 0, i) >4n+5) on bo(2)
MA™"] — 1),011 bo_<2)8n_1, for n < 0.

— L 8n+6

8n+7

Djtijtijtijtij“u’“utij“u’“u“u“u
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2. Polynomial algebras on generators that decompose in H,bo,, companions to the
polynomial algebras in the first family:

P(Fi(zi 0 [\"]) + FiD(x) : ()+j—4n+2,z,j>1> on bo(2)
P(Fi(eo 20 A7) + FiD(x) : oz(l)—l—]—4n—|—2]>1> on bo(2)
P(Fi(e® 0 24 0 [A"]) + FID

P(Fi(z4 0 [BA-0]) + FID

— “8n+1

(*) O{(Z) _'_j — 4n -+ 2,] Z 1) on b0<2>8 42
(%) :a(i)+j=4n+3,i,j > 1) on bo<2)8 o

3. Exterior algebras involving (3 that arise from the second family:

E( By 0 By o C(n,3) + ) on bo(2)
E(B 0 Bz 0 C(n.3) + ... 1y > 0>,on bo(2)
E 6&% 0 Biy) © Big) 0 C(n,4) + ... 1y > iy = 1),011 bo(2>8n+3

E(Bi0) 0 B4 © Big) © Biiay © C(n,5) + ... iy > iy = i + 2) onbo(2)

4. General exterior algebras that arise from the third family by unlimited suspen-

sion:
A(s) o E” 6(2+2 oC(n,5+3)+...)
A(s) o ﬁf 0B, 0C(n,s+34...) igro > is-l—l)
A(s) o ﬁ&” 0 Bisia) © Blivig) ©C(Ny s +4) 4 ... tigqg > lgpo = loy1 + 1)
As) o 5@5“ 0 B0t ) © Blisrs) © Blisyra) © Cn, s +5) +

7;s-‘,-4 > 25+3 = Z5—i—2 +2).

6.3 The computation of H,bo(1)

To calculate H,bo(1) . we keep in mind that we have the following exact triangle of

spectra:
®:H — bo(2) — bo(l) — X'H.
We again define
©: Hubo(l) — H.H,.,

n

and
¢: Hubo(2) — H,bo(1)

n n

The starting point is

®:bo(2) = bo(l)  —H,,
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where we note that

Hbo(l) | =HKO = E(z0l:i>0) e E(jn]-1).

-1

Also, bo(1) = bo,, for k < —1.
We define

A(s) = the set of all B,y 0 B, © ... 0 B, for s > 1,

A(0) = 1]

as before, but now we inductively define

C(n, k) = the set of all §;,) o ﬂ 6(2k+2 0 Biip.) 0 Cn— 1,k +4),

Zk+1
where i3 > ip40 + 3 and i > ij_1, starting from C'(0, k) = [1].

Our conclusion is that the maps

bo(1)  —bo, — KO,

n

and B
O: bo(l)n —H,

embed H.bo(1) as asub-Hopf algebra of H.(KO,, xH, ), which we describe. Thus
H.bo(1) 1> is the tensor product of the following four families of Hopf algebras:

1. Polynomial and exterior subalgebras of H,bo,:

P(Z 0 A"+ D() i > 0, a()>4n+1) on bo(1)
P [)\_"],[)\_”]_1> on bo(1) , forn <0

eoz9 0 [AT" rafi) > 4n + 1) on bo(l>8n+1
e? 0z 0 A" (i) >4n+1),0n bo(l) . .,
e 0240 (A" s a(i) > 4n +1),0n bo(l)

[/6)\ ("+1]+D( x) i >0 a()>4n+2> on bo(1)

[ A7), on bo(1) oy forn <0
€0 24 0 [ﬁ)\ (4D i) > 4n + 2) on bo(l)
Zoi 0 PPATD] 4 D(%) 10 > 0, (i) > 4n + 3) on bo(1)
[PA~"] — 1),011 bo(1) . forn<0

o [pA= ] £ D(x) 1 i > 0, (i) > 4n+4) on bo(1)
MA™"] — 1>,on bo(1), , forn <0.

— ~8n+4

— - 8n+6

— L 8n+7

Djtijbjtijtij’“u“utij’“u“u
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2. Polynomial algebras on generators that decompose in H,bo,, companions to the
polynomial algebras in the first family:

P(Fi(z 0 [\"]) + FiD(x) : ()+j:4n+1,i,j21>,onbo_(1>8n
P(Fi(e oz 0[A\"]) + FiD(x) : a(z)+j:4n+1,j21> on bo(1)
P(Fi(e? 0 24 0 N"]) + FID(x) : a(z)+j:4n+1,j21>,onbo( ) oo
P(Fi(Zy 0 [BA~("D]) + FID() : a(z)+j:4n+2,i,j21) onbo(l) .

3. Exterior algebras involving (3 that arise from the second family:

BB 0 C(n,2) + )on bo(l), .,

E ﬁfg)oﬁ(i2)00(n,3)+.... 2:1),on bo(1)

E{ B Oﬁ"é o Biy) 0 C(n, 4)+...:z'3:z'2+2),onbo_(1>

E{ B © B3 © 5y © By © Bis) © C(n, 6) +
z5>24—|—3> on bo(1)

"/ 8n+9°

4. General exterior algebras that arise from the third family by unlimited suspen-
sion:

E(A(s)o B2} )oC(n,s+2)—|—...>

(s) 0 B4 0 By 0 Clm, s—l—3)+...:z’s+2:is+1+1)
E(A(s) 0 B2, 0 B0 0 Bivsa) © Clnos +4) + ... gy = dyps + 2)
E(A(s) o B2, 0 B2y 0 By 0BGy © Blivysy 0 Cn, 5 +6) +

6.4 The computation of H,bo,

We note that we can use this same process to come full circle, calculating H.bo, from
H.bo(1) . Here we start with the exact triangle of spectra

®: % H — bo(l) — bo(0) — H,
and proceed from this point as we did in the three previous calculations. |

As noted in the introduction, as bo(n + 8) = ¥8bo(n), this completes the calcula-
tion for bo(n) for all n.

40



References

1]

2]

S. Hara, The Hopf rings for connective Morava K-theory and connective com-
plex K-theory, J. Math. Kyoto Univ. 31-1 (1991), 43-70.

J. McCleary, A User’s Guide to Spectral Sequences, Mathematics Lecture Se-
ries 12, Publish or Perish Press, Wilmington, Del, (1985).

D. S. Cowen Morton and N. P. Strickland The Hopf rings for KO and KU, J.
Pure Appl. Algebra 166 (2002), 247-265.

D. C. Ravenel and W. S. Wilson, The Hopf Ring for Complex Cobordism, J.
Pure Appl. Algebra 9 (1977), 241-280.

D. C. Ravenel and W. S. Wilson, The Morava K-theories of FEilenberg-Mac
Lane Spaces and the Conner-Floyd Conjecture, Amer. J. Math. 102, (1980),
691-748.

R. E.  Stong, Determination — of  H*(BO(k,...,00),Z2)  and
H*(BU(k,...,0),Zs), Trans. Am. Math. Soc. 107, (1963), 526-544.

N. Strickland, Bott Periodicity and Hopf Rings, PhD thesis, Manchester Uni-
versity (1992).

W. S. Wilson, The Hopf ring for Morava K-theory, Publ. Res. Inst. Math. Sci.,
20 (1984), 1025-1036.

W. S. Wilson, Hopf Rings in Algebraic Topology, Expo. Math. 18 (2000), 369-
388.

41



